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Abstract
The numerical flow simulation has become an indispensable tool in all fields of
academic research as well as industrial design and development. Despite the rapid
increase of the available computational resources, the concept of resolving directly
all relevant physical/chemical effects will remain an unfeasible approach due to its
unaffordable computational costs. There remains a substantial need for a reliable
modeling of the numerically unresolved, small-scale phenomena. The present
work exemplarily considers the simulation and modeling of two highly complex
flows with strong relevance for many engineering devices involving the conversion
and transmission of energy: the Large-Eddy Simulation (LES) of non-premixed
combustion and the modeling of subcooled boiling flow. For both cases, several
well-established model approaches are reviewed. The underlying strategies are
outlined, and their ranges of applicability, predictive capabilities, major limitations,
and possible further developments are commented on.
It is shown that in the field of LES of non-premixed combustion the stateof-the-art combustion models have already reached a very advanced level. Using
comprehensive combustion models involving more than one quantity to parameterize the flame, produces very accurate predictions for the reactive species
concentrations. Highly unsteady phenomena like extinction and re-ignition can
be captured as well. An efficient mapping between the flame structure in the
parameter space and the reactive flow field in the physical space represents a major
issue for further development in this field.
In the case of subcooled boiling flow, there is still much uncertainty about
the underlying physics, especially concerning the process of bubble nucleation.
Today’s widely used model correlations, which are discussed in the present work,
involve therefore much empiricism in terms of adjustable constants. This leads to a
loss of generality of the individual correlations. Providing mostly global information
on the resulting wall heat transfer rates, the applicability of most approaches in the
numerical simulation of subcooled boiling flow is limited, as this requires a more
local description.
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General Introduction

During the last decades the numerical flow simulation, commonly termed Computational
Fluid Dynamics (CFD), has become an indispensable tool in the design and development
of engineering devices. The steady improvements and further refinements of the employed
numerical methods together with the substantial increase in the available computer power
made ever more complex problems accessible to the numerical approach. The considered
problems may involve complicated flow geometries, physically complex flow phenomena
such as turbulence, shocks and contact surface discontinuities, or thermodynamic processes such as phase change, or chemical reactions. Despite all the advances which have
been made in the numerical methodology and the rapid increase of the computational
resources, the high complexity of most configurations precludes the - from a numerical
point of view certainly most generic - concept of resolving directly all relevant effects in
space and time. To date, the application of this concept termed Direct Numerical Simulation (DNS) has been largely restricted to incompressible, non-reacting, single-phase flow
at low Reynolds numbers. The application of this concept is not only very limited due
to exceedingly high computational costs, which arise from the need to resolve all relevant
small-scale effects, such as the convective and diffusive transport in chemical reaction
zones or at interfaces in multi-phase flows. In many cases, there exists no rigorous mathematical formulation describing in detail all the physical/chemical phenomena involved,
and one would have to use phenomenological correlations instead. Being generally based
on global parameters, such correlations mostly provide a very global description of the
individual effects rather than a detailed and highly accurate knowledge of the local quantities. This precludes any attempt to resolve directly all relevant small-scale characteristics.
The specification of reliable boundary conditions often represents a further open issue.
The difficulty to derive a sufficiently accurate mathematical formulation for the governing
equations, together with the tremendous computational costs to solve them numerically,
makes evident that the computation of complex technical flows will keep relying on appropriate models to capture all physically relevant, but numerically unresolved effects. In
most cases there exist numerous model approaches, and there is no “best model”. An
adequate approach can be found by appraising the available models on various attributes
which may be highly relevant to the considered problem, or demanded by the user. Pope
(2000) suggested a catalogue of important criteria which may be used to assess different
approaches, namely
- accuracy of the predictions,
- level of description,
- completeness,
- computational costs,
- ease of use, and
- the range of applicability.
The method of DNS would match here the first three of these criteria best. Due to
its high resolution DNS by definition provides a very accurate and detailed description
of the flow, and it represents a very complete method, as it requires no case-dependent
modifications of the formulation, such as empirical model coefficients to be adjusted from
1

case to case. On the other hand, it is the two last criteria, the computational costs and
the range of applicability, which preclude DNS from a use in typical engineering flow as
already outlined above. An appraisal of models based on empirical correlations would give
a very different picture. While empirical models tend to be computationally cheap, they
are mostly incomplete and in general provide a very low level of description. Their accuracy is strongly related to the criterion of completeness, which means that the accuracy
of the predictions depends on the appropriate setting of the adjustable model parameters. Since most large size simulations are run on multi-processor architectures today, the
criterion of a good scalability should not be overlooked as well. Basically, this criterion
favours explicit formulations to keep the amount of node-to-node communication low, as
well as numerical procedures which allow for a most evenly distributed work load among
the individual processors.
The present work surveys the computation of two very complex phenomena, which are
both highly relevant in numerous engineering devices involving the conversion and transmission of energy. The first is associated with the numerical simulation of non-premixed
turbulent combustion, the second with the computation of subcooled boiling flow. From
an application point of view, the internal combustion engine may serve as a very illustrative example, as its working cycle involves both processes considered here. Inside the
engine’s combustion chamber, chemical energy is converted into heat via an exothermic
chemical reaction of fuel with oxidizer. The underlying turbulent flow of the reactants
can have a significant effect on the chemistry and vice versa. Acceptably accurate predictions for the heat release as well as for the composition of the exhaust-gas combustion
products require a reliable modeling of the turbulent flames. The increasing demand
on predictive accuracy as the emission limits have been getting tighter, together with
the expanding computational capabilities have set the ground to replace the formerly
used zero-dimensional flame models by three-dimensional simulations including appropriate combustion submodels. Thereby, the reactive turbulent flow field is commonly
simulated using the statistical approach of the Reynolds Averaged Navier-Stokes calculation (RANS), or using the increasingly popular approach of Large-Eddy Simulation (LES).
The intense release of heat within a confined space naturally leads to high thermal loads
on the walls of the combustion chamber. The increasing output of power aimed at by
the design of modern internal combustion engines is ever more challenging the cooling
system. Inside the water-cooled jackets, the onset of nucleate boiling in high temperature
wall regions is a long known phenomenon. Contrary to the traditional design generally
attempting to avoid the two-phase regime, modern cooling concepts often deliberately
provide for a transition to nucleate boiling. Following such a strategy, the onset of nucleate boiling is even desired to enhance the local heat transfer rates leading to more uniform
wall temperatures and, hence, lower thermal stresses, which may finally result in longer
material life times. Aside from this automotive application the concept to enhance the
heat transfer rates by nucleate boiling is also seen in many other highly efficient compact
cooling systems, such as those of microelectronic devices. The ongoing miniaturization
and increasing power of the individual processing units inevitably requires a highest possible cooling of their surface to prevent them from overheating and thermal failure.
2

The method of Large-Eddy Simulation (LES) can be basically regarded as a computationally affordable extension of the DNS to high Reynolds number turbulent flow, as it
resolves the motion only on the larger scales, while it models the contribution from the
small, unresolved scales. An appraisal of the method on the five criteria mentioned above
would assign to LES a much wider range of applicability than DNS, however, at the sacrifice of a lower level of description. Compared to the statistical approach of RANS, LES
provides basically a higher level of completeness, in that the small-scale motion tends to
be more universal than the resolved large-scale motion, which allows for a more general
modeling with no need for various case-dependent adjustable parameters. Contrary to
the RANS method, LES has not become the method of choice in the simulation of engineering applications, because its computational costs are still comparatively high and the
posture of appropriate, unsteady boundary conditions is more difficult as well. However,
in the scientific research of non-premixed turbulent combustion, LES has already become
highly appreciated as a very powerful tool to simulate the underlying flow of the reactants. Most of the combustion models proposed to date have been originally developed
in the context of RANS, from where they have been adopted and further modified for
use in LES. Resolving the instantaneous large scale mixing characteristics, LES is capable
to supply valuable input parameters to the combustion models. As such LES basically
pathed the way to a realistic coupling of the chemistry with the unsteady turbulent flow
field, which is particularly beneficial for swirling flames or bluff-body flames, where largescale motion plays a dominant role. Until recently, due to its substantial computational
requirements, LES was mostly used with rather simple combustion submodels, such as
one-parametric approaches assuming fast, purely mixing controlled chemistry. More comprehensive submodels, which parameterize the flame in terms of two or more parameters,
are being introduced. Using these multi-parametric combustion submodels, encouraging
results could be achieved in the LES of non-premixed single-phase combustion, involving
gaseous fuel and oxidizer feeds. On the other hand, comparatively small advances have
been made in the case of multi-phase combustion, where a liquid fuel feed is injected into
a gaseous oxidizer. The presence of a second phase introduces a great deal of additional
complexity associated with the dynamics of the gas/liquid interfaces such as liquid breakup, or evaporation. Especially, the region of the primary break-up of the liquid feed stream
is still not fully understood. The state-of-the-art models for the primary break-up are essentially based on empirical parameters rather than on a physically rigorous description.
In the case of premixed combustion, where the turbulent flame is propagated through a
gaseous premixture of fuel and oxidizer, the progress lags behind that of the non-premixed
case as well. This is mainly due to the stronger coupling between the chemistry and the
turbulence, as well as the ongoing controversy on the validity of the assumption of certain
regimes, such as the thin flame sheet regime or the thickened flame regime, and on the
appropriate parameterization of those regimes. The scope of the present work is restricted
to the non-premixed single-phase case, although the combustion of a liquid fuel sprays
in ambient gaseous oxidizer is certainly of high practical importance. Various types of
non-premixed combustion submodels which have been proposed for use in LES will be
discussed in section 2. Thereby, the focus will lie on those concepts, which parameterize
the flame essentially dependent on the mixing related conditions of the reactants.
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While the modeling of turbulent combustion during the last twenty years was strongly
directed toward an application of the proposed approaches to CFD of reacting flow, the
modeling of nuceate boiling flow followed very different guidelines. The conditions in nucleate boiling flow are determined by a variety of vapor-liquid-heated surface interactions,
where many of the involved sub-processes cannot be parameterized adequately, or are not
even fully understood yet. This high level of complexity made an appropriate numerical
treatment an almost impossible task. The application to CFD was therefore generally not
a primary issue, and the focus was rather laid on a reliable prediction of the total heat
flux from the superheated surface. In most approaches the underlying flow is considered
in a strongly simplified way via empirical correlations for the convective single-phase heat
transfer based on bulk flow conditions. The boiling contribution to the total heat flux
is mostly computed from correlations developed for pool boiling, i.e., boiling with the
bulk liquid at rest, and it is incorporated as multiplicative or additive enhancement of the
single-phase base convection. Beginning from the early fifties of the last century with the
fundamental work by Rohsenow (1952), numerous models for nucleate boiling have been
proposed. All these approaches involve a lot of empiricism, and especially for boiling on
technical surfaces a well calibrated set of parameters is a pre-requisite to obtain acceptably accurate predictions.
Much effort to model nucleate boiling flow was motivated by the design and development of steam generators for thermal power plants as well as the design of evaporators
used in refrigeration machinery. As such, the investigation of the boiling heat transfer
was essentially carried out within the framework of the heat exchanger research. During
the last years the need for most compact and efficient cooling systems has become an
important stimulus to advance the state-of-the-art models not only with respect to their
accuracy, but also to their applicability in CFD, as CFD has been established as an important tool in the modern design of cooling systems as well. Much attention was paid
here to the regime of subcooled boiling flow, which emerges from the contact between
highly superheated wall regions and a bulk liquid being well below the saturation temperature. In this regime, the onset of nucleate boiling enhances the local total heat tranfer
rates significantly as compared to pure single-phase convection, and there is practically
no undesired net production of vapor, as the bubbles condense immediately after their departure from the superheated wall layer. Several different modeling concepts, which have
been proposed to predict the total wall heat flux and are today widely used in technical
applications, will be presented in section 3. The survey will comprise the basic model
assumptions, the mathematical formulations, as well as the required parameters. There
will be also outlined the limitations in accuracy which are basically faced by any of the
state-of-the-art models, when applied to typical engineering applications.

4

2
2.1

Large-Eddy Simulation of non-premixed flames
Introduction

The worldwide growing demand on energy accompanied by an increasing environmental pollution makes high efficiency as well as low emissions to be important objectives
in the research and development of modern combustion devices. The discussion on the
Greenhouse effect has particularely emphasized the issue how to reduce the output of
CO2 , which represents the main part of the exhaust gas in the combustion of fossil fuels.
The development and design of machinery which meets all the economical and ecological
demands requires detailed knowledge of the chemical kinetics, especially when focussing
on pollutant formation. Experimental research has provided a large amount of reliable
kinetic data and the complete, mostly multi-step, reaction mechanisms can be described
in much detail now. At the same time, in pace with the rapid gain in computational
capacity, the numerical simulation techniques have been advanced to a level such that
they can be seen as a well-established powerful tool in combustion research. Since many
combustion devices like turbo-engine combustors, directly injected diesel engines, furnaces
fired with swirl burners, etc., involve highly turbulent flows, the simulation of turbulent
flames is of particular interest. The quality of the numerical predictions for such turbulent
reactive flows crucially depends on a realistic modeling of the interactions between the
chemistry and the turbulent fluctuations. However, many combustion models would get
computationally too expensive when using the full kinetic mechanisms for the considered
chemistry. In this case an appropriate reduction to a simplified, but still realistic mechanism is an important issue as well.
Various turbulent combustion models have been proposed, and, alike in the modeling
of non-reacting turbulent flows, it cannot be said which modeling strategy is superior to
all the others. From the viewpoint of the technical application, two different regimes of
turbulent combustion are commonly distinguished: premixed and non-premixed combustion. In premixed combustion the turbulent flame is propagated through an already well
mixed region of fuel and oxidizer. Thereby, the turbulent flame brush separates the region
of unburned fuel-oxidizer mixture lying ahead of the flame from the region of burned reactants lying behind the flame. The main challenge to numerical simulations of premixed
flames is to track the turbulent flame front correctly. This requires an appropriate modeling of the turbulent flame speed, at which the strongly wrinkled front is propagated in
the turbulent flow field. Premixed flame regimes are typically found in Bunsen burners,
or in spark ignition engines. In non-premixed combustion the fuel and the oxidizer are fed
into the combustion chamber separately. There, they have to get mixed before they can
react, and the reactive process is essentially controlled by the turbulent mixing. Hence,
it is a basic requirement for any numerical simulation of non-premixed flames to capture
the turbulent mixing process accurately. The turbulent reacting flow in a combustor of a
gas turbine represents a typical non-premixed configuration.
Since its first introduction into the computation of meteorological flows in the late 1960s,
the method of Large-Eddy Simulation (LES) has been receiving rising attention in the
5

simulation of turbulent flows. The use of LES in non-premixed combustion is particularly
reasonable, because this technique has the very attractive feature that it captures the
unsteady turbulent large scale motion. Thus, LES it is capable to track the local instantaneous mixing state providing valuable information for the prediction of highly unsteady
local effects like flame quenching, auto-ignition or acoustic combustion instabilities.

2.2

Formulation in LES

The basic idea of LES is that it resolves directly only the large scale motion, while it models
the effect of the unresolved small scale motion. It represents an attractive compromise between the Direct Numerical Simulation (DNS) and the Reynolds-Averaged Navier-Stokes
(RANS) calculation for mainly two reasons. Since LES requires a significantly coarser resolution than DNS, it does not exceed any available computational capacities also in high
Reynolds number flows, while it still captures most part of the instananeous turbulent
motion. On the other hand, the unresolved turbulent small scale motion tends to be more
universal which facilitates the modeling of these small scale, or subgrid-scale, structures.
From this point of view LES can be regarded as conceptually superior to RANS-type
simulations, which have to capture the full turbulent spectrum from the smallest to the
largest scales. For that reason RANS models tend to be rather inaccurate in flows governed by non-universal, geometry dependent, unsteady turbulent large scale motion, e.g.,
in separating, or vortex shedding flows. Nevertheless, it is noted that in industrial engineering applications the computational fluid dynamics (CFD) mainly relies on RANS
calculations. The mostly very complex geometries and the high resolution necessary near
the walls require big computational meshes for LES which makes this technique in many
cases prohibitively expensive compared to RANS. However, the increasing computational
power strongly favours the application of LES also in engineering flows in the near future.
Mathematically, LES sifts out the large scale structures by applying a low-pass filtering
operation to all flow variables. Since the density can strongly vary in combustion flows
due to the reactive heat release, a mass-weighted, or Favre, filter, is mostly used. For an
arbitrary turbulent fluctuating quantity F (x, t) the Favre filter operation reads
Fe(x, t) =

ρF
1
=
ρ̄
ρ̄

Z

∞

ρ (ξ, t) F (ξ, t) G(ξ − x) dξ,

(2.1)

−∞

with x, ξ and t being independent space and time variables, respectively. The filter function G depends on the the filter width ∆, which is proportional to the computational
grid spacing ∆x such that the resulting filtered quantities Fe can be well resolved on the
computational mesh. Ideally, the filter width ∆ should be smaller than lEI , which is the
length scale of the smallest energy containing eddies and represents the upper limit of the
inertial range of the turbulent energy spectrum in wave number space. Since about 80%
of the total turbulent energy is made up by eddies of a size larger than lEI , the condition
∆ < lEI ensures that most part of the energy is captured and the effect of the modeling
of the small scale structures on the LES results is of minor importance. However, in regions which are dominated by small scale structures like near-wall regions this condition
would allow only for a very small filter width which is associated with a computationally
6

expensive fine grid resolution. Using in this case a coarser grid implies a significantly
higher portion of unresolved motion which requires a higher modeling effort to predict
accurately the contribution of the unresolved, subgrid-scale, transport (Pope, 2000).
Analogously to the Reynolds decomposition used in the RANS-type modeling, which
splits any instantaneous quantity into a statistical mean (ensemble average) and a fluctuating component, any local intantaneous quantity can be decomposed into a (resolved)
Favre filtered mean and a (unresolved) subgrid-scale component
F = Fe + F ′′ ,

(2.2)

where the filtered mass-weighted subgrid-scale fluctuation is zero, ̺F ′′ = 0, by definition.
Applying the mass-weighted filtering (2.1) to the differential conservation equations of
mass, momentum, reactive species and energy yields the LES transport equations for the
corresponding filtered quantities:
mass:
∂ ρ̄ ∂ ρ̄ũl
+
= 0
∂t
∂xl

(2.3)





∂ p̄
∂
∂ ũk
∂ ũl
2
∂ ũi
∂ ρ̄ũk ∂ ρ̄ũk ũl
= −
+
µ̃mol
+
− µ̃mol
δkl
+
∂t
∂xl
∂xk ∂xl
∂xl
∂xk
3
∂xi
∂
[ρ̄(ug
−
k ul − ũk ũl )]
{z
}
∂xl |
τkl

(2.4)

momentum:

species:

∂ ρ̄ỸJ
∂ ρ̄ũl ỸJ
+
∂t
∂xl

∂
=
∂xl
−

energy:
∂ ρ̄T̃
∂ ρ̄ũl T̃
+
∂t
∂xl

1 ∂
=
cp ∂xl
−

∂ T̃
κ̃mol
∂xl

!

+

∂
g
[ ρ̄(u
l T − ũl T̃ )]
{z
}
∂xl |
σT,l

∂ ỸJ
ρ̄D̃mol,J
∂xl

!

+ ρΩ̇J

∂
[ ρ̄(ug
l YJ − ũl ỸJ )]
{z
}
∂xl |
σJ,l
nJ
X

∂ ỸJ
ρDmol,J
∂xl
J=1

!

(2.5)

nJ 

1 X
∂ T̃
−
ρΩ̇J h0,J
∂xl
cp J=1

(2.6)

e , and Te are the filtered density, pressure, velocity vector and temperature,
Here, ρ, p, u
respectively. YeJ is the filtered mass fraction of species J, h0,J is the enthalpy of formation
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of species J. The specific heat capacities were assumed equal and constant for all nJ
species, cp,J = cp . The diffusive transport terms involve the molecular viscosity, µmol , the
molecular diffusivity of the species J, Dmol,J , and the thermal conductivity κmol . Since
the total diffusive fluxes are generally very small in comparison to the corresponding
turbulent convective fluxes especially in high Reynolds number flows, the corresponding
subgrid diffusive transport terms were ignored in the derivation of the Eqs. (2.3)-(2.6),
and, hence, the filtered diffusive flux terms were assumed here as
µmol

∂uk
∂ ũk
≈ µ̃mol
,
∂xl
∂xl

ρDmol,J

∂YJ
∂ ỸJ
≈ ρ̄D̃mol,J
,
∂xl
∂xl

κmol

∂T
∂ T̃
≈ κ̃mol
.
∂xl
∂xl

If, for simplicity, equal molecular diffusivities are assumed for all species, Dmol,J = Dmol ,
the second term on the RHS of the energy equation (2.6) becomes zero, as
nJ
X
J=1

ρDmol,J

nJ
X
∂ ỸJ
∂ ỸJ
= ρDmol
= 0.
∂xl
∂x
l
J=1

Rather than applying the filtering operation (2.1) to the differential conservation equations to obtain an explicitly filtered set of equations it has become common praxis to use
the concept of implicit filtering. This concept is based on the fact that the numerical
discretization of the differential equations represents already implicitly a filtering operation. It was analytically shown for the one-dimensional case that a second-order central
difference approximation of a first-order derivative is equivalent to an explicit filtering
of the derivative using a top-hat filter (Rogallo & Moin, 1984). The implicit filtering is
determined by the accuracy of the numerical discretization scheme and the mesh size,
and, as no explicit filtering is required, the mathematical formulation is simpler. On the
other hand, employing mostly three dimensional higher-order discretization shemes makes
it practically impossible to determine analytically the corresponding equivalent explicit
filter function G. The mathematical formulation of the actually applied filter function G
and, hence, the exact filter width ∆ are basically unknown. Being implicitly dependent
on the mesh size, the filter width ∆ will also become space-dependent in the case of local
grid refinement which conflicts with a basic requirement for the filter’s commutation with
spatial derivation, i.e.,


∂F
∂F
=
.
∂xk
∂xk

The resulting commutation errors would have to be accounted for by additional correction
terms in the discretized formulation. However, since the magnitude of these commutation
errors does in general not exceed the magnitude of the dicretization errors of the applied
numerical schemes, they are mostly neglected (Ghosal & Moin, 1995; Vasilyev et al., 1998).
The closure for the convective subgrid momentum transport is commonly based on the
eddy-viscosity concept


 

1
2 ∂ ũi
∂ ũl
∂ ũk
τkl − τii δkl = −¯
−
δkl ,
(2.7)
̺νt
+
3
∂xl
∂xk
3 ∂xi
8

where the eddy-viscosity is mostly computed with the Smagorinsky model as base model
(Smagorinsky, 1963)
e
νt = C∆ |S|,
2

∂ ũl
∂ ũk
+
,
Sekl =
∂xl
∂xk


 12
e
e
e
|S| = 2Skl Skl ,

whose model coefficient C is calculated using a dynamic procedure due to Germano et al.
(1991). The dynamic procedure relies on the idea of a scale similarity between the turbulent motion on the unresolved scales (represented by τkl ) and the motion on the smallest
resolved scales. The latter comprises the motion of those eddies which are a little bit
larger than the length scale associated with the filter width (∆). The dynamic concept
was later extended to variable density flows and to the subgrid scalar transports, σJ,l and
σT,l in Eqs. (2.5)-(2.6) by Moin et al. (1991) in order to obtain the eddy-diffusivities Dt,J
and κt occurring in the gradient transport formulations for the unclosed convective scalar
fluxes
∂ ỸJ
∂ T̃
σJ,l = −ρ̄Dt,J
and σT,l = −κt
.
(2.8)
∂xl
∂xl
Thereby, the transport coefficients are rewritten in terms of turbulent Schmidt numbers
Sct,J and the turbulent Prandtl number P rt
Dt,J =

νt
,
Sct,J

κt = ̺¯cp

νt
,
P rt

respectively, which are provided by the dynamic model. To date, the dynamic procedure
has been extensively used and tested in many turbulent flow configurations, see, e.g.,
Zang et al. (1993), Yang & Ferziger (1993), Zhao & Voke (1996), Wu & Squires (1997),
Wu & Squires (1998), where it generally performed very well. LES of non-reacting flow
with special emphasis on the modeling of the turbulent subgrid-scale transport has been
subject of numerous reviews in the LES literature (Lesieur & Métais, 1996; Moin, 1997;
Meneveau & Katz, 2000; Sagaut, 2001; Breuer, 2002).

2.3

Subgrid-scale modeling of non-premixed combustion

Besides the realistic modeling of the convective subgrid-scale fluxes, the closure of the
filtered chemical source terms occurring in Eqs. (2.5) and (2.6) is still the crucial point in
the simulation of turbulent combustion. These unclosed chemical source terms
ρΩ̇J = WJ

nK
X

′′
′
(νJK
− νJK
) ω̇ K

(2.9)

K=1

involve phenomenological expressions of chemical kinetics

 nJ 
ν ′
EK Y
ρ YI IK
αK
,
ω̇K = AK T
exp −
R T I=1 WI

(2.10)

which are highly nonlinear functions of the temperature T , density ρ and the participating
reactive species mass fractions YI . WI is the molecular weight of species I, the exponents
9

′
′′
νIK
and νIK
are the stoichiometric coefficients of species I in reaction K in forward and
backward direction, respectively. AK is the frequency factor, αK is the pre-exponential
temperature exponent, and EK is the activation energy of reaction K. nK is the total
number of elementary reactions, and R is the universal gas constant. Due to the strong
nonlinearity of Eq. (2.10), a simple first-order moment closure, which approximates the
filtered reaction rates ω̇ K by evaluating Eq. (2.10) with the spatially filtered quantities
ρ, YeJ and Te as inputs
ω̇ K ≈ ω̇K (ρ, YeJ , Te) + εωK
(2.11)

will generally lead to unacceptably large errors εωK . Borghi (1974) demonstrated analytically the inaccuracy of the approximation (2.11) for a Reynolds-averaged first-order
moment closure applied to irreversible one-step chemistry (nK = 1) involving two reactive species, fuel (YF ) and oxidizer (YO ). Assuming unity stoichiometric coefficients,
νF′ = νO′ = 1, the non-averaged representation of Eqs. (2.9)-(2.10) for the reactive source
term of the fuel mass fraction can then be simply written as


E
2
α
̺Ω̇F = −A ̺ YF YO T exp −
.
(2.12)
RT
Splitting the instantaneous input quantities into a statistical mean (Reynolds-average)
and a fluctuating component
YF = YeF + YF′′ ,

YO = YeO + YO′′ ,

T = Te + T ′′

and expanding the nonlinear expressions in (2.12) into Taylor series of the relative fluc′′
Y ′′
Y ′′
tuations TTe , YeF and YeO , finally yields after averaging
F

O


"
′′ ′′
^
E
Y
2 e e eα
F YO
̺Ω̇F = −A ̺¯ YF YO T exp −
1+
RTe
YeF YeO
#
!
′′ ′′
′′ ′′
g
′′2
^
^
Y
Y
T
OT
FT
+ ... .
+ (P1 + Q1 )
+
+ (P1 Q1 + P2 + Q2 )
YeF Te
YeO Te
Te2

(2.13)

The coefficients of this series which is shown here up to the second-order terms emerge
′′
from the expansion of the temperature T = Te(1 + TTe ) occuring in the pre-exponential
term and in the argument of the exponential function itself. They are written as
α(α − 1) · · · (α − n + 1)
α(α − 1)
, . . . Pn =
,
2
n!
 2
 k
n
X
TA
TA 1 TA
(−1)n−k (n − 1)!
Q2 = −
+
, . . . Qn =
2
2 Te
(n − k)![(n − k)!] k Te
Te
k=1

P1 = α,
Q1 =

TA
,
Te

P2 =

. In real flames the activation energies are generally that high, that the
with TA = E
R
magnitude of the ratio TTeA is of the order of 10 or more, and, hence, the related coefficients Q1 , Q2 , . . . , Qn are large (e.g., Q1 = 10, Q2 = 40 for TTeA = 10). As a consequence
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the Taylor series (2.13) converges very slowly, and the truncation error of the first-order
approximation, which is obtained upon omission of all nonlinear fluctuation terms, is significant. It becomes very evident that an appropriate model must be provided for the
closure of the (statistically or spatially) averaged chemical source terms ρΩ̇J .
A model based on a Taylor series expansion as shown in (2.13) does not represent a
feasible closure method. Due to the very slow convergence of the series one would have to
include third-order or even fourth-order terms to obtain fairly accurate predictions, which
′′ ′′n
′′m .
requires additional modeling for various nonlinear higher-order moments Y^
and Tg
JT
A dynamic modeling strategy based on the similarity between the resolved and unresolved
structures which is successfully used for the modeling of the subgrid-scale momentum and
scalar transports in non-reacting LES, is hardly applicable to chemical closure as well.
Chemical reactions are typically determined by very small scale transport processes, e.g.,
thermal diffusion, and, it has to be doubted, if these small scale phenomena can be simply extrapolated from the resolved large scale fields to give accurate results. Therefore,
the dynamic procedure proposed by Jaberi & James (1998), which computes the filtered
reactive source terms based on a scale similarity assumption, is scarcely used in LES of
combustion.
To date, several different closure strategies, which are for the most part applicable to
RANS calculations (most approaches were originally derived in a RANS context) as well
as to LES have been proposed and further developed. They are well documented in
the turbulent combustion literature - see, e.g., Borghi (1988), Libby & Williams (1994),
Peters (2000), Veynante & Vervisch (2002).
The Probability Density Function (PDF) transport approach proposed by Pope (1985)
solves for the evolution of the joint pdf of all the dependent fluctuating flow quantities as
random variables. In the pdf transport equation the chemical source terms occur in closed
form and no closure model is needed for them. This very attractive feature is however
somehow counterpoised by the need for a model of the unclosed diffusion term commonly
known as micromixing term. In addition, the high dimensionality of the formulation each velocity component and reactive scalar represents a further dimension in random
variable space - basically restricts the method to strongly reduced chemistry for computational economy. The mathematical formulation combining the PDF method with LES
was first introduced by Gao & O’Brien (1993). Colucci et al. (1998) incorporated the LES
inherent concept of spatial filtering into the PDF approach by defining a “filtered density
function” (fdf) and assessed their model in a LES of a spatially developing planar jet for
the reacting as well as for non-reacting case. A dynamic procedure for the micromixing
term was proposed by Réveillon & Vervisch (1998).
Kerstein (1988) developed the concept of the Linear-Eddy Model (LEM) to capture the
subgrid-scale mixing at first and extended later his approach to reacting flow (Kerstein,
1992a,b). Calhoon & Menon (1996) and Desjardin & Frankel (1996) investigated the LEM
approach for use in LES of reacting mixing layers. The basic idea of LEM is to couple the
11
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Figure 2.1: Non-premixed reacting jet flow configuration.
LES with a spatially one-dimensional direct numerical simulation (1D-DNS) of a reactive
diffusion equation. The 1D-DNS solution is simultaneously computed to provide the required subgrid-scale contributions to the three-dimensional LES field. The advantage of
LEM is that the transport equations for the reactive scalars involving the reactive source
terms and probably strongly differing diffusivities can be fully, one-dimensionally though,
resolved. The difficulties of LEM lie mainly in mimicking realistically the subgrid-scale innercellular turbulent stirring, which is generally done via stochastic rearrangement events,
and in the appropriate coupling of the one-dimensional DNS with the LES. In addition,
applying a more detailed multi-step chemistry may still lead to prohibitively high computational costs of the DNS part.
In the case of non-premixed combustion, where the fuel feed and the oxidizer feed enter separately the combustor, the reactive process is essentially controlled by mixing.
Figure 2.1 shows a typical non-premixed jet flow configuration. The local mixedness can
be described appropriately by the so-called mixture fraction Z. The mixture fraction can
be defined as the local mass fraction of an inert tracer introduced with the fuel, which is
in the case of insignificant differential diffusion equal to the local ratio between the mass
flux originating from the fuel feed and the total mass flux, Z = ṁF /ṁtot . By definition,
Z = 1 in the fuel feed, Z = 0 in the oxidizer feed, and 0 < Z < 1 in the mixing layer. The
flame is located at the surface of stoichiometric mixture, Z(x1 , x2 , x3 ) = Zst , where the
fuel-to-oxidizer ratio is such that there remains neither redundant fuel nor oxidizer after
their complete combustion to products. The importance of the mixture fraction Z as a key
parameter of non-premixed combustion was also confirmed by Bilger’s observations making evident that the fluctuations in the temperature and the reactive scalars are strongly
coupled with the fluctuations in mixture fraction (Bilger, 1993b). Therefore, several of
the proposed non-premixed combustion models are based on the mixture fraction as key
parameter. The Laminar Flamelet Model (LFM) and the Conditional Moment Closure
(CMC) are the two most prominent representatives of this type of models.

2.4

Mixture fraction based models

The fundamental idea of all mixture fraction based models is that they solve for the
chemistry in mixture fraction space (Z-space) and map the results to the resolved physical
space. Figure 2.2 shows exemplarily the non-premixed flame structure in mixture fraction
12

space for a simple one-step chemistry, where only two reactants, fuel [F] and oxidizer [O],
are reacted to the product [P]:
[F] + [O] → [P].
(2.14)
In each graph displaying the mass fractions, YF, YO and YP , versus Z, respectively, the grey
shaded regions denote all possible states accessible to the reactants and product in the Zspace. The straight solid bounding lines denoted by a represent chemically inert mixing,
where no reaction occurs. The other boundary of the accessible region which is denoted
by the dashed straight lines, labeled by b , represents the case of infinitely fast irreversible
chemistry, known as the Burke-Schumann solution. The typical structure of a real flame,
exemplarily shown here as curved lines denoted by c may lie somewhere between these
limits. Most of the by now well-established mixture fraction models differ mainly in their
assumptions on the interactions between reaction kinetics and the underlying turbulent
flow field, in particular, how the flame responds to instantaneous changes in the local scalar
composition due to convective and diffusive transports. Several widely used approaches
shall be outlined in the following.
2.4.1

Chemical equilibrium models

The chemical equilibrium models assume infinitely fast reaction rates, which implies that
at any given mixing condition the flame reaches immediately the corresponding chemical equilibrium state. Since the resulting chemical compostion does not depend on any
specific time scale associated with the reaction mechanism, the structure of the flame is
determined completely by the mixing state described in terms of mixture fraction. Basically, two types of chemical equilibrium models can be distinguished, one with infinitely
fast irreversible chemistry and the other with infinitely fast reversible chemistry.
Infinitely fast irreversible chemistry:

8

This approach assumes that the chemical equilibrium is reached immediately only via
irreversible reactions. It is commonly termed “mixed = burned”-regime and also known
as the Burke-Schumann solution, where the flame evolves as an infinitely thin sheet repreYP, st
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Figure 2.2: Accessible domains for fuel, oxidizer and product in mixing space (Z-space).
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sented by the surface of stoichiometric mixture Z = Zst . Considering only infinitely fast
forward and no backward reactions, fuel and oxidizer cannot coexist. As shown in Figure 2.2 by the dashed lines denoted by b , the chemical compositions, and consequently
the temperature being equivalent to the product species (T ∼ YP), are fully determined as
piecewise linear functions of Z. The assumption of infinitely fast irreversible chemistry is
certainly one of the simplest approaches in describing the flame structure in mixing space
(Z-space). Nontheless, it has been proven to give acceptably accurate results in cases,
where the chemistry acts on time scales which are significantly smaller than the relevant
flow time scales (Cook & Riley, 1994; Jiménez et al., 1997).
Infinitely fast reversible chemistry:
The assumption “mixed = burned” inherent in the concept of infinitely fast irreversible
chemistry rules out the possibility to capture the formation of any intermediate species.
To avoid this shortcoming one can assume chemical equilibrium including reversible reactions. Under this assumption the reactions are still considered as infinitely fast, but,
unlike in the irreversible Burke-Schumann limit, the chemical mechanism involves both
forward as well as backward reactions, kf and kb , balancing each other:
kf

[A] + [B] ⇋ [C] + [D],

with kf = kb = ∞ .

(2.15)

kb

Due to the underlying equilibrium assumption the temperature as well as the total chemical composition are still entirely determined by the mixture fraction Z. However, in
contrast to the Burke-Schumann solutions, the reversibility of the chemistry allows for a
co-existence of fuel and oxidizer, as well as intermediate species, being all in an equilibrium state of steady formation and consumption.
Concerning the accuracy of this model, basically the same restrictions apply as in the
case with irreversible chemistry. If the considered chemical mechanisms are very fast
compared to the relevant flow time scales, the equilibrium assumption with reversible
chemistry was proven to give fairly accurate results, as it was demonstrated in a LES of
a hydrogen-air flame by Branley & Jones (2001). On the other hand, in the case of comparatively slow chemical kinetics, real turbulent flames are generally not in equilibrium.
In methane-air diffusion flames it is, for example, a known deficiency of the equilibrium
assumption that it excessively overpredicts the formation of CO on the fuel-rich side of
the reaction zone.
Mapping of the flame structures to the physical space:
Since in the chemical equilibrium models, either with irreversible or with reversible reactions, the chemical compostion is only dependent on the mixing state, the structure
of the flame in Z-space can be priorily determined independently from the underlying
reactive flow field. As such, the flow-independent solutions for the flame structure in
Z-space, they shall be generally denoted here by φ(Z), are incorporated into the LES by
14

e
convolving them with the local filtered density function (fdf), P(Z;
x, t), to finally obtain
e The convolution
the corresponding filtered counterparts in the resolved physical space φ.
generally reads
Z 1
e
e
φ(x, t) =
φ(Z) P(Z;
x, t)dZ , where φ(Z) = YJ (Z), T (Z).
(2.16)
0

e which is defined as the spatially filtered representation
The filtered density function P,

of Dirac’s delta, or fine-grain, function δ Z − ζ(x, t)
Z ∞

1
e
ρ(ξ, t) δ Z − ζ(ξ, t) G(ξ − x) dξ ,
(2.17)
P(Z;
x, t) =
ρ̄ −∞
accounts for the unresolved subgrid-scale fluctuations of the mixture fraction ζ(ξ, t) with
respect to its resolved filtered mean ζe in the physical space. Being dependent on the
′′2 , respectively, the fdf P
e decribes the state of
resolved Favre mean and variance, ζe and ζf
mixedness within each computational cell of the LES, as schematically shown in Figure 2.3.
It has become common practice to use a β-function
Z a−1 (1 − Z)b−1
f
′′2
e
e
P(Z; ζ, ζ ) = R 1
xa−1 (1 − x)b−1 dx
0
#
"
e − ζ)
e
ζ(1
−1 ,
with
a = ζe
′′2
ζf

(2.18)
b=a




1
−1 ,
ζe

′′2 (x, t) to determine
e t) and ζf
for the shape of the local fdf. The required moments ζ(x,
the fdf according to (2.18) can be obtained from the corresponding filtered transport
equations
!

e
∂
ζ
∂  ]
el ζe
∂
∂ ρ̄ ζe ∂ ρ̄ u
′′ ′′
e
(2.19)
ρ̄Dmol,ζ
−
ρ̄ ul ζ
+
=
∂t
∂xl
∂xl
∂xl
∂xl

and


′′2
′′2
e
∂  ]
∂ ρ̄ ζf
∂ ρ̄ u
el ζf
∂ζ ′′ ∂ζ ′′
′′ ′′ ∂ ζ
ζ
= −
ρ̄ u′′l ζ ′′2 − 2 ρ̄ u]
−
2̺D
. (2.20)
+
mol,ζ
l
∂t
∂xl
∂xl
∂xl
∂xl ∂xl

In most LES the Eq. (2.19) is solved for ζe using a gradient transport assumption for the
unclosed subgrid-scale flux analogously to (2.8)
∂ ζe
′′ ′′
ζ
=
−ρ̄
D
ρ̄ u]
,
t,ζ
l
∂xl

with the eddy-diffusivity Dt,ζ obtained from a Smagorinsky-type dynamic subgrid-scale
model in terms of a dynamically computed turbulent Schmidt number Sct,ζ = νt /Dt,ζ .
′′2 , Eq. (2.20), which requires closure for
Rather than solving a transport equation for ζf
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′′2 = ζf
′′2
ζf
max

(b)

′′2 < ζf
′′2
0 < ζf
max

(c)

′′2 = 0
ζf

LES cell

Z= ζ

(a)

e
P(Z)

0

Z

1

Figure 2.3: Three different states of subgrid-scale mixedness within a LES-cell, where the
filtered mean mixture fraction ζe has always the same value: (a) unmixed, (b) partially
mixed, (c) totally mixed. The black areas denote pure fuel, the white areas denote pure
oxidizer, the grey areas represent mixed regions. The maximum variance is given by
′′2
e
e
ζf
max = ζ(1 − ζ).
two further unresolved subgrid-scale terms on its rhs, the variance is frequently modeled
directly as
∂ ζe ∂ ζe
′′2 = ρ̄ C
ρ̄ ζf
ζ
∂xl ∂xl

using again a dynamic procedure for the coefficient Cζ (Pierce & Moin, 1998).

The chemical equilibrium models certainly greatly benefit from the capability of LES
to capture the unsteady turbulent mixing motion very accurately providing them with
e It is, however, conceivable that the
reliable inputs needed to specify the local fdfs P.
chemical equilibrium models will hit their limits, as soon as the underlying unsteady turbulent mixing motion acts on a time scale of comparable size to that of the principal
chemical reactions. The then possible interactions between turbulent motion and chemistry may prevent the flame from reaching a chemical equilibrium. In such cases, at least
one further parameter is needed to determine the real non-equilibrium flame structure
16
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Figure 2.4: Non-premixed planar flame: (a) configuration, the turbulent flame is located
inside the zones 2 and 3; (b) scatter plot of the instantaneous fuel mass fractions YF vs
the instantaneous mixture fractions Z.

in the mixing space. The deviations of a turbulent diffusion flame located in a planar
mixing layer from the equilibrium state are exemplarily demonstrated in Figure 2.4. The
presented data are obtained from a DNS data base computed for a planar turbulent flame
in the middle of a periodic box as shown on the left hand side. The DNS was carried
out by Vervisch (1992) applying a simple one-step irreversible model mechanism for the
chemistry as given by Eq. (2.14) with the stoichiometric point at Zst = 0.5. The instantaneous values of the fuel mass fraction plotted over the correponding instantaneous values
of mixture fraction considerably scatter away from the Burke-Schumann limit towards
the non-reacting mixing diagonal line. This indicates that there is a lot of extinction
present in this particular flame. The considerable scatter especially in the region around
the stoichiometric point, Zst = 0.5, underlines again that the mixture fraction only may
be not sufficient to describe the real structure of the flame.
2.4.2

Laminar Flamelet Model

The Laminar Flamelet Model (LFM) allows for an extension from equilibrium to nonequilibrium chemistry including also very detailed kinetic mechanisms. It considers the
flame as an ensemble of laminar flamelets strained by the turbulent flow field, as it is
schematically sketched in Figure 2.5. The chemical reaction rates are assumed as finite
but sufficiently fast to ensure that the reactive layer is thinner than the smallest turbulent
length scale, the Kolmogorov scale η, such that lR ≪ η. Within the reaction layer, the
flow field can therefore be considered as quasi-laminar, where the smallest turbulent eddies
do not penetrate into. The laminar flamelet equations can be derived by a coordinate
17
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Figure 2.5: Thin flamelet stretched by turbulent eddies (two-dimensional illustration in
the coordinates x1 and x2 for simplicity).

transformation into a coordinate system attached to the surface of stoichiometric mixture,
Z(x1 , x2 , x3 ) = Zst (Peters, 1984). The transformation written as




τ, Z(x1 , x2 , x3 ), ξ2 , ξ3 ,
(2.21)
t, x1 , x2 , x3 →

where τ = t, ξ2 = x2 and ξ3 = x3 , basically consists in a simple replacement of the
coordinate x1 by the new coordinate Z defining thereby the original coordinate system
such that the direction x1 does not lie within the surface Z = Zst to ensure uniqueness.
As seen from Figure 2.5, the new principal direction Z is by definition locally orthogonal
to the surface of stoichiometry Z = Zst . Neglecting all the transports into the directions
other than Z, such that
∂
∂
∂
,
≪
∂ξ2 ∂ξ3
∂Z

and

∂2
∂2 ∂2
∂2
, 2, 2 ≪
,
∂ξ2 ∂ξ3 ∂ξ2 ∂ξ3
∂Z 2

and assuming the molecular diffusivities of all species J as equal to the thermal diffusivity
(unity Lewis numbers assumption), such that
LeJ =

DT
κmol
=
= 1,
̺cp Dmol,J
Dmol,J

leads to the so-called laminar flamelet equations
∂YJ
χst ∂ 2 YJ
−
= Ω̇J ,
∂τ
2 ∂Z 2
∂T
χst ∂ 2 T
1X
Ω̇J h0,J ,
−
=
−
∂τ
2 ∂Z 2
cp J
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(2.22)
(2.23)

which are basically valid in the vicinity of stoichiometric mixture Z = Zst . The coefficient
in front of the diffusion terms involves the scalar dissipation rate, here occurring as a
statistical (ensemble) average conditioned on Z = Zst


∂Z ∂Z
χst = 2 DT
Z = Zst .
(2.24)
∂xl ∂xl
χst represents the diffusive and convective transports normal to the surface of stoichiometric mixture, Z = Zst , and it can be regarded as an external parameter which is
imposed on the structure of the flamelet by the underlying strained flow field. As such,
it incorporates the flow-induced deviation of the flame from the equilibrium state, and
is therefore generally used as the second quantity to parameterize the flame structure
in addition to Z. Being a turbulent fluctuating unresolved quantity, the determination
of the average scalar dissipation rate, be it conditional or unconditional, needs appropriate closure models (Girimaji & Zhou, 1996; Pierce & Moin, 1998; Pitsch & Steiner, 2000b).
Omitting the transient terms in (2.22)-(2.23) finally gives the constitutive equations for
the Stationary Laminar Flamelet Model (SLFM), which has become a very popular approach in the numerical computation of turbulent combustion in the context of RANS as
well as of LES. Cook et al. (1997), Cook & Riley (1998) and De Bruyn Kops et al. (1998)
investigated the SLFM approach for use in LES carrying out early a priori tests, where
the LES results obtained with the assessed subgrid-scale model are compared against filtered DNS results. From a computational point of view, the SLFM concept offers the very
attractive feature that the complete chemistry can be computed off-line in advance and
stored in a so-called flamelet library. The separate solution of the chemistry independently
from the considered flow field allows for the use of a very detailed kinetic mechanism. The
flamelet library comprises a set of stationary flamelet solutions obtained for varying the
parameter χst up to a certain “quenching” limit χq , beyond which no steady state burning
solutions of (2.22)-(2.23) exist for the given chemistry. Be these steady laminar flamelet
solutions generally written here as φ(Z, χst), they are mapped to the physical flow domain
analogously to Eq. (2.16) by a convolution with the local joint fdf Pe accounting for the
subgrid-scale fluctuations of Z and χst . This convolution can be generally written as
Z 1
e t) =
e
φ(x,
φ(Z, χst) P(Z,
χst ; x, t)dZ , with φ = YJ , T.
(2.25)
0

The omission of the transient terms in the SLFM inherently assumes that the scalar dissipation rate changes on a time scale which is much longer than the time scales of the
reactive processes, such that χst can be assumed to be in a quasi-steady state relative to
the rate determining chemical reactions. The SLFM comprises, therefore, only steadily
burning solutions associated each with a certain constant value for the scalar dissipation
rate lying always below the upper (quenching) limit, χst < χq . It follows that the SLFM
is basically not capable to capture typical burning/nonburning transition phenomena like
extinction, or reignition, which are both strongly related to unsteady fluctuations in χst .
Sripakagorn et al. (2004) investigated extinction and reignition viewed as the most fundamental deviations from the steady laminar flamelet burning solutions by carrying out
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an a priori test of DNS data of a non-premixed combustion in homogeneous turbulence
with a simple one-step fuel-oxidizer mechanism. Their study gave evidence that, while
the scalar dissipation rate was on average always below the quenching limit, hχst i < χq , it
is essentially the instantaneous unsteady fluctuations beyond this limit, χst > χq , which
cause local extinction.
Besides missing the unsteady transitions between the burning and nonburning state, the
predictions of the SLFM tend to become inaccurate, if the considered chemistry involves
elementary reactions, which are slow in comparison with the transient changes in χst , as
it is, for instance, the case in the formation of NOx . This shortcoming motivated the
development of the so-called Lagrangian Laminar Flamelet Model (LLFM), which was
first tested for use in LES of a reacting jet by Pitsch & Steiner (2000a). The LLFM represents an unsteady laminar flamelet concept which is capable to account, to some extent,
for transient effects on the flame structure in mixture fraction space (Z-space). In this
approach the flame structure in Z-space is assumed as dependent of the axial distance
downstream from the nozzle of the jet. The downstream distance, x, is thereby related
to a Lagrangian type flamelet time τ by the integral
Z x
dx′
,
(2.26)
τ (x) =
0 hu|Z = Zst i
where hu|Z = Zst i is the mean downstream velocity component conditionally averaged on
Z = Zst . According to its definition (2.26), τ (x) represents the average time needed by a
flamelet to get convected from the nozzle downstream to the axial distance x. Along this
path the laminar flamelet is subject to the downstream-varying conditially averaged scalar
dissipation rate χst = χst (τ (x)), which has to be extracted from the resolved mixture fraction field by an appropriate model. The unsteadyness is thus incorporated by mapping the
spatial evolution of the conditionally averaged scalar dissipation rate to a temporal evolution in a Lagrangian-type time frame as defined by Eq. (2.26). The integration of the unsteady laminar flamelet equations (2.22)-(2.23) imposing the Lagrangian time-dependent
χst (τ (x)) gives for each Lagrangian time τ , and, hence, each downstream position x, an
individual flamelet solution φ(Z, x) = φ(Z, τ (x)). Analogously to Eq. (2.16), the convolution of these Lagrangian time-dependent, i.e., downstream distance x-dependent flamelet
e
solutions φ(Z, τ (x)) with the local fdf P(Z;
x, t) yields the corresponding filtered chemical
composition vector and temperature in physical space. The Lagrangian laminar flamelet
model evidently accounts for the history of the flamelets in a statistical sense, i.e., in terms
of their mean residence time in the flow field. Therefore, it does not capture any local
unsteadiness impacting the flamelet structure, e.g., imposed by an instantaneous change
of the local strain in the flow field. However, as it was shown in the study of Pitsch &
Steiner (2000a), it gives considerably more accurate predictions for the formation of NOx
and OH compared to the stationary laminar flamelet model. It should be noted at this
point that LES accompanied by a simultaneous integration of the complete set of the
unsteady laminar flamelet equations (2.22)-(2.23) would theoretically make it possible
to capture all transient effects, but is computationally unfeasible. Since the Lagrangian
flamelet model relates the Lagrangian time to the motion downstream, it is restricted to
parabolic flow configurations. It is therefore not applicable in cases with significant re20

versed flow like swirling jets. The Eulerian Particle Flamelet Model introduced by Barths
et al. (1998) was devised to consider non-parabolic cases as well. This approach solves
for the concentration fields of several classes of marker particles representing an individual unsteady flamelet each. It was applied by Coelho & Peters (2001) to a RANS-type
calculation of a combustor with strong recirculation flow, where it gave good predictions
for NO emissions. A rigorous application of the model in a predictive LES has not been
done so far.
As an alternative to the commonly used parameterization based on the scalar dissipation rate χst , the flamelet/progress variable approach parameterizes the steady laminar
flamelet solutions in terms of a progress variable (Pierce & Moin, 2004). The progress
variable, be it denoted here by C, can be defined as the sum of several product and
intermediate species mass fractions, such as, CO2 , H2 O, CO, H2 . The main advantage
of such an alternative parameterization, using φ(Z, C) instead of φ(Z, χst), is that all
possible values of the progress variable can be uniquely related to a steady-state laminar
flamelet solution including the nonburning, completely extinguished, states associated
with χst < χq , as well. This regime of mixing without reaction, which may arise after
extinction or before re-ignition, cannot be captured by a parameterization with the scalar
dissipation rate, which covers only the burning solution for χst < χq for uniqueness reason. While being still a steady laminar flamelet model, the progress/variable approach was
proven to capture to some extent the basically unsteady phenomenom of local extinction.
2.4.3

Conditional Moment Closure

The Conditional Moment Closure (CMC) approach was independently developed by Klimenko (1990) and Bilger (1993a,b). In the CMC method the transport equations are
conditionally averaged with the mixture fraction Z being the conditioning variable. For
some arbitrary scalar φJ the conditional averaging procedure may be generally written as

QJ (x, t; Z) = hφJ (x, t) | ζ(x, t) = Zi =

N
X
n=1



φJ (x, t; n) δ ζ(x, t; n) − Z
N


X
δ ζ(x, t; n) − Z

, (2.27)

n=1

where N denotes the total number of realizations within the considered sample space. δ
represents Dirac’s delta function. Applying the conditional averaging procedure to the
transport equation for an arbitrary scalar φJ yields then


∂ 2 QJ
∂QJ
∂Z ∂Z
∂QJ
ζ = Z . (2.28)
= hΩ̇J |ζ = Zi +
+ huk |ζ = Zi
Dmol,J
∂t
∂xk
∂Z 2
∂xk ∂xk
Therein, as suggested by Bilger (1993a), all terms of the order of the inverse of the turbulent Reynolds number 1/Ret = νmol /u′ l0 with u′ and l0 representing the rms velocity
fluctuation and the integral length scale of the underlying trubulent flow field, respectively, have been neglected. It is noted that the laminar flamelet solutions obtained from
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Eqs. (2.22)-(2.23) are basically equivalent to the conditional averages defined by Eq. (2.27).
Accordingly, the CMC-transport equations given by (2.28) essentially resemble the laminar flamelet equations (2.22)-(2.23), involving also the average scalar dissipation rate
conditional on Z in front of the diffusion term. Here it appears in the second term on the
rhs of (2.28) again as an unclosed coefficient, which has to be modeled. The basic assumption of the CMC method is that the fluctuations with respect to the conditional averages
are small. This assumption implies that the conditionally averaged chemical source terms
hΩ̇J |ζ = Zi may be accurately obtained by evaluating the constitutive expressions for the
elementary reactions with conditionally averaged input quantities, such that
hω̇K |ζ = Zi ≈ ω̇K (hρ|ζ = Zii, hYJ |ζ = Zi, hT |ζ = Zi) .

(2.29)

As such this closure approach represents the conditional formulation of the unconditional
first-order closure Eq. (2.11), which would be in general unacceptably inaccurate. For
flames being away from extinction and involving reactions with not too high activation
energies it was shown that the conditional first-order moment closure yields very accurate
results (Kim & Huh, 2002; Cleary et al., 2002). The conditionally averaged scalars can
be related to their unconditional filtered counterparts in physical space by a convolution
with the mixture fraction fdf analogously to Eq. (2.16) here rewritten as
Z 1
e
e
φJ (x, t) =
QJ (x, t; Z) P(Z;
x, t)dZ .
(2.30)
0

In flames with significant local extinction and local re-ignition, the conditional first-order
closure is not sufficiently accurate, as it was shown by Roomina & Bilger (2001) for the
case of a methane-air jet flame. In such a case the effect of the fluctuations with respect
to the conditional average defined as
φ′′J (x, t) = φJ (x, t) − QJ (x, t; Z)

(2.31)

is not negligible any more. A second-order closure incorporates the influence of these conditional fluctuations by including higher-order terms, namely the conditional variances
and covariances, hφ′′J 2 |Z = ζi and hφ′′I φ′′J |Z = ζi, respectively, into the closure equation for the conditional reaction terms (2.29) (Klimenko & Bilger, 1999). The conditional
second-order moments needed here are obtained by solving corresponding transport equations. This suggests to use strongly simplified chemical reaction mechanism to keep the
number of such transport equations small, as it was done by Kronenburg et al. (1998) for
a hydrogen-air diffusion flame. Alternatively to second-order closure, the accuracy of the
conditional closure (2.29) can be improved using double conditioning. A conditioning on
the mixture fraction as well as on a further appropriate parameter, which could be the
scalar dissipation rate (Cha et al., 2001), or the sensible enthalpy (Kronenburg, 2004),
was proven to yield very accurate predictions for the conditional reaction rates also in
flames with strong local extinction and re-ignition. Despite these very promising results,
the wider application of double conditioning CMC is greatly challenged by the unclosed
doubly-conditional scalar dissipation rate occurring in the double conditioned counterpart
of the CMC transport equation (2.28). In addition, an appropriate model is also needed
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Figure 2.6: Planar reactive mixing layer: Fuel and oxidizer feeds are separated by a
splitter plate, Σhom denote surfaces, where homogeneity can be assumed, Z = Zst denotes
an instantaneous position of the flame.

for the two-parametric joint fdf occurring in the convolution (2.30) when recast into a
double conditioned formulation. To overcome this problem Klimenko & Pope (2003) proposed the multiple mapping conditioning (MMC) approach, which brings together the
CMC and PDF approaches. The method introduces a set of “reference variables” as conditioning variables, and it solves for a consistent set of modelled transport equations for
the averages conditional on these reference variables. The required multiple-variable jointpdf is constructed based on the assumption that the reference variables are stochastically
independent having all Gaussian distributions. The first test of this concept considering a
three-stream mixing problem gave promising results. A key issue for its future application
to turbulent flames will be the development of accurate and efficient numerical algorithms
to ensure a computationally feasible solution procedure, especially when extending to a
higher dimensionality of the reference variable space.
Since the CMC method adds at least one further dimension (in the single conditioning
case it is normally the mixture fraction Z) to the time and the three spatial dimensions,
its use as a combustion model for LES of inhomogeneous reacting flows would lead to
excessively high computational costs. This problem could be circumvented by the Conditional Source-term Estimation (CSE) method proposed by Bushe & Steiner (1999). The
CSE approach still utilizes the CMC first-order hypothesis (2.29) to obtain closure for
the spatially filtered reaction terms. However, it does not need to solve for the evolution
equations of the conditional averages, Eq. (2.28), as it is required in the original CMC
method. The basic assumption of the CSE approach is that inside the physical flow
domain, there can be identified stastistically homogeneous surfaces Σhom , on which the
conditional averages can be assumed to be invariant. As exemplarily shown in Figure 2.6
for the case of a planar reacting mixing layer, planes perpendicular to the surface, where
the flame is on average located, can be assumed as statistically homogeneous. For each
surface of homogeneity the conditional averages hφJ |ζ = Zi can then be approximated by
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inverting the convolution
φeJ (xn , t) =

Z

1
0

e
hφJ |ζ = Zi P(Z;
xn , t)dZ

with xn ∈ Σhom

(2.32)

for an ensemble of n = 1, . . . , N unconditional filtered scalars φeJ (xn , t), which are sampled
on the considered homogenous surface Σhom at the points xn . As such the inversion of
the integral equation (2.32) serves to map the flame conditions from the physical space
(φeJ ) to the parameter space (hφJ |ζ = Zi). Bushe & Steiner (1999) validated the CSE
method first in an a priori test based on DNS results of a reactive mixing layer, where
a simple one-step model mechanism had been applied (Chen et al., 1992). This a priori
test made also evident that a second conditioning variable is needed to capture local extinction which was significant in the considered model flame. Accordingly, applying the
CMC closure Eq. (2.29) with averages conditioned on two variables, the mixture fraction
Z and the scalar dissipation rate χ, considerably improved the predictions of the model.
In a successive work, Steiner & Bushe (2001) investigated the predictive capability of
CSE for use in a real flame. They considered a piloted methane-air jet flame which had
been investigated in experiments by Barlow & Frank (1998). A reduced two-step kinetic
mechanism introduced by Williams (1991) was used for the methane-air chemistry. The
LES results obtained with the CSE method showed very good agreement with the measurements. The instantaneous contours of the temperature as well as the instantaneous
position of the stoichiometric surface, Z = Zst , can be seen from Figure 2.7. For this
jet flame configuration, planes normal to the axis of the jet were assumed as surfaces of
homogeneity for the conditional averages, Σhom .
The attractive features of the CSE approach are that it basically does not need to assume
very fast, i.e., close-to-equilibrium chemistry, or a steady-state flame structure like SLFM.
In addition, since CSE relates the conditional averages to the instantaneous resolved flow
field provided by the LES equations, it is capable to capture unsteady effects of the
turbulent motion on the chemical reactions. The CSE method has, however, still some
limitations. First, the method requires the assumption of the existence of homogeneous
surfaces, where the conditional averages practically do not change. Especially in strongly
non-parabolic configurations, e.g., in cases with significant reversed flow, it may become
very difficult to identify such statistically homogenous surfaces, on which the conditional
averages do not vary markedly. This issue will certainly have to be addressed in the further development of the model. Second, the conditional averages are obtained as solutions
of an integral equation as given by Eq. (2.32). Thereby, a linear regularization is applied
to suppress the occurrence of unphysical maxima and minima in the resulting curves for
hφJ |ζ = Zi, which, on the other hand, may lead to overly diffusive solutions. Third, in
case of extinction or re-ignition a second conditioning variable, most suitably the scalar
dissipation rate χ, has to be introduced, which requires some additional assumptions on
the fdf of χ. Moreover, having to solve for doubly conditioned averages increases the
computational costs for the solution of the integral equation (2.32) considerably. The
latter two constraints motivated to develop the CSE method further to the CSE-Laminar
Flamelet Decomposition method (CSEFD) as proposed by Bushe & Steiner (2003). It
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Figure 2.7: LES of a non-premixed reacting piloted jet flow: instantaneous temperature
contours. The white line denotes the instantaneous position of the stoichiometric surface,
Z = Zst . (Reprinted from Steiner & Bushe (2001)).
can be regarded as a hybrid between the Laminar Flamelet method (LFM) and CSE. In
the CSEFD method the conditional averages are estimated as a superposition of a set of
unsteady laminar flamelet solutions φm (Z)
hφ |ζ = Zi ≈

M
X

am φm (Z).

(2.33)

m=1

The weighting coefficients am are obtained analogously to the original CSE approach upon
the inversion of an integral equation
Z 1X
M
e
e
φ(xn , t) =
am φm (Z) P(Z;
xn , t)dZ
(2.34)
0 m=1

for n = 1, . . . , N sample points on a homogeneous surface. The unsteady laminar flamelet
solutions φm (Z) can represent a typical spectrum of physically realizable conditions for
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the flame including solutions which arise from re-ignition or extinction and, hence, no
additional conditioning variable might be needed to capture these effects. Alike in the
Steady Laminar Flamelet Model (SLFM) highly complex multi-step kinetic mechanism
can be used to predict the formation of intermediate species and pollutants. Bushe &
Steiner (2003) carried out an a priori test using a DNS data base. It turned out that
the most accurate results could be achieved with the computationally least expensive
procedure which solves the integral equation (2.34) only for the temperature, such that
φe = Te. The thereby obtained coefficient vector am is then used to compute the conditionally averaged reaction rates directly as a linear combination of the reaction rates from
the unsteady flamelet library for the elementary reaction rates ωK,m(Z)
hω̇K |ζ = Zi ≈

M
X

am ω̇K,m (Z).

(2.35)

m=1

Although the CSEFD method does not require a regularization technique to obtain
smooth solutions alike the original CSE, it has to cut-off negativ coefficients of am , which
might eventually occur but are physically meaningless and therefore discarded. In a sense
the weighting coefficient vector am plays the role of the fdf of the scalar dissipation rate
χ getting involved in the case of double-condition CSE with conditioning on Z and χ.
From this viewpoint the method can be practically regarded as a promising candidate for
unsteady flamelet modeling with the great benefit of having not to model a fdf of χ. It
is noted, however, that alike in the original CSE approach the assumption of surfaces of
statistical homogeneity is still a basic requirement of the model. With this respect, as
it was already pointed out above, there is scope for a further developments of the model
especially when dealing with very complex flow configurations inside the combustor.

2.5

Concluding remarks

During the last decade LES has become increasingly acknowledged as a powerful simulation tool for its potential of providing valuable instantaneous information especially
needed as input for a reliable modeling of turbulent combustion. The typically applied
approaches mostly still resemble equilibrium or close-to-equilibrium chemistry concepts,
which were originally derived for use in RANS-type simulations. When applying more
comprehensive combustion models to LES, the major part of the considered configurations were of academic type, such as jet flows, or plane mixing layer flows, rather than real
engineering problems. Nonetheless, important advancements have been made towards a
realistic modeling of non-equilibrium flames, where the turbulent fluctuating, instantaneous local strain may strongly affect the reactions. In the case of non-premixed combustion, the Conditional Moment Closure, the unsteady laminar flamelet models, and the
transported filtered density function method were proven as most promising approaches.
The incorporation of these approaches into predictive LES still raises many open issues,
though, such as a most efficient computation of the flame structure in parameter space,
the appropriate mapping of the flame structure from the parameter space to the physical
space, the substantial computational costs added by the models, or the closure for the
unresolved micromixing terms. Even the basic resolution requirements for LES, which are
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generally determined by the criterion that the energy contained in the unresolved subgrid
scales is small compared to the resolved part, may need revision. In contrast to the nonreacting case, combustion brings in an important part of energy especially on the small,
unresolved, subgrid scales. The significant contribution from these unresolved scales puts
the same fundamental problem of insufficient resolution to LES as it does to RANS.
In summary, there are evidently many practical as well as very fundamental aspects,
which need further investigation to pave the way for a use of LES as a standard tool in
technical combustion.
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3
3.1

Modeling of subcooled boiling flow
Introduction

In the modern design and layout of highly efficient cooling systems, investigations on
subcooled boiling flow have been gaining much attention. Especially in thermally highly
loaded wall regions, where highest possible heat transfer rates are required to keep the
local surface temperatures on an acceptable level regarding material lifetime, the cooling
power which can be achieved with pure single-phase forced convection is often limited and
insufficient. The limitations of the convective single-phase cooling may be due to a very
compact space- and weight-saving design of the individual cooling system components,
which often leads to small cooling surface areas as well as unfavorable flow conditions for
the convective transport of heat. There may be also restrictions on the available magnitude of the coolant feed into the cooling system. In all such cases the concept of utilizing
the strongly enhanced heat transfer associated with nucleate boiling represents an attractive approach. It offers a great potential for application in many energy conversion and
heat exchange systems, ranging from the cooling of electronic components to the thermal
management of modern internal combustion engines. The application of this novel concept in today’s design of cooling systems requires, however, reliable mathematical models
which predict the convective boiling heat transfer with acceptable accuracy. Furthermore,
these models should be well suited for use in CFD of coolant flows.
Nucleate boiling flow is a highly complex phenomenon, which involves numerous types of
interactions between the liquid, the vapor phase, and the solid heater, as schematically
shown in Figure 3.1. The interaction between the liquid bulk flow and the non-boiling
part of the heated surface, denoted by 1, represents basically the convective single-phase
heat transfer, generally termed macroconvection. The interaction between the bulk flow
and the vapor bubbles, denoted by 2, comprises the hydrodynamic forces of the flow acting on the bubbles and vice versa. These flow induced forces can strongly influence the
bubble growth, the bubble detachment from the nucleation sites, as well as the paths of
the rising bubbles. Moreover, a densely populated heated surface may change the nearwall flow conditions significantly. The bubble-liquid phase interaction, denoted by 3, is
often subsumed as the so-called microconvection. It includes the entrainment of liquid
into the wake of a rising bubble immediately after detachment, which mixes portions
of cool liquid from the - mostly subcooled - outer flow region into the superheated wall
layer. This bubble lift-off induced transport of cool bulk liquid towards the heated surface
increases instantaneously the local convective heat transfer. At the same time, it cools
down the area around the nucleation sites below the critical temperature for nucleation.
This cooling down of the nucleation sites immediately after bubble lift-off is generally
termed “surface quenching”. A quenched nucleation site needs some period of time to be
re-heated beyond a critical temperature, where bubble nucleation is initiated again. The
required heat is supplied by the solid heater via conductive heat transfer, denoted by 4.
Aside from the hydrodynamical effect of the bubble motion on the liquid, the bubble-liquid
interaction also includes the thermal effect of condensation at the vapor-liquid interface.
This process occurs at the top of the bubbles, once the interface reaches a zone where
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Figure 3.1: Interactions between liquid phase, the vapor bubbles and the solid heater.
the local temperature is below the saturation level. The evaporative counterpart of this
mechanism of latent heat transport is realized by the interaction between the bubble foot
and heated surface, denoted by 5. While the bubble is growing on its nucleation site, the
latent heat needed for evaporation is continuously removed from the solid heater material, which causes a local drop of the temperature on the heated surface structure. The
local cooling due to the removal of heat of evaporation during bubble growth, as well as
the local cooling associated with the surface quenching after bubble detachment, are the
main reasons why the surface temperature is highly non-uniform in time and space. This
non-uniformity of the surface temperature also leads to considerable thermal interactions
(conductive heat exchange) between the individual nucleation sites inside the solid heater,
denoted by 6. It is noted that most of the boiling models used today do not account for
these spatial and temporal fluctuations in the surface temperature assuming in general
a stationary and uniform wall temperature. For denser bubble populations occurring at
higher wall superheats the bubble-bubble interactions, denoted by 7, such as coalescence
or formation of columns, can play an important role. It is conceivable that this type of
interaction makes simple single bubble considerations, on which many boiling models are
based, highly questionable. The complexity shown in Figure 3.1 still does not give the
complete picture. Contact surface related aspects associated with surface tension, wettability, surface roughness, and porosity are known to have an important influence on the
number of active nucleation sites needed for the formation of vapor bubbles. The so-called
surface aging, which can be caused by chemical depositions on the heater surface leading
to a long term deactivation of nucleation sites, also falls into this group. It is especially
these surface related properties which impair a rigorous parameterization, such that the
theoretical boiling models proposed to date involve many empirical constants, which have
to be adjusted from case to case.
Despite the numerous and physically complex effects which can be relevant in nucleate
boiling, it is generally agreed that the marked increase in the heat transfer rate relative
to the single-phase convection essentially results from two basic mechanisms:
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- the microconvection induced by the motion of the bubbles and
- the latent heat transport to and from the bubbles.
However, in many cases no consensus has been reached on the quantitative contribution
of each mechanism to the total heat flux.

3.2

Basic model considerations

Boiling is a very complex and elusive process, whose underlying physics is still not fully
understood. No rigorous theoretical model has yet been developed to predict the heat
transfer rate as a function of the wall superheat. The difficulty to develop a mathematical
formalism to capture all the relevant mechanisms is not only due to the highly complex
interactions between the numerous sub-processes involved in nucleate boiling. The modeling also faces the arduous problem of measuring all the properties which are essential
for the physics of the interfacial contact between the vapor, liquid, and the solid (heater)
phases. In view of the fact that for technical surfaces it is practically impossible to measure rigorously contact physics related properties, such as roughness, wettability or aging
conditions, it is even doubted if deterministic modeling is an appropriate approach at
all to describe the nucleate boiling process. Following such an argument, boiling should
be considered rather as a chaotic process subject to strongly nonlinear interactions. The
non-deterministic approach to model the so-called “boiling chaos”, whose basic ideas and
critical issues were discussed in much detail in a review by Shoji (2004), particularly
focuses on the nucleation site problem as the most relevant sub-process. The current
research in this field primarily aims at a better unterstanding of the non-linear physics
of boiling rather than yielding most accurate quantitative predictions in particular configurations. It is expected that a better understanding of the real phenomena will finally
lead to more reliable theoretical models also in a quantitative sense. Mosdorf & Shoji
(2004) presented a simple nonlinear model which mimicks the temporal chaotic changes
in the surface temperature at a given active nucleation site. The authors attribute the
chaotic fluctuations in the surface temperature, which are also observed in experiments,
to the temporal changes in the heat flux absorbed by the bubbles. The approach based on
the nonlinear analysis will certainly give more insight into the real physical phenomena
governing the nucleate boiling process, however, much theoretical as well as experimental
work has still to be done to finally yield predictive boiling models for an application in
technical flows.
In pace with the steady increase of computer power, the use of Computational Fluid
Dynamics (CFD) has become state-of-the-art in the modern design of energy conversion
and transmission devices. The model-free CFD method, which solves directly all relevant
transport processes, as it is done in the Direct Numerical Simulation (DNS) of turbulent
flow at low Reynolds numbers, has to be ruled out for real-life boiling configurations on
technical surfaces due to its prohibitively high computational costs. At the most, direct numerical simulations can be carried out in strongly simplified configurations, such
as boiling from a predefined small number of nucleation sites on an otherwise perfectly
smooth surface (Mei et al., 1995a,b; Shin et al., 2005). This limitation will apply at least
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in the foreseeable future, despite the ongoing increase of the available computational resources. CFD of boiling flow will therefore keep relying heavily on the modeling of the
interfacial heat and mass transfer.
Today’s commonly used approaches involve a lot of empiricism built into the various
model correlations, which limits their general applicabilty considerably. The generation
of a vapor phase at the incipience of nucleate boiling basically suggests a two-fluids simulation, where the discretized Eulerian transport equations are numerically solved both
for the liquid and the vapor phase (Končar et al., 2004; Xu et al., 2005). Since technical
flows are mostly turbulent, one in general solves the Reynolds averaged formulations of
the transport equations, which requires appropriate turbulence models for the unclosed
averages of the nonlinear transport terms, as it is already the case in turbulent singlephase flow. The complex nature of the liquid/vapor interactions as well as the difficulty
in defining adequate wall boundary conditions for the void fraction makes the two-fluids
simulations reliant on many - partly questionable - modeling assumptions, which again
introduce much empiricism and may finally lead to a loss of general applicability and
accuracy. It has therefore become a frequently adopted praxis to use only a single-phase
formulation neglecting completely the dynamics associated with the motion of the vapor
phase. In the case of subcooled boiling flow the simplification to simulate only the motion
of the liquid carrier phase can certainly be reasoned by the zero net production of vapor,
because the bubbles condense immediately, once they escape from the very confined superheated wall layer with the temperature within being T > Ts . It can then be argued
that the vapor phase exists only inside a very thin layer next to the superheated wall,
while the other, much larger part of the flow domain is occupied by liquid phase only,
such that the dynamical effect of vapor phase can be neglected. Concerning the total wall
heat flux, the single-fluid modeling does account for the presence of the vapor phase near
the wall by imposing thermal wall boundary conditions, which include nucleate boiling
heat transfer through corresponding boiling models. As such, the single-fluid modeling,
which includes the boiling wall heat transfer, certainly represents a very simple way to
capture the strongly enhanced heat transfer associated with nucleate boiling. However,
in the presence of a significant void fraction at the heated wall, the single-fluid concept
inherently misses several important features typically found in the bubble-laden near-wall
flow, such as retarded mean velocities, or an enhanced turbulence in the liquid phase.
The effects of the vapor bubbles on the flow of the liquid were investigated in a number
of experimental studies (Maurus, 2003; Ramstorfer et al., 2005). It is expected that the
results of these experimental studies will help to improve the modeling of the fluid/vapor
interactions in the two-fluids simulations. To some extent these studies may also be very
useful in the single-fluid modeling to account for the presence of the vapor bubbles by
modifying the wall boundary conditions for the velocity as well.
Figure 3.2a shows a typical subcooled boiling flow configuration. Basically, the subcooled boiling flow regime is characterized by a superheated wall with Tw > Ts , and a
bulk temperature, which is lower than the saturation temperature, Tb < Ts . The formation of vapor bubbles starts once the heated wall has reached the onset of nucleate boiling
(ONB) temperature, Tw = TONB at point B. Figure 3.2b shows three boiling curves de31
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Figure 3.2: Subcooled boiling flow: (a) variation of bulk and wall temperatures into
the streamwise direction; (b) boiling curves for different velocities of the bulk liquid; the
dashed line, −−, denotes the highest velocity case, the dotted line, · · · , denotes the zero
velocity, i.e. the pool boiling case.
picting the wall heat fluxes qw versus the wall temperatures Tw for three different bulk
velocities with zero velocity - representing the pool boiling case - being the lowest. Two
subranges can be distinguished in the subcooled boiling region: in the partially developed
boiling (PDB) regime at lower wall superheats, the bulk flow rate affects the heat transfer significantly. So the onset of nucleate boiling is shifted to higher wall superheats for
higher flow rates (B→B’), as shown in Figure 3.2b. In the fully developed boiling (FDB)
regime at higher wall superheats, the boiling curves converge towards the pool boiling
curve, which indicates that the flow rate becomes insignificant once the wall superheat is
sufficiently high.
3.2.1

Onset of nucleate boiling (ONB)

The determination of the point of the incipience of boiling, ONB-point, was the subject
of many studies, as it provides a criterion for the minimum wall superheat
Tw − Ts = TONB − Ts ,
which is required for the formation of vapor bubbles. As such, it specifies the lower
limit above which the nucleate boiling heat transfer has to be accounted for through
corresponding boiling models. Hsu (1962) was the first to develop an analytical condition
for the onset of nucleate boiling at a given cavity. Hsu’s analysis starts from a vapor bubble
of radius rb in equilibrium with its surrounding liquid of temperature Tl and pressure pl .
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The pressure inside the bubble pg is given by the Young-Laplace equation as
pg = pl +

2σ
rb

(3.1)

with σ being the surface tension at the interface. Assuming the vapor phase as perfect
gas and a small vapor/liquid-phase density ratio, ̺v /̺l ≪ 1, the overpressure pg − pl can
be related to the corresponding superheat using the Clausius-Clapeyron equation written
as
dp
hlg
h p
h ̺
 ≈ lg v = lg 2 ,
= 
(3.2)
dT
T
RT
T ̺1v + ̺1l
where hlg represents the latent heat of evaporation and R is the specific gas constant. The
integration of (3.2) from pl to pg yields the saturation temperature of the vapor inside the
bubble written as


R Ts Tg
2σ
,
(3.3)
Tg = Ts +
ln 1 +
hlg
rb pl

where Ts = Ts (pl ) refers to the saturation temperature of the liquid outside the bubble
having the pressure pl .
pg
pl
≈ RT
= ̺v . Thereafter,
≪ 1 and RT
Eq. (3.3) can be further simplified assuming r2σ
g
g
b pl
applied to a truncated spherical bubble, as shown in Figure 3.3a, the saturation temperature Tg can be rewritten as a function of the wall normal distance at the tip of the bubble,
y = yb = rb (1 + cosβ),
!
Ts
2σ
Tg (yb ) = Ts +
.
(3.4)
yb
̺v hlg 1+cosβ
Hsu postulated for the ONB condition that the temperature at the tip of the bubble is at
least equal to the saturation temperature inside the bubble given by Eq.(3.4), such that
Tg (yb ) = Tl (yb),

(3.5)

where the temperature of the liquid phase is assumed as a linear function of the wall
distance as
qw
Tl (yb ) = Tw − yb ,
(3.6)
λl
whose gradient is determined by the wall heat flux qw and the thermal conductivity of
the liquid phase λl . As shown in Figure 3.3b, the solution of Eq. (3.5) corresponds to
the intersection points between the curved line for Tg and the straight line for the liquid
temperature Tl , given by Eqs. (3.4) and (3.6), respectively, where the height of the bubble,
yb , has been rewritten in terms of the cavity mouth radius
rc =

yb sinβ
.
1 + cosβ

Both lenghts are equal, rc = yb , in the case of a hemispherical bubble, which is associated
with a contact angle β = 90◦ . The two intersection points at
s
"
#
Tw − Ts λl
sinβ
8qw Ts σ(1 + cosβ)
rcmin, max =
1± 1−
(3.7)
2
qw 1 + cosβ
λl ̺v hlg (Tw − Ts )2 )
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rc,max
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Figure 3.3: Onset of nucleate boiling: (a) bubble nucleus at the incipience of boiling
(ONB); (b) superheat criterion for the ONB, tangency condition rc = rc,tan .
represent the limits of the range of effective cavity radii for a given wall superheat Tw −Ts ,
because only cavities inside the interval rcmin ≤ rc ≤ rcmax satisfy the condition Tl (yb ) ≥ Tg
for the incipience of boiling. It can be further concluded from Eq. (3.7) that effective
cavities only exist for a non-negative discriminant. The limit of a zero discriminant
provides a minimum superheat criterion for the incipience of boiling generally termed
“tangency condition for the ONB”, which relates the wall heat flux at the ONB to the
minimum wall superheat as
qONB =

λl ̺v hlg (Tw,min − Ts )2
.
8Ts σ(1 + cosβ)

(3.8)

Furthermore, invoking the tangency condition for a given cavity size rc , such that
rc = rc,tan =

Tw,min − Ts λl
sinβ
,
2
qONB 1 + cosβ

yields an expression for the minimum wall superheat
Tw,min − Ts =

4 Ts σ sinβ
.
̺v hlg rc

(3.9)

Bergles & Rohsenow (1964) applied Hsu’s analysis to a hemispherical bubble (β = 90◦ ).
However, they considered the full equation (3.3) and not the approximation (3.4), which
finally leads to no explicit formulation for the incipient heat flux alike Eq. (3.8) when
invoking the tangency condition. Based on experimental data they provided a graphical
solution
2.16
qONB = 1082p1.156 [1.8(Tw − Ts )] p0.0234
(3.10)
instead, where p is the pressure of the liquid measured in atmospheres.
It is known that for well wetting fluids, the flooding of cavities reduces markedly the
probability of finding an unflooded cavity of the size rc,tan corresponding to the minimum
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Figure 3.4: Location of the transition from partially developed boiling (PDB) to fully
developed boiling (FDB).
superheat criterion, as shown in Figure 3.3b. As a consequence, the minimum superheat
criterion (3.9) based on the tangency condition proposed by Hsu in general underpredicts
the minimum superheat, which is required for the inception of boiling. In order to account for the wettability of the surface, Basu et al. (2002) introduced a correlation for an
effectively available cavity size, which reads
rc,ef f = rc,tan F .

(3.11)

The correction factor F introduced here varies between zero and unity, and is computed
as an empirical function of the contact angle β. For increasing wettability associated with
β → 0, more and more cavities are flooded, and hence F → 0. The resulting decrease in
the effective cavity size consequently leads to higher minimum wall superheats, as seen
from the criterion (3.9) when using rc,ef f for the cavity size in the nominator.
Newly developed three-dimensional techniques to measure surface topologies have made
it possible to obtain more detailed information on the shape and the distribution of the
available cavities. Based on such high-resolution scanning techniques Luke (2004) determined the spatial distribution of cavities on different technical heated surfaces using the
so-called envelope method. In this method an envelope area is created by a roller ball of
a certain diameter, which is virtually rolled over the measured surface topography. The
three nearest contact points of the envelope area and the heated surface beneath always
form a cavity, which represents a potential nucleation site. Repeating this method with
varying diameters of the virtual roller makes it possible to measure the whole spectrum
of cavity sizes on the considered technical surface.
3.2.2

Transition from partially developed (PDB) to fully developed boiling
(FDB)

For the specification of the condition, where fully developed boiling begins, the model
proposed by Bowring (1962) is widely used. As seen from Figure 3.4, this model locates
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the beginning of the FDB regime by intersecting the extension of the straight single-phase
line (A-B) with the fully developed boiling curve (dashed curve qFDB ), which majorily
depends on the wall superheat Tw − Ts and only little on the mass flow rate. Multiplying
the heat flux at the intersection point “F” by a factor of 1.4 gives then the heat flux at
the transition to the FDB region
qPF = qE = 1.4 qF .

(3.12)

Shah (1977) assumed the demarcation between PDB and FDB essentially dependent on
the subcooling and proposed
TPF = Ts +

1
(Ts − Tb )
2 | {z }

(3.13)

∆Tsub

There is evidently much of arbitrariness involved in (3.12) and (3.13), which has not
much impact though. Most of the models proposed for the wall heat flux do not explicitly
distinguish between the PDB and the FDB region, as they are in general devised to span
both regions.

3.3

Models for the wall heat flux

A great variety of wall heat flux models has been developed for a use in engineering
applications, and basically all of them adhere to the deterministic approach. The proposed
models can be broadly grouped into two categories:
- General empirical correlations, which describe the wall heat transfer rates mostly
as general power functions of non-dimensional groups.
- Mechanistic models, which attempt to capture the basic relevant mechanisms for the
total heat flux, i.e., the hydrodynamic convective transport and the thermal heat
transport associated with evaporation.
While the first concept relies completely on experimental data in deriving the nondimensional model correlations, the latter is more analytical in that it accounts explicitly
for the different physical mechanisms contributing to the total heat flux. Therefore, the
mechanistic models in general perform better in transition regimes, where the relative
contribution of the individual mechanisms may change substantially. Despite their more
physical basis, the mechanistic models still involve a good deal of empiricism in the modeling of the individual mechanisms.
3.3.1

General empirical correlations

In the FDB region, most empirical correlations model the total heat flux as a power
function of the wall superheat
m
qw = K(Tw − Ts )m = K∆Tsat
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(3.14)

with K being some empirically determined model parameter. The correlation proposed
by McAdams et al. (1949) for water
3.86
qw = 4.77 ∆Tsat

(3.15)

shall be quoted here as a typical representative. Some authors additionally consider the
influence of the pressure p, as it is the case in the correlations due to Thom et al. (1965)
p
0.5
(3.16)
∆Tsat = 22.65 qw exp
87

and Labuntzov (1972)

1 − 0.0045 p 2/3
qw
(3.17)
3.4 p0.18
with the pressure p always measured in bars. Another group of models assumes the total
wall heat flux in the FDB region as an enhanced convective transfer by multiplying the
heat transfer coefficient for forced single-phase convection, αf c , with some enhancement
factor. In the correlation proposed by Shah (1977)
∆Tsat =

qw = αf c 230 Bo0.5 ∆Tsat

(3.18)

this enhancement factor involves the boiling number
Bo =

(qw /̺l hlg )
ub

(3.19)

which relates the contribution of nucleate boiling, represented by the “boiling velocity”
qw /̺l hlg , to the contribution of forced convection, represented by the velocity of the
bulk liquid ub . In Shah’s approach the forced convection heat transfer coefficient αf c is
computed from the Dittus-Boelter equation
Nuf c =

αf c Dh
0.4
= 0.023 Re0.8
l Pr ,
λl

(3.20)

which represents a well-established correlation for hydraulically and thermally fully developed channel flow. It writes the Nusselt number Nuf c as a simple power function of
the liquid phase Reynolds number Rel = ̺l ub Dh /µl and Prandtl number P rl = µl cp,l /λl
with µl , cp,l , and λl being the dynamic viscosity, the specific heat at constant pressure,
and the thermal conductivity of the liquid phase, respectively. The characteristic length
scale Dh = 4A/U, generally termed hydraulic diameter, depends on the cross-sectional
area A and the perimeter U of the channel.
The approach proposed by Kandlikar (1998b) for the FDB region is written as
qw = αf c 1058 Ff l Bo0.7 ∆Tsat .

(3.21)

In extension to Shah’s model this correlation introduces a fluid-surface parameter Ff l
representing the surface fraction covered by the liquid phase.
Only a few attempts have been made to provide specific correlations for the PDB regime.
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This is mainly due to the considerable uncertainty in estimating the upper limit of the
PDB regime, beyond which the influence of the bulk flow convection becomes insignificant. The proposed models are mostly devised to assure a smooth transition from the
single-phase region to the PDB region, and then to the FDB region. Among these, the
correlation suggested by Bergles & Rohsenow (1964) reads
(


2 ) 12
qFDB
qONB
qw = qf c 1 +
.
(3.22)
1−
qf c
qFDB
Therein, as seen from Figure 3.4, qf c represents the single-phase convection line A-B-F,
qFDB the fully developed boiling curve F − E, and qONB the total wall heat flux at the
incipience of boiling located at B. Later Kandlikar (1998b) suggested for the PDB region
the equation
qw = a + b (Tw − Ts )m
(3.23)
with the model parameters a, b and m being defined as functions of qw and Tw − Ts
evaluated at the points B, F and E, as shown in Figure 3.4. Aside from these interpolation
models, Shah (1977) presented a correlation which fitted best the empirical data base
underlying his analysis
q

 w
(3.24)
∆Tsat =
∆Tsub
αf c Ψ0 + ∆Tsat
with Ψ0 being a function of the boiling number Bo defined in (3.19).

Among the empirical correlations which have been developed to cover both the PDB
and the FDB region, the approach due to Moles & Shaw (1972) correlates the - relative
to the single-phase coefficient αf c - enhanced two-phase heat transfer coefficient αtp as
 0.03
αtp
̺v
0.67
−0.5
P r 0.45 .
(3.25)
= 78.5 Bo Jasub
αf c
̺l
This correlation is based on experimental data from 10 different sources including both organic and inorganic liquids. It introduces a modified Jakob number Jasub = cp,l ∆Tsub /hlg ,
where the wall superheat ∆Tsat has been replaced by ∆Tsub , to capture effect of subcooling, which is typically very strong in the PDB region. In a later study the model
constants in Moles’ approach (3.25) were modified by Prodanovic et al. (2002) to improve
the overall agreement of the model predictions with the data base used in their study.
3.3.2

Mechanistic models

The basic strategy of mechanistic models is to identify and to model the essential physical
mechanisms which contribute to the total wall heat flux. They mostly assume the heat
flux to be composed of three components, namely, the single-phase convection qf c , the
evaporation heat flux needed directly for the phase change qev , and the sensible heating
of the portion of liquid which fills the volume vacated by a departing or collapsing bubble
qqu . The total wall heat flux can then be written as
qw = qf c + qev + qqu .
38

(3.26)

The forced convection component is commonly obtained as
qf c = αf c Asp (Tw − Tb ),

(3.27)

where the heat transfer coefficient αf c is frequently computed from correlations proposed
by Petukhov (1970) and Gnielinski (1976), or simply from the classical textbook correlation by Dittus-Boelter (3.20). The explicit distinction between the area fraction only
influenced by single-phase convection, Asp , and the fraction only influenced by the nucleate bubbles Anb = 1 − Asp is frequently omitted.
The evaporation heat flux can be basically obtained as
qev = Na f

d3D π
̺v hlg ,
6

(3.28)

where Na is the number of the active nucleation sites per unit wall area, f is the bubble
frequency, and dD the average bubble diameter at the departure from the heated surface.
The frequency f is mostly computed based on the empirically observed relationship with
diameter dD raised to the power γ (the empirical exponent γ is of the order of unity)
f dDγ = const.

(3.29)

leading to correlations such as
f=

s

4 g(̺l − ̺v )
,
3 dD ̺l

(3.30)

as suggested by Ivey (1967). To date, there is no theoretically based formulation available
for the specification of the nucleation site density on technical surfaces. It is generally
assumed as a power function of the wall superheat
Na = [m (Tw − Ts )]n

(3.31)

involving two empirical constants, m and n (Lemmert & Chawla, 1977). Their values are
frequently set to m = 185 and n = 1.805 following a proposal by Kurul & Podowski (1990).
It is noted that the explicit modeling of the evaporation heat flux also plays an important
role in the two-fluids simulations. They require the specification of source terms for the
vapor phase at the superheated walls which is practically equivalent to the modeling of
the evaporative heat flux. This is also the reason why the general empirical correlations
discussed in the former section are a priorily not applicable in two-fluids simulations, as
they do not involve any separate modeling of the evaporative heat flux.
The quenching heat flux can be computed based on the transient conduction problem
of the heat-up of a semi-infinite liquid adjacent to the heated wall. As shown by Victor
et al. (1985), the solution of this transient problem finally provides for the quenching heat
flux, which is written as
qqu = αqu Anb (Tw − Ts ),
(3.32)
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the required transfer coefficient
αqu = 2

s

λl ̺l cp,l
τqu f.
πτqu

(3.33)

Therein, the bubble influenced area fraction is computed from
Anb = min( 1, KNa πd2D /4) with K = 4,

(3.34)

and the quenching period is assumed as proportional to the inverse of the bubble frequency
τqu =

Cqu
f

(3.35)

with the parameter Cqu ranging from 0.5 to 1. As an alternative to the direct modeling,
as given by Eqs.(3.32)-(3.35), Bowring (1962) proposed to compute qqu from the ratio
εqu = qqu /qev by rewriting Eq.(3.26) as
qw = qf c + qev (1 + εqu ).

(3.36)

Bowring assumed the ratio εqu in dependence of the considered pressure range as

̺l cp,l ∆Tsub


, 1 ≤ p ≤ 9.5
3.2


̺v hlg


qqu 
(3.37)
εqu =
=
2.3,
9.5 ≤ p ≤ 50

qev






2.6,
p > 50 [bars] .

For low-pressure subcooled flow boiling Hainoun et al. (1996) proposed to correlate the
ratio εqu as

2
1
∆Tsub
εqu =
1+
−1
(3.38)
2 Cqu
∆Tsat
with the parameter Cqu being about 0.5.

Most mechanistic models do not account for the quenching heat flux separately. They
rather combine the quenching contribution with the evaporation component to one single
“pool boiling”, or “nucleate boiling” term, qnb , such that Eq.(3.26) is rewritten as
qw = qf c + qnb .

(3.39)

There have been proposed a large number of models falling into this category. In contrast
to the boiling number based methods discussed above (Shah, 1977; Kandlikar, 1998b),
the distinction between a convective and a nucleate boiling contribution brings about
much freedom in selecting an appropriate model for each component. It also provides
by definition the right asymptotical behavior when approaching the limits of single-phase
convection, where the nucleate boiling composition becomes zero, qnb → 0, as well as the
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limit of pool boiling, where the forced convection contribution goes to zero, qf c → 0. The
latter limit is particularly troublesome for the boiling number based empirical correlations,
because, as seen from its definition in (3.19), the boiling number goes to infinity for
vanishing bulk velocity ub → 0, which makes this type of models uncapable to provide
a smooth transition from the flow boiling to the pool boiling regime and vice versa.
The superposition concept includes further the possibility of a non-linear combination,
as suggested first by Kutateladze (1963), who superimposed the individual contributions
squared
1
2 2
qw = qf2c + qnb
.
(3.40)

The introduction of this quadratic addition was mainly motivated by the fact, that such
a power-additive formulation intrinsically captures the vanishing influence of the forced
convection term qf c in the limit of the fully developed boiling (FDB), as it is indicated
by the convergence of the boiling curves in the FDB region in Figure 3.2b. Kutateladze’s
quadratic concept was later generalized by Steiner & Taborek (1992). Their approach
will be described in more detail later in this section.

One of the simplest methods to compute the nucleate boiling component was proposed by
Maroti (1977). Assuming a linear temperature profile in the liquid and the boiling contribution as proportional to the superheated part of the thermal wall layer, he obtained
2

∆Tsat
.
(3.41)
qnb = qw
∆Tsat + ∆Tsub
Other more sophisticated approaches mostly model qnb based on correlations (empirical
and semi-empirical), which were originally developed for typical pool boiling configurations. Among these, rather than combining the heat fluxes themselves, most approaches
superimpose the corresponding heat transfer coefficients to obtain a coefficient for the
total wall heat flux. A pioneering superposition model, whose underlying concept is still
widely used, was proposed by Chen (1963). Chen defined the total heat flux coefficient
as composed of a “macroconvection” coefficient of the two-phase flow and a “microconvection” coefficient associated with nucleate boiling written as
α = αmac + αmic = αl F + αnb S.

(3.42)

The macroconvection coefficient is obtained from the Dittus-Boelter Eq.(3.20) as
αmac = F αl =

λl
0.4
0.023 F Re0.8
l Pr
| {z }
Dh
Re0.8
tp

(3.43)

involving a two-phase Reynolds number Retp . As such, Eq. (3.43) basically represents an
extension of the Dittus-Boelter equation from pure liquid-phase to two-phase convective
flow, where the factor F = (Retp /Rel )0.8 is introduced to account for the enhanced convective heat transport caused by the vapor bubble agitation in terms of a higher, two-phase
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Reynolds number. Chen correlated the factor F as a function of the Martinelli parameter,
F = fct(Xtt ), which by its definition

0.9  0.5  0.1
1−x
̺v
µl
Xtt =
(3.44)
x
̺l
µv
strongly varies with the vapor mass fraction x. The microconvection coefficient is obtained
from the Forster and Zuber correlation (Forster & Zuber, 1955)
αnb = 0.00122

0.49
λ0.79
c0.45
l
p,l ρl
0.25
∆Tsat
∆p0.75
sat ,
0.24 0.24
ρ
h
σ 0.5 µ0.29
v
lg
l

(3.45)

where ∆psat denotes the saturation pressure difference corresponding to the wall superheat
∆ps = ps (Tw ) − ps (Ts ).
The introduction of the suppression factor S is needed in (3.42) to reflect the observed
decrease in the nucleate boiling with increasing flow rates. Chen correlated S as an
empirical function of the two-phase flow Reynolds number Retp . In later work Butterworth
(1979) provided the following best-fit functions for both factors F (Xtt ) and S(Retp ):


1
+ 0.213
x > 0.1 : F = 2.35
Xtt
x ≤ 0.1 : F = 1,
S=

0.736

,

1
.
1 + 2.53 · 10−6 Re1.17
tp

(3.46)

(3.47)

Gungor & Winterton (1986) modified Chen’s approach including also the boiling number
in the enhancement factor, which reads
F = 1 + 24000Bo1.16 + 1.37Xtt−0.86,
and rewriting S as
S=

1
.
1 + 1.15 · 10−6 F 2 Re1.17
l

(3.48)

(3.49)

For the computation of the nucleate boiling coefficient they suggested Cooper’s method
(Cooper, 1984)
0.67 (0.12−0.2 log 10 Ra )
αnb = 55 qnb
pr
(−log 10 pr )−0.55 M −0.5

(3.50)

involving the reduced pressure pr = p/pcrit with the critical pressure pcrit . Ra is the average roughness height in µm (DIN 4762), and M is the molecular weight in g/mol.
Especially at higher heat fluxes and moderate mass flow rates, it was generally observed
that the Chen-type simple additive composition using a function for S in the form (3.47)
or (3.49) does not suppress sufficiently the nucleate boiling component. The resulting
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overpredictions for the total heat flux motivated Liu & Winterton (1991) to adopt Kutateladze’s power-additive concept (Kutateladze, 1963) instead of a simple linear addition.
They proposed a quadratic superposition for the total heat flux coefficient written as

1
α = (αl F )2 + (αnb S)2 2 ,

(3.51)

which provides - relative to a simple linear addition - further suppression once the convective component αl F is appreciately larger than αnb S. The nucleate pool boiling heat
transfer coefficient αnb is again obtained with Cooper’s method (Cooper, 1984), which is
modified by the suppression factor written as
S=

1
.
1 + 0.055 · F 0.1 Re0.16
l

The convection enhancement factor correlated as
0.35


̺l
−1
F = 1 + x P rl
̺v

(3.52)

(3.53)

depends on the vapor mass fraction, the density ratio, as well as the liquid phase Prandtl
number. While Liu and Winterton proposed the addition of the squares of the two heat
transfer coefficients, Steiner & Taborek (1992) introduced a more general power-additive
formulation concerning the choice of the exponent. They proposed
1

α = [(αl F )n + (αnb Fnb )n ] n ,

(3.54)

where a regression analysis of the data base available to the authors gave the best agreement for the exponent n ≈ 3. F represents again a convection enhancement factor
associated with two-phase flow. The factor Fnb compensates for the differences between
pool and flow boiling. However, contrarily to the Chen-type models as well as to the
quadratic approach by Liu and Winterton shown above in Eq. (3.51), the factor Fnb in
(3.54) does not account for any flow-induced suppression of nucleate boiling. Questioning
the relevance of a suppression of nucleate boiling with increasing flow rate, Steiner and
Taborek correlate the factor Fnb including only the parameters pressure, heat flux, tube
diameter, surface roughness, and molecular weight. As such, Fnb does not depend on the
flow rate. The nucleate pool boiling coefficient αnb is modeled using Gorenflo’s method
(Gorenflo, 1988):

m 
0.133
Ra
qnb
αnb = αnb,0 Fpn
.
(3.55)
qnb,0
Ra,0

Herein, αnb,0 denotes a reference pool boiling heat transfer coefficient obtained for a certain reference heat flux qnb,0 and wall roughness Ra,0 . Gorenflo recommended to estimate
the reference value αnb,0 with the method proposed by Stephan & Abdelsalam (1980).
The parameters Fpn and m are modeled as empirical functions of the reduced pressure pr .
As for the choice of the exponent n, which determines the power-addition in Eq.(3.54),
it should be noted that for increasing values of n > 1 the power-additive formulation
inherently gives more weight to the convective heat transfer at low superheats, where
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αl ≫ αnb , while it gives more weight to the nucleate boiling at high superheats, where
αnb ≫ αl . This assymptotic weighting, which becomes more and more pronounced as
the value of the exponent n is chosen higher, is attractive especially in the FDB region.
Since it intrinsically produces converging flow boiling curves with increasing superheat, it
nicely reflects the vanishing influence of the mass flow rate on the total heat flux, as it is
observed in the FDB region.
Both concepts, the Chen-type simple linear addition as well as the power-additive combination have become well-established mechanistic approaches for the modeling of subcooled boiling flow. Their application in the CFD of coolant flows in engineering devices
is rather limited though. This is largely due to modeling of the suppression factor, which
is generally written in the form
S = (1 + a · F m Renl )−1 ,

(3.56)

as it has been shown above by the correlations (3.47) and (3.52). In addition to the
drawback that this formulation tends to give insufficient suppression at moderate flow
rates combined with higher heat fluxes, the dependence on the bulk flow Reynolds number
is troublesome to CFD for mainly two reasons. First, especially in CFD of geometrically
complex flow configurations it is practically not possible to define a Reynolds number
based on bulk flow conditions in a meaningful way. Second, the suppression is basically a
local effect, it should therefore be modeled dependent of local flow quantities, which may
be readily provided by the CFD solution. A modeling solely based on bulk flow quantities
is certainly not appropriate. These obvious deficiencies motivated Kobor (2003) to develop
a Chen-type model using an alternative correlation for the flow-induced suppression. He
proposed a model, termed Boiling Departure Lift-off (BDL) model, which considers the
dynamic effect of the near-wall flow field on the bubble detachment from the heated
surface. The BDL model utilizes a bubble departure model proposed first by Zeng et al.
(1993), who distinguish three stages of detachment, as shown in Figure 3.5. A balance
of the flow forces acting on the bubble at the instant of departure (stage I), including
the drag force Fd , the shear-lift force Fsl , the buoyancy Fbcy , and the bubble-growth force
Fdu , as shown in Figure 3.6, is solved for the corresponding bubble departure diameter
dD . Solving analogously the force balance for the sliding bubble immediately before lift-off
(stage III) provides the corresponding bubble lift-off diameter dL . The ratio of these two
characteristic diameters is then used to measure the suppression factor
Sf low = (dD /dL)Φ

(3.57)

with the exponent Φ being a model constant of the order of unity. The BDL model
was originally calibrated and validated for the boiling of liquid coolants used in internal
combustion engines. Steiner et al. (2005) extended the BDL model to the boiling of pure
water. They introduced an additional suppression factor for the nucleate pool boiling
component to capture explicitly the influence of subcooling. This further modification is
based on the concept of the so-called extrapolated thermal wall-layer thickness, which was
suggested in an experimental study on subcooled pool boiling by Wiebe & Judd (1971),
and is schematically shown in Figure 3.7. The ratio of the effective superheated wall layer
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Figure 3.5: Three stages of a vapor bubble departing from the heated surface: I, inclinated
bubble at the instant of departure from the nucleation site; II, sliding bubble; III, instant
of lift-off.
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Figure 3.6: Forces acting on a vapor bubble at the instant of departure from its nucleation
site.
e
thickness δth
to the extrapolated thickness δth is used to measure the effect of subcooling,
and the corresponding correction factor is written as

Ssub =

Tw − Ts
.
Tw − Tb

(3.58)

Modeling the total suppression
S = Sf low Ssub

(3.59)

dependent of the degree of subcooling and the dynamic flow forces acting on the bubbles, the BDL approach can be certainly regarded as physically better grounded than
the solely bulk flow quantities dependent correlations of the type (3.56). The model,
however, clearly reaches its limits in the FDB regime at high superheats, where the underlying single-bubble concept shown in Figure 3.5 becomes more questionable the more
bubble-bubble interaction comes into play. Since the model requires only local input
quantities, which are generally knowns in conventional CFD of convective flows, it is also
well applicable in numerical simulations of geometrically complex coolant flows. The BDL
approach has already been implemented in commercial software, where it exhibited a good
predictive capability as well as high robustness in various simulations of liquid coolant
jackets in automotive applications.
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Figure 3.7: Superheated thermal boundary layer in subcooled boiling.

The BDL model was basically devised for subcooled boiling flow conditions, where the
vapor bubbles typically collapse immediately after their lift-off from the heated surface.
The vapor phase practically resides only inside a very thin superheated layer next to the
heated wall, while the remaining part of the flow region is occupied by the liquid phase
only. Due to the absence of the vapor phase in the most part of the domain, the flow
is considered as single-phase flow, and all dynamical effects of the bubbles on the liquid
carrier phase are neglected by the model. As such, the BDL approach clearly falls into
the category of flow boiling models for use in single-fluid simulations omitting the influence of the bubbles on the near-wall motion of the liquid phase, which was observed in
experiments (Maurus, 2003; Ramstorfer et al., 2005). In order to account for the dynamical effects of the bubbles, thereby still remaining within the framework of a single-fluid
formulation, the BDL model was further developed by introducing a bubble-equivalent
wall roughness (Ramstorfer et al., 2005). Substituting this “artifical” roughness, which is
modeled as dependent of the bubble departure diameter and the nucleate boiling activity,
into standard near-wall functions for turbulent flows, the modified model is capable to
reflect the experimentally observed main effects associated with the presence of the vapor
bubbles at the wall, such as a retarded flow into the streamwise direction, as well as an enhanced level of turbulence. It is certainly the most attractive feature of the modified BDL
model that it captures to a certain extent the near-wall characteristics of a bubble-laden
flow, while the simplifying assumption of single-phase flow can still be upheld. Besides
the more realistic prediction for the near-wall flow field, the predicted increase in the
near-wall turbulence associated with the bubble-equivalent roughness also enhances the
convective turbulent heat transfer from the wall to the core flow region. The so enhanced
transmission of convective heat through the superheated wall layer avoids the unphysical
heat-up of the first wall cells, which may otherwise arise in the single-fluid simulation,
as the total heat flux from the solid wall boundary becomes very high. As a result, no
unrealistically high temperatures inside the first wall cells are obtained. The predicted
temperature field is not only more realistic, the more uniform temperature distribution
near the superheated wall is also favorable for the stability of numerical solution.
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3.3.3

Accuracy limiting effects in technical flows

In general, the models proposed for the wall heat flux in nucleate boiling flow are calibrated
and validated for very specific conditions concerning working fluid, material and surface
quality of the heater, as well as flow configuration. As such, the models, be they empirical or mechanistic, involve correlations and parameter settings, which are typically based
on laboratory experiments using purified, degassed liquids, clean homogeneous surfaces
with a specified finish and a defined, uniformly heated area. The employed experimental
set-ups mostly embody closed-loop channel flow configurations with the test sections being square ducts heated from beneath, or co-annular, in general vertically oriented pipes,
where the inner pipe is heated from inside. Conducting the boiling flow experiments on
such particular set-ups gives a rather limited scope to the measured data, and hence to
the nucleate boiling models based on these data, as well. Moreover, despite the higher
effort generally made in the design of the test facilities and the experimental procedure
compared to single-phase flow investigations to ensure reproducible results, there remain
various highly complex phenomena, which are mostly not considered, but can bias the
experimental results markedly. Some of these effects, particularly those related to surface
characteristics such as wettability or surface microstructure, cannot be quantified or may
not even be fully understood yet. It is therefore often very hard if not impossible to control these effects during the measurements, and the obtained data may vary considerably
under otherwise the same imposed conditions.
Both issues, the uncertainty associated with unconsidered but eventually very relevant
effects, as well as the limited scope of the model coefficients obtained from the underlying
laboratory experiments, may severely constrain the applicability of the models, especially,
when considering real-life conditions in engineering problems. It has become best practice
to extend the available well-established standard approaches to these engineering problems using specially adapted model coefficients and/or introducing additional parameters
to capture effects of particular importance for the actually considered case. Several of
these effects shall be briefly discussed in the following.
Multi-component composition of the working fluid
The boiling of multi-component mixtures can be strongly affected by binary diffusion
as well as differing volatilities of the individual components. The latter leads to an enrichment of the vapor/liquid interface with the less volatile component such that the local
mixture at the interface has a higher saturation temperature, Ts,int > Ts , and the evaporation rate decreases. This effect is typically accounted for by incorporating a diffusioninduced suppression factor FD into model correlations which were originally derived for
pure liquids. For mixtures of acetone, isopropanol and water, Wenzel & Müller-Steinhagen
(1994) proposed
αnb
1
FD =
=
,
(3.60)
αnb,mix
αnb,mix
1 + qnb (Ts,int − Ts )
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where the heat transfer coefficient of the mixture is computed from the sum of the inverse
of the heat transfer coefficients of the individial components, i = 1, . . . , n, weighted with
their molar fractions Xi
!−1
n
X
Xi
.
αnb,mix =
α
nb,i
i=1

Wenzel & Müller-Steinhagen substituted FD obtained from (3.60) as an additional suppression factor of the nucleate boiling contribution into Chen’s superposition approach
(3.42), which they adopted as base model. In an analogous way, Kandlikar (1998a)
extended his boiling number based single-component correlation (3.21) by a diffusioninduced suppression factor to cover binary mixtures as well.
Microgeometry of the heated surface
The microgeometry of technical surfaces is generally described in terms of surface roughness, which is mostly expressed as an average roughness height Ra given in µm. Being
a rather crude measure, Ra certainly does not represent the effectively boiling relevant
microgeometry, which may be constituted by many different types of geometry elements
such as plateaus, peaks, valleys, cavities, etc.. It is generally accepted that only those surface elements can act as stable bubble generating centers (active nucleation sites), which
are not completely filled with liquid after bubble departure. Therefore, an increase in the
average surface roughness may lead to an increase in the boiling heat transfer, only if the
higher roughness is associated with additional active and stable nucleation sites. Numerous - mostly pool boiling - experiments have investigated this effect. They turned out that
the heat transfer rate in general rises as the surface roughness is increased. The quantitative extent, however, strongly depends on the considered surface quality. The variation
of surface roughness affects the nucleate boiling heat transfer most pronouncedly when
considering high quality finished surfaces, where the average roughness is of the order of
Ra ≈ 1 µm and lower (Corty & Foust, 1955; Kurihara & Myers, 1960; Berenson, 1962).
For surfaces without a special high quality finish (polishing, lapping), where Ra > 1µm,
the increase of the boiling heat transfer rates with increasing surface roughness is less
pronounced.
The microstructure of the superficial layer of the heater plays an important role in the
case of the so-called enhanced surfaces. Depending on their fabrication, these specially
designed surfaces may be structured (Memory et al., 1995; Kim & Choi, 2001), e.g. with
microfins, with pores connected by subsurface gaps, or unstructured such as porous coatings (Afgan et al., 1985; Rainey et al., 2001; Kim et al., 2002; Rainey et al., 2003). Using
enhanced surfaces in general provides a higher number of active nucleation sites which
leads to lower minimum wall superheats required for the onset of nucleate boiling (ONB).
Beyond the ONB, mostly higher boiling heat transfer rates are observed as compared to
the unmodified smooth surfaces. The intensified boiling activity is commonly explained by
the hypothesis that on enhanced surfaces the bubble nucleation occurs predominantly in
subsurface, hence higher superheated, microchannel-like dendritic cavities, which are also
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Figure 3.8: Flow boiling curves of a 60/40Vol% mixture of water and ethylene-glycol from
a plain cast iron surface and two coated surfaces. The subcooling and the velocity of the
bulk liquid are always ∆Tsub = Ts − Tb = 43 K and ub = 0.5 ms−1, respectively (from
Ramstorfer et al. (2006)).
more likely to entrap a gaseous rest after bubble departure than the superficial cavities
on the unmodified surfaces. The potential of this concept to enhance the boiling activity
is exemplarily shown in Figure 3.8, where the flow boiling heat flux from a plain as-cast
iron surface is compared against those from two porously coated surfaces. The first type
of coating (“coating I”) is fabricated by sintering a highly porous layer of iron particles
on the cast-iron ground body. The second type of coating (“coating II”) is produced by
spraying melted mild steel on the ground surface. The shown flow boiling curves are taken
from the experiments carried out by Ramstorfer et al. (2006) using a 60/40Vol% mixture
of water and ethylene-glycol as working fluid. The comparison of the individual flow boiling curves turns out significantly higher boiling heat transfer rates for the coated surfaces,
which can be clearly observed from the markedly reduced wall superheats ranging up to
15K. It is interesting to note that coating I performs best although its porosity is much
lower than that of coating II. This can be attributed to the particular microstructure of
the coating I. The coating I is not a typical granular-porous nor a channel-porous layer,
as it consists for the most part of a solid metallic base matrix, which is penetrated by a
few, but comparatively deep cavities. These deep cavities are evidently most capable to
entrap vapor, hence, to act as bubble nucleation centers, as it was also observed by Qi
et al. (2004).
Thermophysical properties of the heated surface
Due to the spatial discreteness of the active nucleation sites being the centers of bubble
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generation, the local heat transfer rates as well as the local temperatures may strongly
vary on the heated surface. As this spatial non-uniformity leads to a redistribution of
heat between the active boiling centers and the free non-boiling surface, the thermal conductivity of the surface may affect the heat transfer rates considerably. A low thermal
conductivity impedes the conductive redistribution of local heat fluxes between the free
surface and the surface covered by active centers, and the temperature of the free surface
will rise as the heat flux increases, which implies a decreasing heat transfer coefficient
(HTC). However, this reduction in the HTC with increasing heat flux has only to be
expected, if the low-conductive surface is very smooth providing only a small number of
potential nucleation sites. If sufficient potential nucleation sites are available, e.g. on
rough or enhanced surfaces, the increase in the temperature of the free surface due to
the low conductive redistribution of heat tends to activate further nucleation sites, which
finally leads to a decrease in the surface temperature, such that the HTC increases as the
heat flux increases. For a thermally high-conductive surface the redistributive transport
supplies more heat to the active bubble generating centers lowering at the same time the
temperature of the free surface as the heat flux increases, such that the HTC becomes
higher. The decrease/increase in the HTC with increasing heat flux was illustrated by
Pioro et al. (2004) comparing experimental data obtained for nucleate boiling on smooth
plastic and on smooth copper.
Interfacial properties
The strong influence of the interfacial properties such as surface tension and contact
angle can be demonstrated very clearly on the basis of the effect of surfactants. Since surface active substances by definition determine the interfacial physical properties between
the liquid, the vapor, and the solid heater phase, they strongly influence the activation/deactivation of the nucleation sites on the heated surface. Their high potential to
alter significantly the boiling behavior was highlighted by Hetsroni et al. (2001) for pool
boiling of water with additions of the surfactant Habon G. As it is seen from Figure 3.9,
for increasing Habon G concentrations the boiling heat transfer is enhanced to such an
extent that the resulting wall superheats ∆Tsat are reduced by more than 10 K. Within a
certain range of the wall heat fluxes the superheat ∆Tsat becomes even non-monotonous
with respect to qw . Sher & Hetsroni (2002) successfully modeled this non-monotonous (Sshaped) trend in the boiling curves by deriving analytical expressions for the liquid-vapor
and the liquid-solid surface tensions, σlg and σls , respectively, and for the contact angle β
as functions of the wall heat flux. They incorporated those analytical expressions for σlg
and β into the classical nucleate boiling correlation of Rohsenow (1952)
n

0.33 
q
cp,l (Tw − Ts )
qw
cp,l µl
= β Csf
,
(3.61)
σlg g(̺l − ̺g )
hlg
µl hlg
λl
which predicts then fairly accurate the non-monotonous curves observed in the experiments (see Figure 3.9). The modeling strategy is here evidently again to adopt a wellestablished standard approach, to introduce an additional parameter (here being β) accounting for a problem-specific effect, and to determine a best-fitting set of model coeffi50

qw (kW m−2 )

∆Tsat = Tw − Ts (K)
Figure 3.9: Boiling curves of water and water with Habon G addition in different concentrations: ◦ - water, • - 65 ppm,  - 130 ppm, × - 260 ppm, N - 530 ppm , △ - 1060 ppm,
(from Hetsroni et al. (2001)).
cients from a validation against experimental data.
Aging
Aging is a phenomenon which may strongly affect the long-term activity of the nucleation sites on the heated surface. It therefore represents a great challenge and persistent
source of inaccuracy for all boiling models. Due to its potential influence on the liquidvapor-solid interfacial interactions at the nucleation sites, it may be highly relevant for
the entire boiling process starting from the onset of nucleate boiling (ONB). Aging subsumes the gradual, mostly slow changes of the working fluid, as well as those of the heated
surface, which in general lead to less favorable conditions for the incipience of nucleate
boiling. As such, aging is a process acting over long time scales, which is manifested in
a steady decrease in the boiling heat transfer rate observed during long periods of operation time (weeks or months). Especially under technical flow conditions, it is often
impossible to clearly identify and eventually eliminate all the relevant causes for aging.
It can have many - single or multiple - causes, such as a continuous flooding of cavities,
depositions on the surface, corrosion and/or mechanical erosion of the surface material,
chemical reactions in the liquid phase, etc.. The quantitative impact of aging can be
exemplarily seen from Figure 3.10 showing the case of nucleate boiling of an automotive
coolant liquid. The series of boiling curves presented herein is taken from measurements
by Kobor (2003), who investigated nucleate boiling flow of a mixture of ethylene-glycol
and water on an as-cast aluminium surface, which resembles the conditions commonly
met in cooling jackets of modern internal combustion engines. The shown curves were
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Figure 3.10: Boiling curves of a 50/50Vol% mixture water and ethylene-glycol. The
subcooling and the velocity of the bulk liquid are always ∆Tsub = Ts − Tb = 25 K and
ub = 1 ms−1 , respectively (from Kobor (2003)).
measured over a period of two weeks. The temperature, pressure and velocity of the bulk
liquid were always kept the same. Within the considered range of wall heat fluxes, the
first and the last curve differ up to 15K in wall superheat ∆Tsat . It could be shown that
the aging effect observed here is partly caused by a continuous flooding of the cavities on
the surface, which reduces the number of active nucleation sites. The other part could
be attributed to depositions on the heated surface originating from the employed coolant
liquid. The significant shift in the boiling curves exemplarily shown here strongly suggests that the aging conditions of the heated surface and the working fluid should not be
overlooked in the interpretation of boiling flow measurements and in the specification of
the model parameters based on such data.
Orientation of the heated surface
Since nucleate boiling by nature involves the motion of a low-density vapor phase in
a high-density liquid carrier phase, the dynamics in the thermal boundary layer may be
strongly influenced by the buoyancy forces, especially at low flow rates of the bulk liquid.
In such a case the orientation of the superheated surface relative to the gravitational
direction is of major importance. This aspect is mostly ignored by the nucleate boiling
models though. Klausner et al. (2003) investigated the influence of buoyancy in much
detail experimentally as well as computationally. They operated their experimental facility with the perfluorocarbon liquid FC-87 varying the streamwise inclination angle of the
heated surface from 0◦ to 360◦ . Their subcooled boiling flow experiments were specially
focussed on the effect of the orientation on the bubble lift-off diameters, which they found
out to be mainly dependent on two non-dimensional groups, the Jakob number and a flow
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Figure 3.11: Flow boiling curves of a 50/50Vol% mixture of water and ethylene-glycol on
a downward facing heated surface at different velocities of the bulk flow ub. The open
rings,’◦’, denote the experiments, the solid lines, ’—’, denote the predictions of the BDL
model, the dashed lines, ’- -’, denote the wall heat flux, where the formation of vapor
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Steiner (2006)).
rate parameter,
Ja =

̺l cp,l (Tw − Tsat )
̺v hlg

and Ψ =

ub µl ̺l
,
σ ̺l − ̺v

respectively. The non-dimensionalized representation of all their experimental data points
in the (Ja, Ψ)-plane finally yielded a two-parametric demarcation correlation F (Ψ, Ja) = 0
separating the orientation dependent/independent flow regime. Furthermore, they observed in their experiments that the critical heat flux, where film boiling sets in, was
reduced by almost an order of magnitude for a certain inclination at low flow rates.
Roughly the same extent of reduction in the critical heat flux was measured by Kim et al.
(2005) for saturated pool boiling with water at atmospheric pressure, when they compared an upward against downward facing heated surface. While Klausner et al. (2003)
were mainly interested in the influence of the surface orientation on the dynamics of the
bubble departure, Breitschädel & Steiner (2006) investigated the impact on the boiling
curves. Figure 3.11 shows experimental results measured with a downward facing heated
surface, where a transition from nucleate boiling to partial film boiling was observed by
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the authors. Exceeding a certain value of the wall heat flux, denoted here by qw,trans , the
wall superheats ∆Tsat = Tw − Ts turn to increase much faster than below this limit, which
indicates the formation of vapor films on the heated surface. The predictions of the BDL
model also shown in the figure strongly deviate from the measurements in this region.
At the onset of partial film boiling the BDL approach clearly reaches its limit, as it has
to be expected for any wall heat flux model which has been developed for the nucleate
boiling regime. The strong flow rate dependence of the critical limit can be seen from
Figure 3.11, as well. At the lower bulk velocities presented herein, the transitional limits
qw,trans drop down to a level which is an order of magnitude lower than the critical heat
flux in the corresponding pool boiling case on an upward facing surface. The quantitative
extent of this reduction is well in line with the findings of Klausner et al. (2003) and Kim
et al. (2005) mentioned above. As one might expect, once the buoyancy force acts rather
to keep the vapor bubbles near the superheated wall than to drive them away from it,
bubble agglomeration and finally the formation of continuous vapor films occur already
at comparatively low wall heat fluxes. The agglomeration of the vapor phase is no local
phenomenon, because it is strongly influenced by the conditions upstream. It is therefore
hardly possible to model this effect only dependent of local input parameters. Since there
are no approaches or model extensions available to capture this orientation-dependent
transition to partial film boiling accurately, it basically represents a critical upper limit to
the state-of-the-art nucleate boiling models. Wherever the buoyancy forces are directed
towards the superheated wall, the relevance of this limit should be examined. A demarcation correlation similar to that introduced by Klausner et al. (2003), F (Ψ, Ja) = 0, may
serve here as an useful criterion.

3.4

Concluding remarks

Since boiling flow represents an important mechanism of heat transfer in many technical
devices, a large number of different approaches have been proposed to model this phenomenon, and they are still being further developed. The present survey can clearly not
cover all of them, but it intends to outline some basic modeling concepts, which have
become well-established methods in the design and development of heating and cooling
systems.
In summary, one can say that given all the progress which has been made in the past and
will expectedly be made in the future, the modeling of boiling flow will keep relying on a
great deal of empiricism. This is specially true in boiling flow on technical surfaces, which
mostly involves a number of effects, whose determining parameters are difficult to obtain
and therefore remain unknown. The situation can even be worse if no parameters can
be specified to measure a certain effect appropriately. The so-called aging of the heated
surface and of the liquid falls into this category, because there exists no reliable measure
for this typical long-term phenomenon. Since the knowledge about the basic mechanisms
and the relevant parameters determining the aging process is vague and very limited, this
issue is mostly spared in the conventional modeling. Basically the same applies to effects
associated with the microstructure of the surface, such as the topology, or the porosity of
the surface, which have not been accessed by a rigorous modeling yet.
There is evidently much room for the further development of nucleate boiling models, be
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it improvements in defining relevant - accessible - parameters, or be it - for an application in the farther future - the development of novel, more general concepts such as the
nonlinear chaotic approach.
As it was pointed out in a comprehensive assessment of available nucleate boiling models
by Pioro et al. (2004), the state-of-the-art modeling of the wall heat flux basically offers
two choices. The first is to use a very general approach involving only a few model coefficients, which do not vary from case to case. The second is to forgo a most complete
parameterization to capture all the relevant effects, but rather to introduce a set of tunable model coefficients, which have to be adapted in dependence of the actually considered
surface/liquid combination. While the first concept provides models which are applicable
to a wide range of different conditions, the latter yields more accurate predictions. This
higher accuracy is, however, only achievable within a very limited range of conditions,
for which the model coefficients have been specially adapted. The user has evidently to
choose between a good general applicability and a highest possible accuracy.
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4

Conclusions

The present review is intended to survey the present status and to comment on crucial
aspects in the computation and modeling of two groups of highly complex flows found in
many technical devices involving conversion and/or transmission of energy. Both problems, the simulation of turbulent non-premixed combustion as well as the computation
of subcooled boiling flow, represent typical cases, where a full numerical resolution of
all relevant effects exceeds by far the available computational capacities. In technical
flow, this limitation will apply also in the foreseeable future, even if Moore’s law (Moore,
1965), saying that the computer power increases exponentially with time, is expected to
continue. The steady increase of computer power makes it certainly possible to tackle
problems with higher complexity and larger physical size, such as complete jet flames
using multi-step chemistry. This was impressively demonstrated in large DNS of diffusion
flames (Mizobuchi et al., 2002; Pantano, 2004). In addition to the outstandingly high
computational costs of such direct simulations, the large mesh-size with hundreds of millions of grid points also raises the issue of handling the huge amount of data, especially
concerning their storage and postprocessing. From a scientific point of view these big
computations are certainly very important and insightful, as they extend our understanding of the basic mechanisms acting on the smallest scales, from which greatly benefits
the modeling as well. Nonetheless, the largest and most complex problems which have
been computed with DNS thus far, are still strongly simplified as compared the real-life
applications. In the case of technical combustion almost always liquid fuel is used such
as gasoline, diesel and jet fuel, which are injected into combustors with fairly complex geometry, while the simulations mostly consider gaseous fuels to circumvent the additional
complexity of liquid break-up and evaporization associated with liquid fuels. The current
state-of-the-art of the direct numerical simulations of subcooled boiling flow is certainly
less advanced than in the case of combustion. Aside from the simulation of the nucleate
boiling from one single or a few discrete nucleation sites, no DNS has been carried out
for nucleate boiling flow from a real technical surface. Hence, Moore’s law will not spare
us from modeling also in the foreseeable future.
As for the simulation of non-premixed combustion, the computers as well as the models
have become mature, powerful tools in the modern design of combustion devices. The
further development of the proposed models is today strongly challenged by the tighter
emission limits which require the use of more detailed chemical kinetics as well as an
accurate prediction of local extinction and re-ignition phenomena to describe realistically
the formation of intermediate and product species. The upcoming of the method of LES
made here certainly important advancements possible, as it captures the intantaneous
mixing of the reactants providing invaluable input into the combustion models. A wider
use of comprehensive, multi-parametric flame models in LES is however still limited due
to the method’s substantial computational costs and its higher difficulty of use in CFD
of technical flows. Aside from that it is not generally agreed how many and which parameters are needed to describe a real turbulent non-equilibrium flame. An important
aspect on this question is that the multi-parametric flames models may be basically more
accurate as compared to simpler, e.g., one-parametric, approaches, but they always in56

volve additional unclosed expressions whose closure introduces further assumptions and
uncertainty. The computational feasibility of the coupling between the multi-parametric
combustion models with the solution procedure for the underlying turbulent flow field is
another important issue which must no be overlooked as well.
The considerable accuracy of the phenomenological expressions for the elementary chemical reaction rates assures a high level of description for the chemical kinetics, which is a
prerequisite for a reliable modeling of combustion. The level of description of the mechanisms behind subcooled boiling is much lower. Many effects are not fully understood,
vaguely described by empirical parameters, or even not amenable to a stringent parameterization. This uncertainty introduces much empiricism into the model correlations, and
accurate predictions in general require a well adapted set of empirical parameters. The
lack of detailed knowledge about the mechanisms associated with the bubble nucleation
on a heated surface, together with the difficulty to model strong dynamic interactions
between the vapor and the liquid phase in a two-fluids simulation, represent certainly the
major stumbling blocks for further advancements in the simulation of subcooled boiling
flows.
Given the considerable progress which has certainly been made in our capacity to compute the highly complex phenomena of turbulent non-premixed combustion and nucleate
boiling flow, our understanding of the basic mechanisms behind these phenomena is still
far from complete though. Detailed experimental as well as numerical investigations are
needed to bring light to the small-scale characteristics related to the local instantaneous
flame structure or the process of micro-bubble nucleation. Among the well-established
methods to compute turbulent flow, LES will certainly approfit most from Moore’s law,
as with increasing computational power a higher numerical resolution becomes possible,
such that a more complete and accurate information from the resolved scales is available
for use as input to the modeling of unresolved subgrid-scale effects.

57

References
Afgan, N. H., Jovic, L. A., Kovalev, S. A. & Lenykov, V. A. 1985 Boiling heat
transfer from surfaces with porous layers. Int. J. Heat Mass Transfer 28, 415–422.
Barlow, R. S. & Frank, J. H. 1998 Effect of turbulence on species mass fractions in
methane/air flames. In Twenty-Seventh Symposium (Int.) on Combustion (Proc.), pp.
1087–1095. The Combustion Institute, Pittsburgh, PA.
Barths, H., Peters, N., Brehm, N., Mack, A., Pfitzner, M. & Smiljanosvski,
V. 1998 Simulation of pollutant formation in a gas turbine combustor using unsteady
flamelets. In Twenty-Seventh Symposium (Int.) on Combustion (Proc.), pp. 1841–1847.
The Combustion Institute, Pittsburgh, PA.
Basu, N., Warrier, G. R. & Dhir, V. K. 2002 Onset of nucleate boiling and active
nucleation site density during subcooled boiling flow. ASME J. Heat Transfer 124,
717–728.
Berenson, P. J. 1962 Experiments on pool boiling heat transfer. Int. J. Heat Mass
Transfer 5, 985–999.
Bergles, A. E. & Rohsenow, W. M. 1964 The determination of forced convective
surface boiling heat transfer. ASME J. Heat Transfer 86, 365–372.
Bilger, R. W. 1993a Conditional moment closure for turbulent reacting flows. Phys.
Fluids A5, 436–444.
Bilger, R. W. 1993b Conditional moment closure modelling and advanced laser measurements. In Turbulence and Molecular Processes in Combustion (ed. T. Takeno).
Elsevier Science Publishers.
Borghi, R. 1974 Chemical reactions calculations in turbulent flows: application to a
CO-containing turbojet plume. Advances in Geophysics 18B, 349–365.
Borghi, R. 1988 Turbulent combustion modeling. Prog. Energy Combust. Sci. 14, 245–
292.
Bowring, W. R. 1962 Physical model of bubble detachment and void volume in subcooled boiling. OECD Halden Reactor Project Report No. HPR-10.
Branley, N. & Jones, W. P. 2001 Large eddy simulation of a turbulent non-premixed
flame. Combust. Flame 127, 1914–1934.
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Jiménez, J., Linán, A., Rogers, M. M. & Higuera, F. J. 1997 A priori testing
of subgrid models for chemically reacting non-premixed turbulent shear flow. J. Fluid
Mech. 349, 149–171.
Kandlikar, S. G. 1998a Boiling heat transfer with binary mixtures: Part II - Flow
boiling in plain tubes. ASME J. Heat Transfer 120, 388–394.
Kandlikar, S. G. 1998b Heat transfer characteristics in partial boiling, fully developed
boiling, and significant void flow regions of subcooled flow boiling. ASME J. Heat
Transfer 120, 395–401.
Kerstein, A. R. 1988 A linear-eddy model of turbulent scalar transport and mixing.
Combust. Sci. and Techn. 60, 391–421.
Kerstein, A. R. 1992a Linear-eddy modelling of turbulent transport. Part 4. Structure
of diffusion flames. Combust. Sci. and Techn. 81, 75–96.
Kerstein, A. R. 1992b Linear-eddy modelling of turbulent transport. Part 7. Finite-rate
chemistry and multi-stream mixing. J. Fluid Mech. 240, 289–313.
Kim, J. H., Rainey, K. N., You, S. M. & Pak, J. Y. 2002 Mechanism of nucleate
boiling heat transfer from microporous surfaces in saturated FC-72. ASME J. Heat
Transfer 124, 500–506.
Kim, N.-H. & Choi, K.-K. 2001 Nucleate pool boiling on structured enhanced tubes
having pores with connecting gaps. Int. J. Heat Mass Transfer 44, 17–28.
Kim, W. T. & Huh, K. Y. 2002 Use of the conditional moment closure model to predict
NO formation in a turbulent CH4/H2 flame over a bluff-body. Combust. Flame 130,
94–111.
Kim, Y. H., Kim, S. J., Kim, J. J., Noh, S. W., Suh, K. Y., Rempe, J. L.,
Cheung, F. B. & Kim, S. B. 2005 Visualization of boiling phenomena in inclined
rectangular gap. Int. J. Multiphase Flow 31, 618–642.
Klausner, J. F., Bower, J. S. & Sathyanarayan, S. 2003 Development of advanced
gravity-independent high heat flux phase-change heat exchanger technology and design.
Final Report Grant No. NAG3-2593.
Klimenko, A. Y. 1990 Multicomponent diffusion of various admixtures in turbulent
flow. Fluid Dynamics 25, 327–334.
Klimenko, A. Y. & Bilger, R. W. 1999 Conditional moment closure for turbulent
combustion. Prog. Energy Combust. Sci. 25, 595–687.
Klimenko, A. Y. & Pope, S. B. 2003 The modeling of turbulent reactive flows based
on multiple mapping conditioning. Phys. Fluids 15, 1907–1925.

61

Kobor, A. 2003 Entwicklung eines Siedemodells für die Simulation des kühlmittelseitigen
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mit der digitalen Bildfolgenanalyse. Doctoral thesis, Technische Universität München.

62

McAdams, W., Kennel, W., Minden, C., Carl, R., Picornell, P. & Dew, J.
1949 Heat transfer at high rates to water with surface boiling. Ind. Eng. Chem. 41,
1945–1953.
Mei, R., Chen, W. & Klausner, J. 1995a Vapour bubble growth in heterogeneous
boiling. I. Formulation. Int. J. Heat Mass Transfer 38, 909–919.
Mei, R., Chen, W. & Klausner, J. 1995b Vapour bubble growth in heterogeneous
boiling. II. Growth rate and thermal fields. Int. J. Heat Mass Transfer 38, 921–934.
Memory, S. B., Sugiyama, D. C. & Marto, P. J. 1995 Nucleate pool boiling of
R-114 and R-114-oil mixtures from smooth and enhanced surfaces - I. Single tubes. Int.
J. Heat Mass Transfer 38, 1347–1361.
Meneveau, C. & Katz, J. 2000 Scale-invariance and turbulence models for large-eddy
simulations. Ann. Rev. Fluid Mech. 32, 1–32.
Mizobuchi, Y., Tachibana, S., Shinjo, J., Ogawa, S. & Takeno, T. 2002 A
numerical analysis of the structure of a turbulent hydrogen jet lifted flame. In TwentyNinth Symposium (Int.) on Combustion (Proc.), pp. 2009–2015. The Combustion Institute, Pittsburgh, PA.
Moin, P. 1997 Progress in large eddy simulation of turbulent flows. AIAA Paper 97-0749.
Moin, P., Squires, K. D., Cabot, W. & Lee, S. 1991 A dynamic subgrid-scale
model for compressible turbulence and scalar transport. Phys. Fluids A 3, 2746–2757.
Moles, F. & Shaw, J. 1972 Boiling heat transfer in subcooled liquids under condition
of forced convection. Trans. Int. Chem. Eng. 50, 76–84.
Moore, G. E. 1965 Cramming more components onto integrated circuits. Electronics
38.
Mosdorf, R. & Shoji, M. 2004 Chaos in nucleate boiling - nonlinear analysis and
modelling. Int. J. Heat Mass Transfer 47, 1515–1524.
Pantano, C. 2004 Direct simulation of non-premixed flame extinction in a methane-air
jet with reduced chemistry. J. Fluid Mech. 514, 231–270.
Peters, N. 1984 Laminar diffusion flamelet models. Prog. Energy Combust. Sci 10,
319–339.
Peters, N. 2000 Turbulent Combustion. Cambridge University Press.
Petukhov, S. B. 1970 Advances in Heat Transfer , pp. 503–564. Academic Press.
Pierce, C. D. & Moin, P. 1998 A dynamic model for the subgrid-scale variance and
dissipation rate of a conserved scalar. Phys. Fluids 10, 3041–3044.

63

Pierce, C. D. & Moin, P. 2004 Progress-variable approach for large-eddy simulation
of non-premixed combustion. J. Fluid Mech. 504, 73–97.
Pioro, I. L., Rohsenow, W. & Doerffer, S. S. 2004 Nucleate pool-boiling heat
transfer: II. assement of prediction methods. Int. J. Heat Mass Transfer 47, 5045–5057.
Pitsch, H. & Steiner, H. 2000a Large-eddy simulation of a turbulent methane/air
diffusion flame. Phys. Fluids 12, 2541–2554.
Pitsch, H. & Steiner, H. 2000b Scalar mixing and dissipation rate in large-eddy
simulations of non-premixed turbulent combustion. In Twenty-Eighth Symposium (Int.)
on Combustion (Proc.), pp. 41–49. The Combustion Institute, Pittsburgh, PA.
Pope, S. B. 1985 Pdf methods for turbulent reactive flows. Prog. Energy Combust. Sci
11, 119–192.
Pope, S. B. 2000 Turbulent Flows. Cambridge University Press.
Prodanovic, V., Fraser, D. & Salcudean, M. 2002 On the transition from partial
to fully developed subcooled boiling flow. Int. J. Heat Mass Transfer 45, 4727–4738.
Qi, Y., Klausner, J. F. & Mei, R. 2004 Role of surface structure in heterogeneous
nucleation. Int. J. Heat Mass Transfer 47, 3097–3107.
Rainey, K. N., Li, G. & You, S. M. 2001 Flow boiling heat transfer from plain and
microporous coated surfaces in subcooled fc-72. ASME J. Heat Transfer 123, 918–925.
Rainey, K. N., You, S. M. & Li, G. 2003 Effect of pressure, subcooling and dissolved
gas on pool boiling heat transfer from microporous surfaces in FC-72. ASME J. Heat
Transfer 125, 75–83.
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A method for closing the chemical source terms in the filtered governing equations of motion is
proposed. Conditional filtered means of quantities appearing in the chemical reaction rate
expressions are approximated by assuming that these conditional filtered means are constant for
some ensemble of points in the resolved flow field; for such an ensemble, integral equations can be
solved for the conditional filtered means. These conditional filtered means are then used to
approximate the conditional filtered mean of the chemical source term by invoking the Conditional
Moment Closure hypothesis. The filtered means of the chemical source terms are obtained by
integrating their conditional filtered means over the filtered density function of the conditioning
variable~s!. The method is applied to direct numerical simulation results to directly compare the
prediction of the reaction rates with the actual filtered reaction rates. The results of this a priori test
appear to show that the method is capable of predicting the filtered reaction rates with adequate
accuracy—even in the presence of heat release, and local extinction phenomena. This is especially
true for predictions obtained using two conditioning variables. © 1999 American Institute of
Physics. @S1070-6631~99!00607-8#

receiving attention. In fast chemistry,10 the closure problem
is circumvented by assuming that the chemical reaction rates
are infinitely fast; the thermodynamic state and chemical
composition can then be completely determined as functions
of one conserved scalar, the ‘‘mixture fraction.’’ While this
approximation is valid for many flames of interest, it cannot
be used to predict such fundamentally important phenomena
as pollutant formation, extinction, and ignition.
In laminar flamelet approaches,11,12 the typical length
scale of the region in which chemical reaction takes place
~the thickness of the ‘‘reaction zone’’! is assumed to be
smaller than the smallest length scale of turbulence. In this
regime, the flame can be treated as an ensemble of strained
laminar flames. The laminar flamelet approach should only
be used for flames which lie in the ‘‘flamelet regime.’’ There
is considerable argument as to just how limiting this restriction will be, and it is not known just how inaccurate the
approach would be if used for flames not in the ‘‘flamelet
regime.’’
In PDF methods,7,13 rather than solving transport equations for the filtered mass fractions, energy, etc., one solves a
transport equation for filtered joint probability density function of these quantities; the chemical source term in that
equation is closed. As the chemical kinetic mechanism becomes more complicated—involving more species—the
number of dimensions in which the transport equation must
be solved increases, making solution increasingly expensive.
Solution of the equation generally requires the use of Monte
Carlo type methods. Furthermore, while the need for closure
of the chemical source term is eliminated by solving in the
hyperdimensional probability space, the closure problem has
effectively been commuted to the molecular mixing term,
which is unclosed in the PDF transport equation. This draw-

I. INTRODUCTION

The potential application of large-eddy simulation ~LES!
concepts to turbulent reacting flows is currently receiving
considerable attention. Many turbulent reacting flows of interest involve significant transient effects which cannot be
modeled using conventional Reynolds averaging approaches.
Indeed, the transient behavior is frequently the behavior of
the greatest interest. The LES approach is one which promises to shed light on such processes.
In LES, the governing equations are spatially filtered
such that the unsteady flow at scales greater than the filtering
length scale is resolved, but the transport and dissipation at
scales smaller than this scale is modeled. For a detailed discussion of LES, the reader is directed to the reviews of Lesieur and Métais1 and Moin.2
Applying a filter to the energy and scalar transport equations results in several unclosed terms which must be modeled. Closure for terms involving mixing and transport at
small scales have been proposed and tested;3–9 these typically derive from assumptions similar in form to those made
in closing the viscous terms in the momentum equation. Closure for the filtered chemical source term has proven to be
more difficult. Several approaches have been proposed,
largely based on models which were originally proposed for
Reynolds averaged modeling. This paper will address methods applicable to the nonpremixed regime of combustion, in
which the fuel and oxidizer streams are initially separated
and must mix together before they can react.
There are several different closure approaches currently
a!
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back is somewhat offset by the fact that conventional flow
solvers also must provide models for scalar transport in LES.
Another approach to circumventing the closure problem
is the Linear Eddy method,5 where the Linear Eddy model of
Kerstein14 is used to model transport and chemistry at small
scales. The Linear Eddy model is an ad hoc model for turbulence in one dimension where the turnover of turbulent
eddies is represented by a simple remapping operation. Because the Linear Eddy model is one-dimensional, it is possible to provide sufficient points in the one dimension to
completely resolve the subgrid-scale dissipation, mixing and
reaction. Unfortunately, adding a one-dimensional Linear
Eddy at every grid point effectively adds another dimension
to the flow field, making the method computationally expensive for three-dimensional LES problems. Furthermore, if
complex chemistry is to be included, resolution constraints
could conceivably require many thousands of points in each
Linear Eddy, making the solution of the resulting system
unfeasible.
Recently, Bilger15,16 and Klimenko17 independently proposed a new approach for modeling turbulent reacting flows,
called conditional moment closure ~CMC!. This technique
was originally developed for Reynolds averaged modeling
approaches. This paper will describe a means of making use
of the CMC chemical closure hypothesis for closing the
chemical source term in the filtered transport equations for
use in LES.
II. FORMULATION

In the nonpremixed regime, the state of mixedness of the
system can be described by the mixture fraction—a property
which is often used to obtain closure for the chemical source
terms. This is a conserved scalar obeying the transport equation
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and initialized so as to have a value of zero in pure oxidizer
and unity in pure fuel. If the diffusivities of all species are
the equal, then the mixture fraction can be expressed as a
linear combination of the constituent species’ mass fractions,
although the assumption of equal species’ diffusivities is not
necessary for the discussion that follows.
The transport equation for the mass fraction Y I of some
species I is
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where DI is the diffusivity of species I and v̇ I is the mass
rate of change of this species due to chemical reaction. A
spatial filter is defined,
f̄ ~ x k ,t ! 5

E

V

f ~ x 8k ,t ! g ~ x k ,x 8k ! dx 8k ,

~2!

where the function g(x k ,x k8 ) is some filter function, such as
a Gaussian or tophat filter. If this filter is applied to Eq. ~1!,
one obtains Eq. ~3!:
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]
] Ỹ I
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where r̄ is the spatially filtered r and
Ỹ I 5

rY I
r̄

is the density weighted ~or Favre! filtered Y I .
Of the terms on the right hand side of Eq. ~3!, only the
first term, representing resolved diffusion, is closed. The
other terms must be modeled. The two subgrid scale terms,
sgs conv.5
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] Ỹ I g
r̄ D̃I
2DI
]xi
]xi
]xi

DG

represent transport and diffusion at the unresolved scales. As
was mentioned above, several different models are available
for these terms. The last term in Eq. ~3!, the mean rate of
change due to chemical reaction, must also be modeled. A
similar source term for energy appears in the filtered transport equation for energy.
The main challenge faced in modeling combustion is
that chemical reaction rates are usually highly nonlinear
functions of temperature, density, and species mass fractions.
For a system with N possible species, the Kth chemical reaction can be written as
N

(
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N
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8 and
where A J is the chemical symbol for species J and h JK
9 are the stoichiometric coefficients for species J in reach JK
tion K. If M chemical reactions are to be considered, then the
chemical source term for species I becomes18
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where W I is the molecular mass of species I, T is the temperature, and R is the universal ideal gas constant. The activation energy E K is a function of how much energy a collision of reactant molecules must supply for reaction K to
proceed. The frequency factor B K is a function of the frequency at which collisions between reactant molecules for
reaction K can be expected to supply more than the activation energy. The power of the pre-exponential term g K for
reaction K, accounts for nonexponential temperature dependence of the reaction rate.19
In LES, transport equations for spatially filtered temperatures, densities and mass fractions are to be solved. The
chemical source terms in these equations represent linear
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combinations of the chemical reaction rates. Clearly, the filtered reaction rates cannot be modeled satisfactorily by substituting the filtered temperature, density, and mass fractions
into Eq. ~4!. This is also a problem for Reynolds averaging
approaches; it is what is known as the ‘‘chemical closure
problem,’’ and is what combustion modeling attempts to circumvent.
A method for closing the chemical source term ~in a
Reynolds averaging context! was recently proposed by
Klimenko17 and Bilger,15,16 known as conditional moment
closure ~CMC!. In the CMC method, the transport equations
are conditionally averaged, with the condition being some
variable on which the chemical reaction rates are known to
depend. For nonpremixed combustion, the mixture fraction is
clearly the most appropriate conditioning variable.
The average of the mass fraction Y I of a particular species I, conditional on the mixture fraction Z having some
value z , is
Q I ~ x k ,t; z ! [ ^ Y I ~ x k ,t ! u Z ~ x k ,t ! 5 z & ,

~5!

where the ^ a & denotes an ensemble average of a for many
realizations of the flow field being investigated. The ‘‘spatially degenerate’’ form ~in which both the velocity and mixture fraction fields are isotropic and homogeneous! of the
conditionally averaged transport equation for Y I , assuming
constant density, is20

r

K

U L

]Z ]Z
]QI
] 2Q I
D
Z5 z .
~ z ! 5 ^ v̇ I u Z5 z & 1 r
]t
]xi]xi
]z 2

~6!

The right-hand side of Eq. ~6! has two unclosed terms: the
conditionally averaged reaction rate and a mixing term in
which appears the conditionally averaged scalar dissipation,
^ D( ] Z/ ] x i )( ] Z/ ] x i ) u Z5 z & .
The chemical source term is closed with the first order
CMC hypothesis: the conditional average of the chemical
source term of some species I can be modeled by evaluating
the chemical reaction rates using the conditional averages of
the composition vector Q J , temperature ^ T u Z5 z & , and density ^ r u Z5 z & . Thus,

^ v̇ I ~ Y J ,T, r ! u Z5 z & ' v̇ I ~ Q J , ^ T u Z5 z & , ^ r u Z5 z & ! . ~7!
Some refinements to the closure hypothesis for the
chemical source term have been proposed, using either a
second conditioning variable21,22 or a second moment.20,23
These refinements are intended to extend the validity of the
closure hypothesis so as to account for ignition and extinction phenomena and to improve the performance of the
model for chemical reactions where the activation energies
are high.

III. MODEL DERIVATION

The proposed method for incorporating the CMC hypothesis into LES will now be described. The description is
broken into two parts. In the first part, the basic first moment
CMC hypothesis will be used, which will allow for prediction of mean reaction rates in flames far from extinction. In
the second part, a second conditioning variable will be added

to the method which will allow for prediction of mean reaction rates even in the presence of local extinction and ignition phenomena.
A. Singly conditional moment closure

It has been established that the CMC hypothesis, based
on a single conditioning variable as described in the previous
section, provides adequate predictions of reaction rates for
flames far from extinction.15,24 In this section, a method for
incorporating the single conditioning variable CMC model
into LES will be described.
To incorporate CMC into LES, one would want to make
use of conditional filtered means of quantities such as the
temperature; these conditional filtered means are defined using the filtered density function ~FDF!,7
P Z ~ x k ,t; z ! 5

Edz
V

@ 2Z ~ x k8 ,t !# g ~ x k ,x k8 ! dx 8k ,

~8!

where d is the delta function. The conditional filtered mean
of some random variable u is

u ~ x k ,t ! u z [

* V u ~ x 8k ,t ! d @ z 2Z ~ x 8k ,t !# g ~ x k ,x 8k ! dx 8k

P Z ~ x k ,t; z !

. ~9!

Closure for the chemical source terms would be achieved by
using conditional filtered means; that is v̇ I (Y K ,T, r ) u z
would be approximated by Eq. ~10!,

v̇ I ~ Y K ,T, r ! u z ' v̇ I ~ Y K u z ,T u z , r u z ! ,

~10!

where the spatial and time dependence of the random variables Y K (x k ,t), T(x k ,t), r (x k ,t) and their conditional filtered means is omitted for brevity. One way to obtain the
conditional filtered mean mass fractions, temperature, and
density might be to explicitly solve transport equations for
these conditional filtered mean quantities. Unfortunately, this
would involve adding a new independent variable z to the
system of equations being solved, which would likely lead to
a prohibitively high computational cost.
An alternative might be to take advantage of some spatial homogeneity of the conditional means. For example, in
the case of a mixing layer, conditional mean properties of a
flame along the interface between the fuel and oxidizer
streams would surely vary in the direction of the mean flow,
but they would have a very weak sensitivity in the direction
normal to the interface. Furthermore, they should have no
dependency on the transverse direction, this being a direction
of statistical homogeneity in both the flow and scalar fields.
If a simulation were to be performed solving filtered transport equations in three dimensions, it might be possible to
estimate the conditional averages of the mass fractions, density, and temperature on planes of constant distance downstream of the splitter plate by assuming the conditional averages on those planes are statistically homogeneous. A more
justifiable, but somewhat less practical suggestion might be
to assume statistical homogeneity of the conditional averages
on a surface of constant convective residence time in the
system.
The filtered temperature T̄(x k ,t) can be expressed as
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T̄ ~ x k ,t ! 5

E

`

P Z ~ x k ,t; z ! T ~ x k ,t ! u z d z .

2`

CMS for LES

~11!

In Eq. ~11!, the filtered temperature is known and one might
find a reasonable approximation for the FDF of the mixture
fraction based on known properties of the mixture fraction
field; unfortunately, this equation clearly cannot be solved
for a unique conditional filtered mean of the temperature.
In LES, Eq. ~3! would be integrated in time for discrete
points on a computational grid in space. Equation ~11! would
be valid at each discrete point on that computational grid.
We can define the ensemble average of the conditional filtered mean for some ensemble A of N points in the flow as
N

^ T u z & A,t 5

1
T ~ x (n)
k ,t ! u z .
N n51

(

~12!

This is not a random function of space; it is a function of
time and of which discrete points in space are included in the
ensemble A. If the conditional filtered mean for this ensemble of points is homogeneous, then for any point x (n)
k in
that ensemble,
T ~ x (n)
k ,t ! u z 5 ^ T u z & A,t ,

~13!

and Eq. ~11! can be rewritten for that point as
T̄ ~ x (n)
k ,t ! 5

E

`

2`

P Z ~ x (n)
k ,t; z ! ^ T u z & A,t d z ,

~14!

which is the nth integral in an ensemble of N integrals. If
these integrals are approximated by a numerical quadrature
with M ,N quadrature points in z , each of these integrals
becomes a linear equation for ^ T u z & A,t and this set of N
linear equations can be solved in the least-squares sense for
^ T u z & A,t at the M quadrature points. Put another way, Eq.
~14! is an integral equation—a Fredholm equation of the first
kind—which can be solved for discrete intervals in z to yield
^ T u z & A,t . Similar equations can be written for the density
and the mass fractions.
The conditional filtered mean of the chemical source
terms can now be estimated by invoking the CMC hypothesis and evaluating the reaction rates with the ensemble average of the conditional filtered means ~or the approximations to these! of the temperature, the density and the mass
fractions,

^ v̇ I u z & A,t ' v̇ I ~ ^ Y K u z & A,t , ^ T u z & A,t , ^ r u z & A,t ! .

~15!

The filtered mean of the chemical source term at each point
in the ensemble is then

v̇ I ~ x (n)
k ,t ! 5

E

`

2`

P Z ~ x (n)
k ,t; z ! ^ v̇ I u z & A,t d z .

~16!

In this manner, it is possible to obtain closure for the
filtered mean reaction rate for any chemical kinetic mechanism. No assumptions have been made regarding the thickness of the regions in which chemical reactions are significant relative to the turbulent length scales. Only the
assumption of statistical homogeneity of the conditional fil-
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tered means of temperature, density, and pressure for an ensemble of LES points—perhaps on some surface in the
flow—must be made.
If the conditional filtered mean for the ensemble is not
homogeneous, then Eq. ~14! would only be an approximation. Nevertheless, the solution would still yield an estimate
for the ensemble average of the conditional filtered mean for
the ensemble. This estimate might not be an adequate representation of the conditional filtered mean for certain points in
the ensemble; the resulting estimate of the conditional filtered mean of the reaction rates might be a poor approximation to the local conditional filtered mean at such points. This
would be an especially important consideration in a wallbounded flow, for example, where the conditional filtered
mean of the temperature at points near the wall would be
very different from that at points far away from the wall.
Thus, some care—and certain global, a priori information
about the flow—must be used in selecting discrete points to
include in the ensemble A. Also, it is clear that, for flows
with inhomogeneities in the conditional filtered means, it
would likely be necessary to have several different ensembles to which the process described above would be applied.
It is necessary to provide some assumed form for the
FDF of the mixture fraction. One approach that has received
considerable attention10,16 is to approximate P Z (x (n)
k ,t; z )
with a b -PDF with the same mean and variance, as in
a n 21
P Z ~ x (n)
~ 12 z ! b n 21
k ,t; z ! ' z

with
a n 5Z̄ ~ x (n)
k ,t !

S

G ~ a n 1b n !
,
G~ an!G~ bn!

(n)
Z̄ ~ x (n)
k ,t ! • @ 12Z̄ ~ x k ,t !#

Z 8 2 ~ x (n)
k ,t !

D

21 ,

~17!

~18!

and
b n5

an
Z̄ ~ x (n)
k ,t !

2a n ,

~19!

where
(n)
(n)
2
Z 8 2 ~ x (n)
k ,t ! 5 @ Z ~ x k ,t ! 2Z̄ ~ x k ,t !#

~20!

is the filtered variance of the mixture fraction.
In the absence of differential diffusion, the filtered mean
mixture fraction could be expressed as a linear combination
of the filtered means of the species mass fractions. The filtered variance of the mixture fraction could be approximated
using the similarity approach proposed by Jiménez et al.4
Thus, it would only strictly be necessary to solve filtered
transport equations for the filtered mass fractions, density,
and temperature in order to use this approximation for the
reaction rates.
Alternatively, if a separate transport equation for the filtered mean of the mixture fraction were solved, then, so long
as the diffusivity of the mixture fraction were chosen to be
greater than those of all species ~and temperature!, it would
not be necessary to make any assumption regarding different
species’ diffusivities. Also, if yet another transport equation
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for the filtered mixture fraction variance were solved, the
need to make the similarity approximation could be
circumvented—unfortunately, this would necessitate obtaining closure for additional terms in the transport equation for
the filtered mixture fraction variance.

B. Doubly conditional moment closure

As was mentioned in the previous section, the CMC hypothesis with one conditioning variable has been found to
give very good predictions for flames that are far from extinction. Thus, the closure proposed above would be expected to provide a good prediction of the reaction rates for
such flames. However, when extinction is present, it is
known that the single condition is inadequate. Furthermore,
ignition processes cannot be adequately predicted with only
a single conditioning variable unless a second moment closure is used.25
As was mentioned earlier, one proposed way to improve
prediction in the presence of extinction is to introduce a second conditioning variable.21,22 Since reaction rates are
known to depend strongly on the scalar dissipation, it seems
sensible that scalar dissipation—or some quantity on which
scalar dissipation is known to depend—be added as the additional conditioning variable.26 In the traditional CMC approach, this has the drawback of adding two independent
variables to the system of equations. However, as was shown
above, the need to add independent variables may be circumvented by taking advantage of some spatial homogeneity in
the conditional filtered means.
Ideally, the second conditioning variable should be statistically independent of the mixture fraction; unfortunately,
the local scalar dissipation

]Z ]Z
x ~ x k ,t ! 52 r D
]xi ]xi

~21!

is a function of the local mixture fraction. Thus, closure for
the joint filtered density function
P Z, x ~ x k ,t; z ,c ! 5

Edz
V

@ 2Z ~ x 8k ,t !#

3 d @ c2 x ~ x 8k ,t !# g ~ x k ,x 8k ! dx 8k ,

~22!

is difficult to obtain.
A functional form of the dependence of scalar dissipation on mixture fraction will be assumed—that of a laminar
counterflow solution27—and the scalar dissipation will be
written as

x 5 x 0 •exp~ 22 @ erf21 ~ Z !# 2 ! ,

~23!

where x , x 0 , and Z are random variables of space and time.
The new random variable x 0 is not a strong function of the
mixture fraction and is sufficiently independent of Z for the
purposes of the model. One drawback to using x 0 as a conditioning variable is that it is undefined in the fuel and oxidizer streams, however, since the mass fractions, temperatures, and densities are already known in these streams, this
does not present a difficulty.

Assuming that the filtered mean of the scalar dissipation,
x̄ (x k ,t), can be modeled ~if a transport equation for the filtered variance of mixture fraction is to be solved explicitly
then x̄ (x k ,t) must be modeled!, then the filtered mean,
x 0 (x k ,t), can be obtained by assuming that x 0 is statistically
independent of Z. Writing the unconditional mean scalar dissipation as a function of its conditional mean, and substituting Eq. ~23!,

x̄ ~ x k ,t ! 5

E

`

2`

P Z ~ x k ,t; z ! x ~ x k ,t ! u z d z

5 x 0 ~ x k ,t !

E

`

2`

P Z ~ x k ,t; z !

•exp~ 22 @ erf21 ~ z !# 2 ! d z

~24!

the estimate for the filtered mean of x 0 becomes

x 0 ~ x k ,t ! 5 x̄ ~ x k ,t ! /Y,
with
Y5

E

`

2`

P Z ~ x k ,t; z ! •exp~ 22 @ erf21 ~ z !# 2 ! d z .

The FDF of the scalar dissipation is often taken to be
approximately log-normal.28–30 The FDF of x 0 will be assumed to also be log-normal, and the standard deviation of
the logarithm of x 0 will be taken to be unity. Thus, it is
being assumed that the FDF of x 0 is
P x 0 ~ x k ,t;c ! '

1

A2 p c

F

exp 2

G

~ lnc2 m ! 2
,
2

with

m 'ln x 0 2 21 .
Where the mixture fraction is a scalar that is used to
describe the state of mixedness of a flow, x 0 can be thought
of as a measure of the cumulative effects of the straining in
the flow field on that state of mixedness. Regions where x 0 is
low are well mixed, whereas regions where x 0 is high are
likely to be regions in which a high strain in the flow field is
aligned with the gradient of mixture fraction, drawing the
fuel and oxidizer streams close to one another. At high values of x 0 , reaction rates would be expected to be lower than
at lower values of x 0 . Regions of local extinction are likely
to occur when x 0 becomes large. Autoignition is most likely
to occur where x 0 is smallest. Using x 0 as a conditioning
variable cannot capture the entire accumulated effects of the
scalar dissipation on the local flame, for example, high scalar
dissipation could arise and locally extinguish a flame, then
that scalar dissipation could drop, while the flame might remain extinguished. Nevertheless, insofar as the statistical approach underlying conditional moment closure can only predict mean reaction rates, adding x 0 as a conditioning variable
helps to reduce the conditional variance of temperatures,
mass fractions, and density, and make the chemical closure
hypothesis valid even in the presence of local extinctions or
autoignition.
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For some ensemble A of N discrete points in a LES
domain ~which, again, might lie on a surface in the flow such
as those suggested in the previous section!, the filtered temperature at each point x n in the ensemble can be expressed as
T̄ ~ x (n)
k ,t ! 5

E E
`

`

2`

2`

T ~ x (n)
k ,t ! u z ,c[

~25!

E

V

(n)
(n)
P Z, x 0 ~ x (n)
k ,t; z ,c ! ' P Z ~ x k ,t; z ! P x 0 ~ x k ,t;c !

is the joint FDF of Z and x 0 at the point x (n)
k , and

T ~ x 8k ,t ! d @ z 2Z ~ x 8k ,t !# d @ c2 x 0 ~ x 8k ,t !# g ~ x (n)
k ,x 8
k ! dx 8
k
~26!

P Z, x 0 ~ x (n)
k ,t; z ,c !

T ~ x (n)
k ,t ! u z ,c5 ^ T u z ,c & A,t ,
and Eq. ~25! can be rewritten as

E E
`

`

2`

2`

~27!

^ v̇ I u z ,c & A,t ' v̇ ~ ^ Y K u z ,c & A,t , ^ T u z ,c & A,t , ^ r u z ,c & A,t ! ,
~28!
the mean chemical source term becomes

E E
`

`

2`

2`

different species, or temperature. An explicit chemical
source term can be estimated and incorporated into LES, for
any arbitrarily complex chemical kinetic mechanism. Unfortunately, the same caveats mentioned with respect to the selection of discrete points to include in an ensemble in the
previous discussion of the single conditioning variable technique apply as well to the two conditioning variable method.

P ~ x (n)
k ,t; z ,c ! ^ T u z ,c & A,t d z dc.

This is a two-dimensional integral equation which, for discrete intervals in z and c, can be solved to yield ^ T u z ,c & A,t .
Similar equations can be written for the density and the mass
fractions. As before, if that conditional filtered mean of the
temperature for the ensemble of points is not homogeneous,
then Eq. ~27! would only be an approximation; nevertheless,
the solution would still yield an estimate for ensemble average of the conditional filtered mean of the temperature in the
ensemble.
Invoking the CMC hypothesis to predict the chemical
source term,

v̇ ~ x (n)
k ,t ! 5

where

(n)
P Z, x 0 ~ x (n)
k ,t; z ,c ! T ~ x k ,t ! u z ,cd z dc,

is the two-condition conditional filtered mean of the temperature at x (n)
k . If this conditional filtered mean of the temperature for the ensemble of points is homogeneous, then

T̄ ~ x (n)
k ,t ! 5
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P ~ x (n)
k ,t; z ,c ! ^ v̇ u z ,c & A,t d z dc.

C. Effects of density weighted filtering

Ultimately, the filtered transport equation of the mass
fraction, Eq. ~3!, will be solved for the Favre filtered means
of mass fraction and energy, since using the Favre filtered
means eliminates the need to close terms involving fluctuations in density. When the method described herein is implemented into a simulation where the density is allowed to
vary, it must be rewritten in terms of these density weighted
filtered means. This does not present any problem to the
closure hypothesis, nor to the process described above.
Equation ~14! is rewritten as
T̃ ~ x (n)
k ,t ! 5

E

2`

In a numerical implementation of the method, it would not
be necessary to integrate these integrals to infinity. The mixture fraction is typically defined such that it is bounded by
zero and unity and x 0 must always be greater than or equal
to zero. Furthermore, it should be possible to truncate the
upper bound of the outer integral at some very large value of
x 0 beyond which the FDF would be negligible small.
By adding the second condition to the model, it should
be possible to predict autoignition, extinction and reignition
phenomena. As was described above, it is not necessary to
make assumptions regarding the thickness of the flame relative to turbulent length scales, nor the relative diffusivities of

P̃ Z ~ x (n)
k ,t; z ! ^ T u z & A,t d z ,

~30!

where
P̃ Z ~ x k ,t; z ! 5

~29!

`

1

r̄ ~ x k ,t !

Er
V

~ x 8k ,t !

3 d @ z 2Z ~ x 8k ,t !# g ~ x k ,x 8k ! dx 8k

~31!

is the Favre filtered density function of the mixture fraction,
which will be approximated using the b -PDF evaluated with
the Favre filtered mean and variance of the mixture fraction.
Equation ~30! is solved for the ensemble average of the conditional filtered mean of the temperature; a similar integral
equation is solved for that of the species mass fractions. The
conditional filtered mean of the density can be estimated
from the state equation by neglecting the effects of pressure
fluctuations within the ensemble of points being averaged
together. In high Mach-number flows, this would imply a
further restriction on which discrete points can be included in
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the ensemble A. The conditional reaction rates are approximated using Eq. ~10!, and the filtered reaction rate is estimated with

v̇ ~ x k ,t ! 5 r̄ ~ x k ,t !

E

`

2`

P̃ Z ~ x k ,t; z ! ^ v̇ u z & A,t ~ ^ r u z & A,t ! 21 d z .
~32!

The two-condition method can be extended to Favre filtering
in a similar fashion.

IV. RESULTS

In order to test the method described above, the output
from several different time steps in the direct numerical
simulation ~DNS! database of Vervisch et al.31,32 was filtered. The simulation was of a shear-free, temporal mixing
layer, with fuel and oxidizer mixing in the presence of turbulence. The domain was rectangular, with 128 points across
the layer and 64 points in each direction tangential to the
layer. The chemical kinetic mechanism used in creating the
database was a single step,

FIG. 1. Variations in conditional filtered means across the mixing layer; ~b!
temperature, ~c! reaction rate, and ~d! scalar dissipation. The four lines in
~b!, ~c!, and ~d! are the conditional filtered means taken from the volumes
depicted in ~a!.

F1O→ P,
with F, O, and P being fuel, oxidizer, and product, respectively. The reaction rate was

S D

S

D

b
2 b ~ 12 u !
v̇ 5B exp 2 r 2 Y F Y O exp
,
a
12 a ~ 12 u !

~33!

with a 5(T ad2T 0 )/T ad50.8, b 58, and the reduced temperature u 5(T2T 0 )/(T ad2T 0 );
all temperatures—
including T 0 ~the initial temperature! and T ad ~the adiabatic
flame temperature at stoichiometric conditions!—were nondimensionalized with the reference temperature T ref5( g

21)T 0 and g , the ratio of specific heats, was taken to be 1.4.
The quantity B was chosen such that the Damköhler number
was unity.
A. Test of assumptions

The validity of the various assumptions made in obtaining closure for the filtered chemical source term were examined by comparing them directly to the DNS data. Results
will only be shown for one time in the database—a fairly late

FIG. 2. Comparison of the actual FDF of mixture fraction within four different subgrid cells to the b -PDF
evaluated with the same mean and variance.
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time, approximately 1.6 eddy turnover times into the
simulation—however, these results were found to be representative of those obtained at all available times.
In Fig. 1, the variation in the conditional filtered mean of
the temperature, reaction rate and scalar dissipation across
the mixing layer are compared. Figure 1~a! depicts the volumes in which conditional filtered means were obtained using a tophat filter; volumes 1 and 2 are on the lean side of the
flame and volumes 3 and 4 are on the rich side. While volumes 2 and 3 are narrow—only 16364364 points each—
they both contain a considerable fraction of the flow in
which Z is not zero or unity. Figure 1~b! seems to indicate
that there is a significant variation in the temperature across
the mixing layer, and this causes a significant variation in the
conditional filtered mean of the reaction rate, shown in Fig.
1~c!; however these variations appear to be correlated with
high scalar dissipation, shown in Fig. 1~d!. Unfortunately,
the DNS database does not provide sufficient data to obtain
statistically converged conditional filtered means when two
conditions are used, thus it proved impossible to demonstrate
a lack of variation in two-condition conditional filtered quantities across the mixing layer.
Next, the filtered means and variances of the mixture
fraction were extracted from the database. The filter used
was a tophat filter with the filter width set to 163838, so
that 128 filtered means would be available. In Fig. 2, the
FDF of the mixture fraction extracted from four different
filtered discrete points is compared to the b -PDF evaluated
with the same mean and variance. Clearly, the b 2PDF provides a good approximation to the actual FDF of the mixture
fraction over a wide range of conditions—similar results
were found at all points in space.
Figure 3 shows scatter plots of the scalar dissipation x
and x 0 against mixture fraction. The dependence of x on the
mixture fraction is evident at the extremes of mixture fraction, where x tends to zero. While x 0 does have a weak
dependence on the mixture fraction, this is much less significant than the dependence of x .
In Fig. 4, the FDF of x 0 for the entire DNS domain is
compared to a log-normal PDF evaluated with the same
mean and variance. The log-normal PDF fails to capture the
peak of the FDF of x 0 , however it does predict the tail of the
FDF very well. It was found that the exact shape of the FDF
of x 0 has a very small effect on the prediction of the model.
This is because the FDF of x 0 is used only to establish the
effect of scalar dissipation on the mass fractions, density, and
temperature, and therefore on the reaction rates. The integral
equation, Eq. ~27!, effectively transforms resolved grid filtered values into a space described by mixture fraction and
scalar dissipation; Eq. ~29! transforms the chemical reaction
rates back onto the resolved grid.
B. One condition

The filtered mean mass fractions, temperatures, densities, and reaction rates were extracted from the database, as
were the filtered means of the mixture fraction and scalar
dissipation and the filtered variance of the mixture fraction.
The filter used was again a tophat filter with the filter width

CMS for LES
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FIG. 3. Scatter plots of ~a! x and ~b! x 0 against the mixture fraction.

set to 163838, so that 128 filtered means would be available. When the filter width was narrowed to provide a larger
sample set for the integral inversion process, the subgrid
sample size was found to be too small to give sufficiently
converged statistics.
The first test of the method itself is to try to use the
2 (n)
quantities Z̄(x (n)
k ,t) and Z 8 (x k ,t) at each point n to pre(n)
dict P(x k ,t; z ) using the b -PDF, as described above, and
(n)
(n)
(n)
then substitute r̄ (x (n)
k ,t), Y F (x k ,t), Y O (x k ,t), T̄(x k ,t),
(n)
and P(x k ,t; z ) into Eq. ~14! to predict the conditional filtered means. The results of this a priori test for the same
time in the simulation are shown in Fig. 5, where the results
of the solution of the integral equation using a simple linear
regularization method33 is compared to the actual conditional
mean from the entire flow field. With the exception of a
slight under-prediction of the maximum temperature, the
prediction of the conditional means is very good. Similar
results have been found for all other times at which data are
available.
The next test is to invoke the CMC hypothesis, and use
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FIG. 4. Comparison of the actual FDF of x 0 in the entire DNS domain to
the log-normal PDF with the same mean and variance.

these conditional filtered means to predict the conditional
mean reaction rate by substituting the conditional filtered
means of the mass fractions, density, and temperature into
Eq. ~33!. Then, the filtered reaction rate is predicted from the
conditional filtered mean reaction rate using Eq. ~16!. The
estimate obtained by this process is compared to the actual
filtered reaction rate for every point in Fig. 6. The standard
error in the prediction of those points where v̇ DNS is significant ~greater than 131025 ) is about 15%. It should be noted
that there is some extinction in the DNS database, which
cannot be predicted by the single condition version of this
method. This is made evident by the presence of several
points where v̇ DNS is very small, but v̇ est is still significant.

W. K. Bushe and H. Steiner

FIG. 6. Comparison of reaction rate estimated using integral equation solution and CMC closure hypothesis with one conditioning variable to filtered
reaction rate from DNS data.

These are points where the tophat filter encompasses a local
extinction event. Nevertheless, that the method is capable of
predicting the reaction rates with such accuracy, even in the
presence of heat release and extinction, is encouraging.
C. Two conditions

As was discussed above, adding a second condition to
the method is expected to make it capable of modeling extinction and ignition phenomena. This was tested by simply
adding the second condition and solving the two-dimensional
problem described by Eq. ~27!, using the ensemble averaged
conditional filtered means to estimate that of the reaction rate

FIG. 5. Result of a priori test of integral equation solution for ~a! mass fraction of fuel, ~b! mass fraction of
oxidizer, ~c! nondimensional temperature, ~d! nondimensional density. Solid line is the DNS value, symbol
is a result of the integral equation solution.
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FIG. 7. Comparison of reaction rate estimated using integral equation solution and CMC closure hypothesis with two conditioning variables to the
filtered reaction rate from DNS data.

with Eq. ~28!, and integrating Eq. ~29!. The result of this
process is shown in Fig. 7. The standard error in the prediction of the points where v̇ DNS is significant ~again, greater
than 131025 ) is about 10%. Not only is the error in the
prediction somewhat smaller than was found with only one
condition, the evidence of overprediction of the reaction rate
for points where the tophat filter encompassed extinction
events is no longer apparent. The extinction phenomenon is
captured, at least to some extent, by the inclusion of the
second conditioning variable.
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The method also has shortcomings. First and foremost
among these is the need to assume homogeneity of the conditional filtered means of mass fractions, density, and temperature for ensembles of points in the flow. While this may
be justifiable in simple flows, such as mixing layers or free
jets, it would be more difficult to assemble such an ensemble
in flows past solid objects, where heat transfer and flame
quenching would have to be accounted for.
A second potential shortcoming is that the method requires the solution of many integral equations, which could
be computationally expensive. Currently, the method is being implemented into a LES code, and it appears that using
the method results in a lower computational cost than simply
evaluating the reaction rates with resolved grid quantities
~performing the simulation without any subgrid scale model
for the source terms!. This is because the chemical source
terms are evaluated in mixing space, which can have many
fewer points than are needed in real space, and chemical
source
terms—which
involve
costly
exponential
evaluations—tend to be more computationally expensive
than the solution of the integral equations.
A similar model is currently being developed for use in
premixed reacting flows. It has also been suggested that the
method be used in Reynolds Averaged models. Finally, the
potential for using second moment statistics—particularly
the second moment of the temperature—to incorporate Li
and Bilger’s23 second moment closure hypothesis for the reaction rates is being investigated. This could improve the
prediction of the reaction rates, although it might prove to be
too computationally expensive to be justifiable in a LES context, given that it would require the solution of additional
transport equations for the temperature and mass fraction
variances.

V. DISCUSSION

The method described herein has several significant advantages over other closure approaches. No assumption has
been made about the relative thickness of the flame to the
turbulent length scales. The method can be used for arbitrarily complex chemical kinetic mechanisms. No steady
state assumption has been made. The chemical source terms
are calculated in ‘‘mixing space,’’ rather than in real space,
therefore the chemical reactions need only be resolved in
mixture fraction, which significantly eases the resolution
constraints that are typically associated with simulations of
reacting flows.26
Perhaps the most significant advantage is the potential to
predict ignition and local extinction/reignition phenomena.
The effect of scalar dissipation on the rate of diffusion of the
mass fractions and temperature is resolved in real space. Regions where the filtered scalar dissipation is large will see
greater rates of diffusion of the temperature and mass fractions, and the method will detect this effect. If the temperature in a region of high scalar dissipation dips below some
threshold then the chemical reactions will drop. Regions
where the filtered scalar dissipation is low will see much
slower rates of diffusion of mass fractions and temperature,
and these conditions will likely be more favorable for ignition.

VI. CONCLUSIONS

A new subgrid scale model for large-eddy simulation of
combustion has been proposed and tested. The new model
makes use of the chemical closure hypothesis in conditional
moment closure to estimate the chemical source term in the
filtered equations for scalar and energy transport. It is assumed that, for some ensemble of resolved grid points in a
LES calculation, the conditional filtered means of the mass
fractions, density, and temperature will be homogeneous,
and an integral equation is solved for those conditional filtered means. The method has been tested against DNS data,
and found to predict the filtered reaction rate within 15%.
Using a second conditioning variable, the prediction is improved somewhat; more importantly, it becomes possible to
predict extinction and ignition phenomena.
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The Lagrangian Flamelet Model is formulated as a combustion model for large-eddy simulations of
turbulent jet diffusion flames. The model is applied in a large-eddy simulation of a piloted partially
premixed methane/air diffusion flame 共Sandia flame D兲. The results of the simulation are compared
to experimental data of the mean and RMS of the axial velocity and the mixture fraction and the
unconditional and conditional averages of temperature and various species mass fractions, including
CO and NO. All quantities are in good agreement with the experiments. The results indicate in
accordance with experimental findings that regions of high strain appear in layer like structures,
which are directed inwards and tend to align with the reaction zone, where the turbulence is fully
developed. The analysis of the conditional temperature and mass fractions reveals a strong influence
of the partial premixing of the fuel. © 2000 American Institute of Physics.
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I. INTRODUCTION

sub-grid scale stresses and variances, might not necessarily
be applicable in the modeling of the chemical source terms.
In recent years many studies have been devoted to a
priori testing of the applicability of combustion models in
LES.1–7 Most of the proposed models have previously been
used, or could very similarly be applied, in RANS calculations. Essentially, the proposed models can be divided into
four categories: the direct method, the Linear-Eddy Model,
the transported probability density function 共pdf兲 method,
and the conserved scalar method.
Similarly, as in RANS combustion models, the direct
modeling of the spatially filtered chemical source terms is a
very challenging problem. Different direct closure models
have been proposed by DesJardin and Frankel.1 They first
show that modeling the reaction term by only using the resolved scales without a sub-grid model gives very poor
agreement compared with DNS results. This has also been
shown in many other studies, for instance by Colucci et al.7
In addition they propose two different direct closure models
based on the scale similarity assumption, which considerably
improve the predictions, but are still not in good agreement
with DNS data. The reason for this is obvious. The scale
similarity assumption actually implies that the smallest resolved scales are statistically similar to the largest unresolved scales. This assumption seems to be very reasonable,
but still, it does not assist in the modeling of the chemical
source term. As mentioned earlier, in turbulent nonpremixed
combustion, chemical reactions occur on the dissipative
rather than the larger unresolved scales. This problem is inherent for all models, which estimate the reaction rates by
only using the resolved scales and it explains why the com-

While numerical simulations of turbulent flows applying
Reynolds averaging techniques solve equations for ensemble
or time averaged mean quantities, Large-Eddy Simulations
共LES兲 have the capability of resolving the major part of the
turbulent kinetic energy of turbulent flows. Hence, only the
influence of the small turbulent scales on the resolved field
has to be modeled. Since, in addition, the small turbulent
scales fulfill the common modeling assumption of isotropy
much better than the large scales, a very high accuracy in
predictions of the turbulent flow field can be achieved by
using LES. This is particularly interesting for simulations of
chemically reacting flows, where an accurate description of
mixing is essential and very complex phenomena like turbulent transition and instabilities might be of great importance.
The success of LES in predictions of turbulent flows is
due to the fact that the kinetic energy content of the turbulent
motion decreases with increasing wave number. Thereby, the
major part of the Reynolds stresses is resolved. In the modeling of the unresolved part it is still most important to represent the larger scales by a sub-grid scale model. However,
since chemical reactions in nonpremixed combustion occur
only by molecular mixing of fuel and oxidizer, which in
practical applications occurs only on the dissipative turbulent
scales, the combustion process occurs essentially at the
smallest scales of the sub-filter level, and has to be modeled
entirely. This also explains why sub-grid modeling techniques, which have successfully been used in predictions of
Author to whom correspondence should be addressed; Phone: 共650兲 7256635; fax: 共650兲 725-7834; electronic mail: H.Pitsch@stanford.edu
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bustion models applied in LES do not differ significantly
from RANS combustion models.
The Linear-Eddy Model 共LEM兲 has been proposed by
Kerstein.8 In this method scalar mixing is described in lines,
the linear eddies, which are convectively transported with the
mean flow. The governing one-dimensional equations include molecular transport as well as turbulent convection
modeled by random flow field rearrangement events. This
model has been formulated in the frame of LES by McMurtry et al.9 In this implementation one or more linear eddies are solved for each computational control volume. The
convective transport of the linear eddies is modeled by so
called splicing events, which randomly exchange adjacent
cell linear eddies based on the LES-resolved velocity field.
The transported compositional pdf method has been applied to turbulent reactive flows using RANS methods in
many studies10–12 and has also been extended to LES by
using so called filtered density functions 共FDF兲,7,10,13 which
are pdfs of the sub-grid scale scalar quantities.
The concept of sub-grid scale pdfs has also been adopted
in the application of conserved scalar methods, which assume that the chemical state and thereby the species mass
fractions, can be related to a conserved scalar, typically the
mixture fraction in the case of nonpremixed combustion.
Then, by presuming the sub-grid scale pdf of the mixture
fraction P̃(Z), the filtered species mass fractions Ỹ i in each
computational cell can be evaluated by
Ỹ i ⫽

冕

1

Z⫽0

Y i 共 Z 兲 P̃ 共 Z 兲 dZ,

共1兲

provided the functional dependence Y i (Z) is known. Here
and in the following the tilde denotes density-weighted spatial filtering.
P̃(Z) is commonly assumed to follow a ␤ -function distribution, parametrized by the first two moments of the mixture fraction. The filtered mixture fraction is determined by
the solution of a transport equation; its sub-grid scale variance is typically given by a sub-grid scale model. The validity of the ␤ -function representation of the pdf of the mixture
fraction has been investigated by several authors using DNS
data of nonpremixed reacting flows for constant and variable
density.1,3–5,14–16 The two main conclusions are that the
␤ -function pdf provides an excellent estimate for the subgrid scale mixture fraction distribution and that this estimate
is even much better for LES than for RANS models. This is
shown to be particularly true if the mixture fraction variance
is taken from the DNS data, suggesting that the ␤ -function as
a model for the statistical distribution of the mixture fraction
performs much better than the commonly used sub-grid scale
models for the mixture fraction variance.
The mixture fraction variance can be determined by
standard sub-grid scale modeling methods like the scale
similarity model as proposed by Cook and Riley,3 or by using a small scale equilibrium assumption and determining
the remaining coefficient by the Dynamic Procedure following Pierce and Moin.17 However, DesJardin and Frankel,1 for
instance, have shown that their modeling results do not differ
if they use a ␦ -function instead of the ␤ -function as sub-grid

mixture fraction pdf in a conserved scalar approach. This
conclusion depends certainly on the spatial resolution of the
calculation and the turbulence intensity.
Different approaches have been used to specify the function Y i (Z) appearing in Eq. 共1兲. Among these are the infinitely fast irreversible chemistry assumption,17 the equilibrium assumption,3 the conditional moment closure
method,6,18 and the steady laminar flamelet model.4,5
In the present study the Lagrangian Flamelet Model19,20
is applied in a large-eddy simulation for a turbulent, piloted
methane/air diffusion flame. The results are discussed and
compared with experimental data by Refs. 21–23.

II. MATHEMATICAL MODEL
A. Large-eddy simulation

The set of equations solved in the current modeling
study can be derived by applying a spatial, density-weighted
filter to the continuity equation, the momentum equations,
and the mixture fraction transport equation resulting in
¯

⫹“• 共 ¯ ṽ 兲 ⫽0,
t

共2兲

¯ ṽ

˜ ⫺“• 共 ¯ 共˜
⫹“• 共 ¯ ṽṽ 兲 ⫽⫺“p̄⫹“• 
vv ⫺ ṽṽ 兲兲 , 共3兲
t
¯ Z̃

⫹“• 共 ¯ ṽ Z̃ 兲 ⫽“• 共 ¯ D̃ Z “Z 兲 ⫺“• 共 ¯ 共˜
v Z ⫺ ṽ Z̃ 兲兲 ,
t

共4兲

with
˜ ⫽
¯ „共 “ ṽ 兲 ⫹ 共 “ ṽ 兲 T …⫺ 23 
¯ “• ṽ ␦.


共5兲

Here,  is the density, t the time, v the velocity vector, p the
pressure, Z the mixture fraction, D Z the molecular diffusion
coefficient of the mixture fraction, ␦ the unity tensor, and 
the dynamic viscosity.
¯ of a quantity  is defined
The spatially filtered value 
as
¯⫽


冕

D

G 共 x⫺x⬘ 兲  共 x⬘ 兲 dx⬘ ,

共6兲

where D denotes the integration domain, x is the coordinate
vector, and given the filter size ⌬, the spatial filter function is
defined as
G 共 x⫺x⬘ 兲 ⫽

再

1,

if 兩 x⫺x⬘ 兩 ⭐

0,

otherwise.

⌬
,
2

共7兲

As mentioned earlier the tilde denotes the Favre filtered
˜ ⫽¯
  /¯ .
value, for any quantity  given by 
The unclosed terms in Eqs. 共3兲 and 共4兲 are expressed by
using eddy viscosity type models, such that the sub-grid
scale fluxes in the momentum equations and the mixture
fraction transport equation are given by
¯ 共 g
vv ⫺ ṽṽ 兲 ⫽⫺2¯  t S̃,

S̃⫽ 12 „共 “ ṽ 兲 ⫹ 共 “ ṽ 兲 T …

共8兲
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tions of turbulent jet diffusion flames.19,20 The model follows
the conserved scalar approach, which has briefly been described in the Introduction, and uses the flamelet ideas.25,26
Here however, the function Y i (Z) is determined by the solution of the unsteady rather than the steady flamelets equations.
The unsteady flamelet equations for the species mass
fractions Y i and the temperature T can be written as

FIG. 1. Sub-grid scale Schmidt number of methane/air jet diffusion flame
共Flame D兲 at different downstream positions.

and
¯ 共 g
v Z ⫺ ṽ Z̃ 兲 ⫽⫺¯ D t “Z̃,

共9兲

where  t and D t are the sub-grid kinematic eddy viscosity
and eddy diffusivity, respectively.
The eddy viscosity  t is given by the Smagorinsky
model as

 t ⫽C⌬ 2 兩 S兩 ,

共10兲
24

where following Moin et al. the Smagorinsky constant C is
determined by the Dynamic Model as a function of time and
space. This procedure needs no model constants and assures
that the turbulent fluxes vanish in the limit of a laminar flow.
The sub-grid diffusivity D t is determined from
D t ⫽  t /Sct ,

共11兲

assuming a constant turbulent Schmidt number. In Reynolds
averaged simulations the turbulent Schmidt number is commonly assumed to be equal to 0.7. However, in LES this
value is different. An approximation for a constant sub-grid
scale Schmidt number has been obtained by evaluating the
sub-grid eddy viscosity  t and the sub-grid diffusivity D t by
applying the Dynamic Model. The sub-grid Schmidt number
can then be determined from Eq. 共11兲. The resulting time
averaged sub-grid Schmidt number distribution for the flow
configuration described below is shown in Fig. 1 at different
downstream positions. The data clearly indicate that a constant value of Sct ⫽0.4 is a good approximation throughout
the whole domain.
The sub-grid scale diffusivity D t is computed as D t
⫽  t /Sct assuming a constant turbulent Schmidt number
Sct ⫽0.4. This value has been found to be appropriate from
calculations, where D t has also been determined by the Dynamic Model.
B. The Lagrangian Flamelet Model

The Lagrangian Flamelet Model 共LFM兲 is used in this
study to describe the turbulence–chemistry interactions. This
approach has successfully been applied in RANS calcula-



Y i
  2Y i
⫺
⫺ṁ i ⫽0,

2 Z2



T
  2T 1  c p  T
⫺
⫹

2 Z2 cp Z Z

冉

1
⫹
cp

冉兺
N

k⫽1

共12兲

冊
冊

h k ṁ k ⫹q̇ R ⫺H ⫽0.

共13兲

Here  is a Lagrangian type flamelet time, h i and ṁ i are the
specific enthalpy and the chemical production rate per unit
volume of species i, respectively, c p is the constant pressure
specific heat capacity, and the scalar dissipation rate  has
been introduced as

 ⫽2D Z “Z•“Z.

共14兲

D Z is the diffusion coefficient of the mixture fraction and H
accounts for the enthalpy flux by mass diffusion. The exact
form for this term depends on the particular diffusion model
and is given in Ref. 27 for the present work. In Eqs. 共12兲 and
共13兲 the Lewis numbers of all chemical species have been
assumed to be unity. This assumption is discussed in great
detail in Ref. 20, where it has been argued that in turbulent
combustion only a thin region around the reaction zone is
governed by molecular transport, whereas turbulent transport
is predominant in the outer inert mixing region, which implies unity Lewis numbers. Numerical simulations have been
performed for the present configuration assuming nonunity
Lewis numbers. The results show that Lewis number effects
indeed cannot explain the remaining discrepancies to the experimental data discussed below. These simulations show
that the temperature is only influenced in the lean part of the
flame. Of the major species only molecular hydrogen reveals
changes on the rich side, which lead to an even stronger
overprediction than the unity Lewis number results.
The radiation heat loss term q̇ R is represented by using
an optically thin gray gas approximation as given by Smith
et al.28 This model provides some basic features of the radiation process, for example, that the heat loss essentially occurs at the highest temperature and that the radiation process
is slow compared to other physical time scales of the problem, which has been discussed in detail in Ref. 19. The validity of the model has been assessed by comparing the predicted with the measured conditionally averaged
temperatures at x/D⫽60 and x/D⫽75, which are in very
good agreement. In contrast, calculations which neglect the
influence of radiation overestimate the temperature at x/D
⫽75 by approximately 100 K.
The consideration of the time dependence certainly adds
some complexity to the problem, but it has been shown that

Downloaded 16 Oct 2003 to 129.27.196.77. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp

2544

Phys. Fluids, Vol. 12, No. 10, October 2000

H. Pitsch and H. Steiner

it is essential to consider the unsteadiness, if for instance
radiation cannot be neglected or NO formation is
considered.19
Equations 共12兲 and 共13兲 can readily be solved and the
solution used to provide the remaining unknown quantities
such as the density and the temperature if the scalar dissipation is known as a function of the mixture fraction, and the
flamelet time  can be related to the physical space coordinates. These relations will be derived next.
The basic idea of the model is that flamelets are introduced at the inflow boundary. These flamelets then move
downstream, essentially by convective transport. In the following, for all instantaneous scalar quantities  , where 
stands for the temperature or the species mass fractions, only
averages over planes of equal nozzle distance x, conditioned
on the mixture fraction, will be considered. This implies that
these conditional averages, here denoted as 具  兩 Z 典 (x,t) depend only on one spatial coordinate, the axial nozzle distance
x, and the time t. Hence, the flamelet solution needed in Eq.
共1兲 can be parametrized as a function of x and t as Y i (Z,x,t),
where x will be expressed by the flamelet time  .
Since flamelets are actually associated with the reaction
zone, which is located in the vicinity of the stoichiometric
mixture, the instantaneous local velocity of a flamelet particle has to be associated with the velocity of a point on the
surface of a stoichiometric mixture fraction. Following
Gibson29 the velocity of iso-surfaces of a conserved scalar
has contributions from the mean velocity and from the diffusion of that scalar. Thereby, the velocity of the resolved
mixture fraction iso-surfaces can be expressed as
ṽ Z̃ 共 x,t 兲 ⫽ ṽ共 x,t 兲 ⫺

“• 共 ¯ 共 D Z ⫹D t 兲 “Z̃ 兲
iZ ,
¯ 兩 “Z̃ 兩

共15兲

where i Z ⫽“Z̃/ 兩 “Z̃ 兩 is the unit vector in the direction of the
gradient of the resolved mixture fraction.
If Eq. 共15兲 is multiplied by the unit direction vector ex ,
then conditionally averaged over planes of equal nozzle distance x, and written for Z̃⫽Z st , one obtains for the resolved
axial velocity u of the stoichiometric mixture fraction surface,

具 ũ Z̃ 兩 Z̃⫽Z st典 共 x,t 兲 ⫽ 具 ũ 兩 Z̃⫽Z st典 共 x,t 兲
⫺

冓冉

“• 共 ¯ 共 D Z ⫹D t 兲 “Z̃ 兲  Z̃
x
¯ 兩 “Z̃ 兩 2

冊冏 冔

Z̃⫽Z st ,
共16兲

which will be written as 具 ũ Z̃ 兩 Z̃ st典 in the following. Equation
共16兲 can now be used to relate the Lagrangian type flamelet
time  to the flamelet location in physical space as

⫽

冕

x

1

0

具 ũ Z̃ 兩 Z̃ st典 共 x ⬘ ,t 兲

dx ⬘ .

共17兲

The second term on the right hand side of Eq. 共16兲 represents the axial component of the velocity of the stoichiometric surface caused by diffusion normal to this surface.
Hence, this term is identical to zero, if the mixture fraction

FIG. 2. Instantaneous velocity of the stoichiometric surface and instantaneous and time averaged Lagrangian type flamelet time as a function of the
nozzle distance.

gradient vector iZ is normal to the nozzle axis. This indeed is
a good approximation for the time averaged mixture fraction
field in turbulent jet diffusion flames. Since in the present
formulation both the conditional averaging in Eq. 共16兲 and
also the integration in Eq. 共17兲 introduce an average, the net
effect of this term on the Lagrangian type flamelet time  is
also assumed to be small and is therefore neglected.
As an example, Fig. 2 shows one instantaneous realization of 具 ũ Z̃ 兩 Z̃ st典 and the corresponding development of the
Lagrangian type flamelet time  as a function of the dimensionless nozzle distance x/D. It is very obvious that the velocity 具 ũ Z̃ 兩 Z̃ st典 reveals strong turbulent fluctuations, whereas
these do not appear in  . The reason for this can be explained as follows. It is also obtained in Fig. 2 that after a
transitional region at approximately x/D⫽10, when the jet
becomes self-similar, the mean value of 具 ũ Z̃ 兩 Z̃ st典 hardly
changes and seems to be around 20 m/s, independent of x/D.
This independence of the axial nozzle distance can be shown
analytically30 and has also been found in experiments.31 The
integration in Eq. 共17兲 can hence be interpreted as a time
integration, which would, after normalization, yield the time
averaged mean velocity at stoichiometric mixture. This in
turn implies that the time average of  should not be different
from any instantaneous representation. Indeed, comparing
the instantaneous representation of  with the time averaged
value, which is also given in Fig. 2, shows that these are
almost identical.
Using Eqs. 共12兲 and 共17兲 the resolved mass fractions of
chemical species ˜
Y i are given by
Ỹ i 共 x,t 兲 ⫽

冕

1

Z⫽0

Y i 共 Z,x,t 兲 P̃ 共 Z,x,t 兲 dZ.

共18兲

P̃(Z,x,t) is presumed to follow a ␤ -function, whose shape is
determined by the mean and the sub-grid scale variance of
the mixture fraction. Since no transport equation for the mixture fraction variance is solved, this value has to be modeled.
Following Pierce and Moin17 the sub-grid scale mixture fraction variance can be expressed as
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共19兲

where the coefficient C Z is determined using the Dynamic
Procedure.
Similarly, the spatially filtered scalar dissipation rate,
which will be needed in the following, is expressed in terms
of the eddy diffusivity and the gradient of the resolved mixture fraction following Girimaji and Zhou32 as
˜ ⫽2 共 D Z ⫹D t 兲 “Z̃•“Z̃,

共20兲

where following Smooke33 D Z ⬃T 1.7, which is evaluated
with the mean temperature.
In Eqs. 共12兲 and 共13兲, the temporal development of the
scalar dissipation rate is unknown and has to be related to the
unconditional mean given by Eq. 共20兲. A common approach
is to presume the functional dependence of the scalar dissipation rate on the mixture fraction as 具  兩 Z 典 (x,t)⫽ 具  st典
⫻(x,t) f (Z), where different analytic expressions for the
function f (Z) have been suggested.19,25,34 Then, it is sufficient to determine the value conditioned on stoichiometric
mixture. This can be achieved by using this expression in the
equation for the filtered scalar dissipation rate ˜ , which can
be written as
˜ 共 x,t 兲 ⫽

冕

1

Z⫽0

具  兩 Z 典 共 x,t 兲 P̃ 共 Z,x,t 兲 dZ.

共21兲

However, since in the present study a piloted flame is
considered, the function f (Z) cannot be represented by the
commonly applied expressions, which will be demonstrated
below.
In the present model, the conditional average of the scalar dissipation rate as a function of the axial distance from
the nozzle 具  兩 Z 典 (x,t) is computed by the inversion of the
integral in Eq. 共21兲, similar to the approach used by Bushe
and Steiner6 for the estimation of chemical source terms. The
details of this model are described in Ref. 35, where also
predictions for 具  兩 Z 典 (x,t) close to the nozzle are presented
and discussed. There, it is shown that the influence of the
pilot flame on flame stabilization can be explained only by
its influence on the conditional scalar dissipation rate.
It should be noted that this model also ensures that the
actual flamelet does not necessarily extend over the whole
mixture fraction space. This can be observed from the conditional mean scalar dissipation rate distributions at x/D
⫽15, 30, and 45, which are given in Fig. 3. At x/D⫽15
the scalar dissipation rate still extends over the complete
mixture fraction space. This has already changed at x/D
⫽30, where the maximum mixture fraction value with nonzero scalar dissipation rate has become smaller than unity.
This continues in the downstream direction, such that at
x/D⫽45 the scalar dissipation rate is zero for Z⬎0.65. In
the calculations of the flamelets this region is still included.
However, it can easily be seen from Eqs. 共12兲 and 共13兲 that
for zero scalar dissipation rate, diffusive transport in mixture
fraction space vanishes, resulting in localized homogeneous
reactors at each value of Z, which are independent from each
other.

FIG. 3. Conditional mean scalar dissipation rate at different downstream
locations.

In order to solve the unsteady flamelet equations, the
scalar dissipation rate  (Z,  ,t) appearing in Eqs. 共12兲 and
共13兲, which can be written as  (Z,x,t), has to be expressed
in terms of the conditional mean scalar dissipation rate
具  兩 Z 典 (x,t) determined from Eq. 共21兲. The closure assumption here is that  (Z,x,t) is given by the conditional mean
scalar dissipation rate,

 共 Z,x,t 兲 ⫽ 具  兩 Z 典 共 x,t 兲 ,

共22兲

which in turn implies that also the results obtained by solving the flamelet equations are conditional mean values.
In this model the solution of the flamelet equations
Y i (Z,x,t) is still a function of the time t, because the Lagrangian type flamelet time  (x,t) given by Eq. 共17兲 and also
the model for the scalar dissipation rate given by Eq. 共22兲
have an implicit time dependence. However, as demonstrated
in Fig. 2, the comparison of an arbitrary instantaneous representation of  with its time averaged mean indicates that
the time dependence of  is very weak and will therefore be
neglected. In order to simplify the model, the time dependence of the scalar dissipation rate is also neglected, which
means that in the calculations presented below time averaged
values are used for the scalar dissipation rate.
Note that this assumption still allows for turbulent fluctuations of the resolved mass fractions and temperature, because it only neglects the influence of fluctuations of the
scalar dissipation rate on the chemistry. This assumption can
be justified for nonpremixed combustion far from extinction
as discussed by Kuznetsov and Sabel’nikov.36 The reason for
this is that for lower values of the scalar dissipation rate its
influence on the mass fractions of the chemical species and
the temperature is weak, as for instance shown in Ref. 27.
The validity of this assumption is demonstrated in Ref. 35 by
a comparison with calculations using the time dependent instantaneous conditional scalar dissipation rate.
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the scalar Z to avoid spurious oscillations in the vicinity
of strong gradients which occur particularly in the shear
layer of the jet close to the nozzle exit, where large
amounts of unmixed fuel meet the oxidizer from the coflow.
共2兲 The predicted density ¯ * is obtained by
共¯Z̃兲*
Z̃*⫽ n ,
共25兲
¯
1
⫽
¯*

FIG. 4. Schematic representation of the coordinate system used in the simulation.

III. NUMERICAL PROCEDURE
A. Algorithm

The numerical computation of the flow was carried out
with a second-order finite volume code, which has originally
been developed for the DNS of nonreacting, low Mach number turbulent jets by Boersma et al.37 The computational
mesh is in spherical coordinates as shown in Fig. 4. It has
192 cells in the radial direction s, 110 points in the tangential
direction ⌰, and 48 points in the azimuthal direction  .
The LES transport equations for momentum and the scalar Z as given by Eqs. 共3兲 and 共4兲 are advanced in time using
a predictor–corrector-projection scheme following Najm
et al.38 The advancement of the numerical solution from
time-level t n to t n⫹1 ⫽t n ⫹⌬t n involves the following steps.
共1兲 The Adams–Bashford predictor-step:
d
ũi兲*⫽共¯ũi兲n⫺
共¯
⫺

⌬t n
⌬t n⫺1

共¯Z̃兲*⫽共¯Z̃兲n⫺

⫺

冋冉

冊

⌬t n
⌬tn
2⫹ n⫺1 共adv.⫹diff.兲 un
i
2
⌬t

册

,
共 adv.⫹diff.兲 un⫺1
i

冋冉

冊

共23兲

⌬t n
⌬tn
2⫹ n⫺1 共adv.⫹diff.兲 Zn
2
⌬t

⌬t n
⌬t n⫺1

册

共 adv.⫹diff.兲 Zn⫺1 ,

共24兲

yields the predictions denoted with the asterisk resulting
from the advective and diffusive fluxes, here abbreviated
as 共adv.⫹diff.兲, which are given at the time-levels t n and
t n⫺1 . Even though for the sake of a simple notation it is
not indicated in Eqs. 共23兲 and 共24兲 all diffusive terms,
which involve derivatives with respect to  , are treated
implicitly. A TVD scheme is applied for the advection of

冕
1

0

1
P̃*共Z,x,t 兲 dZ,
共Z,s兲

共26兲

integrating the pdf of the mixture fraction given as
g
P̃ * (Z,x,t)⫽ P(Z,Z̃ * ,Z
⬙ 2 * ). The density  (Z,s) is
given by the solution of the flamelet equations as described in the previous section. The sub-grid scale varig
ance of the mixture fraction Z
⬙ 2 * is evaluated using Z̃ *
in Eq. 共19兲.
共3兲 Pressure correction: The corrected velocity field at the
predictor level is computed as
p*
d
ũi兲*⫺⌬tn
,
共27兲
共¯ũi兲*⫽共¯
xi
where the pressure gradient is obtained from the solution
of the Poisson equation,

冋

册

¯*
共¯dũi兲* 
1 2p*
⫹
⫽ n
,
xi
t
⌬t xixi

共28兲

with the time derivative of the density being approximated by

¯*

⬇
t

冋冉

1⫹

⌬tn
⌬tn⫺1

冊 册 冉 冊
冉 冊
2

⫺1 ¯*⫺ 1⫹

⌬t ⌬t
n

n⫺1

1⫹

⌬tn

⌬tn⫺1

⌬tn

2

¯n⫹¯n⫺1
. 共29兲

⌬tn⫺1

共4兲 The Adams–Molton corrector-step:
⌬tn
d
ũi兲n⫹1⫽共¯ũi兲n⫺
共¯
关共adv.⫹diff.兲 un i ⫹ 共 adv.⫹diff.兲 u*i 兴 ,
2
共30兲
n
⌬t
共¯Z̃兲n⫹1⫽共¯Z̃兲n⫺
关共adv.⫹diff.兲 Zn ⫹ 共 adv.⫹diff.兲 Z* 兴 ,
2
共31兲
involves the advective and diffusive fluxes,
(adv.⫹diff.) * , obtained with the predictor-step solution
¯ * , ũ *
i , Z̃ * .
n⫹1
¯
共5兲 
is computed by
共¯Z̃兲n⫹1
,
共32兲
Z̃n⫹1⫽
¯*
1

冕

1
P̃共Z,x,t 兲 n⫹1 dZ.
Z,r
¯
兲
共
0
共6兲 Pressure correction:
pn⫹1
d
ũi兲n⫹1⫺⌬t n
,
共¯ũi兲n⫹1⫽共¯
xi
⫽
n⫹1

1

共33兲

共34兲
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with the pressure gradient obtained from the Poisson
equation:
共¯dũi兲n⫹1 共¯兲n⫹1
1 2pn⫹1
⫹
⫽ n
.
共35兲
xi
t
⌬t xixi

冋

册

B. Boundary conditions

At the inflow boundary all the required mean quantities
are specified according to the experimental data given in Ref.
22 for the fuel jet, pilot, and co-flowing air stream. Velocity
fluctuations are added to the measured mean profiles u in,m to
mimic turbulent inflow conditions. The perturbed axial inflow velocity ũ in is obtained by superimposing rotating helical and oscillating axisymmetric perturbations39 on the mean
profile as
6

ũ in共 ⌰,t 兲 ⫽u in,m ⫹

兺 关 A i sin共 ␣ i ⫹i  ⫹⌿ i t 兲兴

i⫽1

8

⫹

兺 关 A i sin共 ⌿ i t 兲兴 .

i⫽7

共36兲

The numerical values for ␣ i , which determine the phase
shift of each helical mode in the azimuthal direction relative
to i  , as well as the frequencies ⌿ i are randomly chosen.
The coefficients A i are specified to match the time averaged
⬘ observed in the experiments. With
inflow velocity RMS u in,m
the present velocity perturbation this is achieved by setting
⬘ for all modes i⫽1, . . . ,8. Calculations have
A i ⫽0.5•u in,m
also been performed without the random velocity fluctuations resulting in only very slight changes in the flow field
predictions.
Following Akselvoll and Moin40 a convective boundary
condition is used for the outflow boundary at s⫽s max as

2547

C. Flamelet calculations

The unsteady flamelet calculations have been performed
using the FLAMEMASTER code.42 The chemical mechanism
used for the results presented in the following is the GRI
2.11 mechanism,43 which includes reactions among 48
chemical species. In order to reduce the computational time a
reduced version of the mechanism has been developed,
which consists of 29 global reactions. The reduced chemical
scheme has been kept rather large in order to avoid numerical difficulties in the formulation of the steady state concentrations and to yield exactly the same results as the original
mechanism. As an example, the maximum difference in the
NO mass fraction calculated using the detailed and the reduced mechanism is approximately 0.4%.
It will be discussed below that the main differences in
the comparison of predictions and experiments is in the onset
of chemical reactions in the very rich premixed part of the
configuration, which in the current predictions occurs too
early. In order to investigate the influence of the chemical
scheme on the computational results, unsteady flamelet calculations have been performed with different chemical
mechanisms, including GRI 3.044 and recent mechanisms
from other authors.45–48 The predictions using the mechanism by Warnatz show large differences and a strong overprediction of the temperature in the rich part of the flame,
because the mechanism predicts the onset of chemical reactions in that region even earlier. The results obtained by the
remaining mechanisms show some differences in the mass
fractions of individual species. But only for the NO mass
fractions a stronger sensitivity to the individual chemical
scheme is observed. The GRI 3.0 mechanism, for instance,
leads to substantially higher NO mass fraction than GRI
2.11. However, the qualitative performance of all these
chemical schemes is very similar.
IV. RESULTS AND DISCUSSION

 ũ i
 ũ i
⫹U con
⫽0.
t
s

共37兲

Therein, the convection velocity U con is the mean outflow velocity averaged over the azimuthal direction  . The
convective boundary condition convects vortical structures,
which eventually approach the outflow boundary, out of the
computational domain, thereby stabilizing the simulation.
Although this approach introduces an error in elliptic problems, it can still be applied to flows of convective nature like
free jets without disturbing the upstream solution.37 However, the region very close to the outflow boundary has to be
disregarded in the analysis of the numerical results.
A traction-free condition is used for the lateral boundary
at ⌰⫽⌰ max . 41 This condition is given by

•n⫽0,

共38兲

where n is the unit vector normal to the boundary. Unlike the
no-slip or free-slip conditions it allows for a flux of ambient
fluid across the lateral boundary. Thus, it is well-suited to
capture the entrainment in a spreading jet.

The configuration used for the validation of the proposed
models is a piloted methane/air jet diffusion flame 共Sandia
Flame D兲. The fuel is a 25/75% methane/air mixture. The
fuel has been premixed with air in order to minimize the
formation of polycyclic aromatic hydrocarbons and soot. The
fuel nozzle has a diameter of D⫽7.2 mm and is enclosed by
a broad pilot nozzle with a diameter of D p⫽2.62D and an
air-co-flow. In the experiments the pilot composition and
temperature have been adjusted such that the pilot stream has
the same equilibrium composition as a mixture of the main
fuel and oxidizer with a mixture fraction of Z⫽0.27, which
is slightly lean compared with a stoichiometric mixture fraction of Z⫽0.35. In the LES the pilot can thereby be represented by specifying the appropriate inlet mixture fraction.
The fuel bulk velocity is 49.6 m/s, which leads to a fuel
stream based Reynolds number of Re⫽22400.
The flame has been experimentally investigated by Hassel et al.,23 who provided data for the velocity field obtained
by LDV measurements and by Barlow and Frank,21,22 who
performed Rayleigh measurements for the temperature, and
Raman and LIF measurements to obtain mass fractions of
chemical species and the mixture fraction.
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FIG. 5. 共Color兲 Instantaneous temperature and strain rate distribution. The black line represents the contour of the stoichiometric mixture fraction.

In the remaining part of the paper, time averaged results
from the simulation are discussed and compared with the
experimental data. The averages have been obtained from the
computational results by sampling over two flow-through
times, where the flow-through time is defined as the time a
particle traveling along the centerline would reside within
the flow field. After a general discussion of the flame, the
predictions of the flow field calculation, including velocity
and mixture fraction field will be discussed. These results
essentially serve as input quantities for the combustion
model. Then, the predicted temperature and species mass

fractions will be shown and compared with unconditionally
and conditionally averaged experimental data.
A. General observations

Figure 5共a兲 shows an instantaneous temperature field of
the computed jet and Fig. 5共b兲 gives an enlarged view of the
near field region at the same instance. Also shown in these
figures is the surface of the stoichiometric mixture, which
indicates the location of the reaction zone. Figure 5共b兲
clearly shows the broad pilot flame. It is also interesting to

FIG. 6. 共Color兲 Instantaneous temperature and strain rate distribution at a time 3.2 ms later than Fig. 5. The black line represents the contour of a
stoichiometric mixture fraction.
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note in this figure that close to the nozzle the region around
the reaction zone hardly shows turbulent motion and might
be regarded as being laminar. This has been found in many
experiments and might be of great importance, since for
fuels with Lewis numbers different from unity it can be the
source of strong differential diffusion effects, which can survive even far downstream of the transition to turbulence as
has been discussed in Ref. 20. In order to give an impression
of the dynamics of the flame, Figs. 6共a兲 and 6共b兲 show the
instantaneous temperature distribution at a time approximately 3.2 ms later than in Fig. 5. The comparison with Fig.
5 reveals that the jet core shows a completely different structure, indicating that turbulent structures have been transported far downstream, while in the outer part hardly any
motion can be observed. It can also be seen that the location
of the flame tip, indicated by the stoichiometric contour can
strongly vary with time. For the current calculation the flame
tip location moves between approximately x/D⫽48 to x/D
⫽62. In order to provide a better picture of the dynamics of
the flame, animations of the computational results corresponding to Figs. 5共a兲 and 5共b兲 are provided on the world
wide web.49
The temperature distribution given in Figs. 5 and 6 also
allows some qualitative comparison with fundamental observations from experiments in jet diffusion flames. It can be
observed, for instance in Fig. 6共b兲, that regions of very broad
high temperature zones around the stoichiometric contour are
alternating with regions of very narrow high temperature distribution. In can also be seen that the broad temperature regions always coincide with reaction zones, which are directed outwards, whereas the narrow temperature regions can
be associated with reaction zone structures, which are inwardly directed. The analysis shows that these changes are
essentially caused by fluctuations in the mixture fraction gradients which also cause fluctuations of the scalar dissipation
rate. Since the scalar dissipation rate is also related to the rate
of strain, it can be concluded from the calculations that regions of high strain rate are aligned with regions of a narrow
temperature maximum. This is in accordance with the experimental findings of Rehm and Clemens.50 The strain rate
field in the region very close to the nozzle is shown in Figs.
5共c兲 and 6共c兲. The alignment of the reaction zone and the
strain rate field starts to become obvious in the downstream
regions of these figures. However, it is interesting to note
that closer to the nozzle the reaction zone embraces the region of high rate of strain rather than to follow the high
strain layers. This lack of alignment is, as pointed out by
Rehm and Clemens,50 because of the laminar nature of the
region around the reaction zone, where the high viscosity
does not allow the fluid to freely adjust to the applied strain.
Similar structures have been found by Donbar et al.31 in the
analysis of two-dimensional CH measurements and PIV
measurements in jet diffusion flames. It is generally observed
in experiments that these structures occur in an angle with
the jet axis of approximately 45°. A similar discussion on the
scalar dissipation rate is provided in Ref. 35.
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FIG. 7. Mean and RMS of axial velocity along the centerline 共lines: calculation; symbols: experiments兲.

B. Prediction of the flow field

The mean axial velocity and its normalized root mean
square 共RMS兲 along the centerline are given in Fig. 7. Both
quantities are in reasonable agreement with the experimental
data, although the mean values seem to be overpredicted in
the far field region of the jet.
Figure 8 shows that the mean mixture fraction is well
predicted by the current simulation along the centerline until
x/D⫽60. Thereafter, the experimental data is slightly overpredicted. The mixture fraction RMS, including resolved and
sub-grid contributions, is also given in Fig. 8. The experiment is slightly underpredicted in the far field of the jet. The
underprediction for x/D⬍10 might be attributed to experimental uncertainties, since the RMS has to go to zero close
to the nozzle. This conclusion is supported by the comparison of the temperature variance, which will be given in the
following. In addition, Fig. 8 shows the sub-grid scale RMS
of the mixture fraction, which is shown to be much smaller
than the RMS based on the resolved and the sub-grid fluctuations, indicating that the major part of the turbulent mixture fraction fluctuations is resolved by the LES.
Radial mixture fraction profiles are given in Fig. 9 at
x/D⫽ 15, 30, and 45. The comparison with the experimental
data shows that the general agreement for both the mean and

FIG. 8. Mean and RMS of mixture fraction along the centerline 共lines:
calculation; symbols: experiments兲.
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FIG. 9. Radial distribution of mean and the RMS of the mixture fraction and temperature at different downstream positions 共lines: calculation; symbols:
experiments兲.

the RMS of the mixture fraction, is reasonable at all these
positions, although the maximum values of the mixture fraction RMS seem to be consistently underpredicted.
C. Predictions by the chemistry model

The calculated mean temperature and the temperature
RMS along the centerline are shown in Fig. 10. Radial profiles of these quantities are provided in Fig. 9. Both the mean
and the RMS agree well with the experimental data. Even the
decrease in the temperature RMS around the maximum mean
temperature, which can be observed very clearly in the axial
profile in Fig. 10, is well represented by the simulation. It is
interesting to note that this is not caused by heat release, but
is simply because of the vanishing temperature gradient with
respect to the mixture fraction. The mean temperature is
slightly overpredicted up to x/D⫽40, which will be discussed below.

FIG. 10. Mean and RMS of temperature along the centerline 共lines: calculation; symbols: experiments兲.

The following figures show centerline profiles for species mass fractions of CH4 and O2 共Fig. 11兲, H2 O and H2
共Fig. 12兲, CO2 and CO 共Fig. 13兲, and NO and OH 共Fig. 14兲.
In general all profiles agree well with the experimental data.
Small discrepancies at x/D⬎60 can mainly be attributed to
the overprediction of the mixture fraction. In the rich part of
the flame at x/D⬍40, H2 O and CO2 are also slightly overpredicted, while CH4 and O2 are underpredicted. Also very
obvious is the overprediction of the intermediates H2 and CO
on the rich side. The reason for this is the partial premixing
of the fuel with air. As will be shown below, this causes
substantial chemical reactions to occur in the rich premixed
part of the jet farther downstream. The onset of this partially
premixed burning occurs in the current simulation earlier
than can be estimated from the experiments. The OH radical

FIG. 11. Mean CH4 and O2 mass fractions along the centerline 共lines: calculation; symbols: experiments兲.
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FIG. 12. Mean H2 O and H2 mass fractions along the centerline 共lines:
calculation; symbols: experiments兲.

mass fraction shown in Fig. 14 is predicted very accurately.
Also the agreement of predicted and measured NO mass
fractions can be considered to be very good. The analysis of
the formation of nitric oxide shows that only approximately
one third of the total NO is formed by the thermal path and
that the N2 O path contributes to approximately 10%. The
formation of NO is thereby dominated by the prompt path.
The comparison of the radial profiles of the chemical
species with the experimental data shows reasonable agreement and does not differ substantially from the centerline
profiles. The presentation is therefore being omitted.
Although the results discussed so far are quite encouraging, the conclusions about the chemical structure of the turbulent flame, which can be drawn from these, are quite limited, because only time averaged quantities have been
discussed. It is therefore important to compare the time averages of the temperature and mass fractions of the chemical
species conditioned on the mixture fraction, because conditioned data provide substantially more insight in turbulence/
chemistry interactions.
The conditional averages at the axial locations x/D
⫽15, 30, and 45 for the temperature and the mass fractions

FIG. 13. Mean CO2 and CO mass fractions along the centerline 共lines:
calculation; symbols: experiments兲.
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FIG. 14. Mean NO and OH mass fractions along the centerline 共lines: calculation; symbols: experiments兲.

of the chemical species CH4 , O2 , H2 O, H2 , CO2 , CO, NO,
and OH are shown in Fig. 15. At x/D⫽15 the temperature as
well as all the species mass fraction profiles agree quite well
with the experimental data on the lean side, but tend to overpredict fuel to product conversion on the rich side. In addition to the reasons given above, this can be attributed to the
fact that the current model does not allow for local flame
extinction. By comparing the simulation with the single point
experimental data, it becomes evident that, at least up to a
mixture fraction of Z⫽0.5, the temperature, as an example,
agrees very well with the burning branch of the data. The
lower values of the conditional mean temperature in the experimental data in Fig. 15 are caused by comparably few
extinguished data points. This is shown in Fig. 15 for the
temperature at x/D⫽15, which includes the single point data
from the experiments used to determine the conditional averages. However, this seems to demonstrate the need for an
extension of the model.
As discussed earlier, the consumption of fuel and molecular oxygen in the fuel consumption layer is slightly overpredicted, which also leads to an overprediction of the water
and carbon dioxide values.
Farther downstream at x/D⫽30 the profiles still agree
reasonably well with the experimental data. For mixture fraction values of Z⬎0.4 the consumption of CH4 and O2 on the
rich premixed side is already visible in both the computational results and the experiments. Also, in the predicted and
the measured H2 O profile a formation region is observed at
approximately Z⫽0.6. However, the partially premixed
burning is stronger in the predicted results, which is very
obvious in the temperature, and leads to overpredicted intermediate mass fractions. NO is well predicted on the stoichiometric to lean side. However, the predicted profile reveals a
NO consumption region at the location of the rich premixed
flame, which cannot be observed in the experimental data.
At x/D⫽45 the effect of the partially premixed reaction
zone becomes very strong and chemical reactions start at
even richer mixtures. This is observed in the temperature
profile, which indicates heat release at approximately Z
⫽0.65. The partially premixed burning leads to a plateau
region in the H2 O profile of the numerical simulation, which
is also very obvious in the experiment. Also the CO2 profile,
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FIG. 15. Conditional averages at different downstream positions 共lines: calculation; symbols: experiments兲.

which is much less influenced by the chemical reactions on
the rich side, is in good agreement with the experimental
data. The discrepancies discussed for CO and NO on the rich
side seem to remain at this location, but are limited to the
very rich region. On the lean side the agreement can still be
considered to be quite good.

V. CONCLUSIONS

The Lagrangian Flamelet Model, which has been successfully used in RANS calculations of turbulent diffusion
flames has been formulated as a combustion model for largeeddy simulations of turbulent jet diffusion flames. The model
has been applied in a large-eddy simulation of a turbulent
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methane/air flame 共Sandia flame D兲, which has a partially
premixed fuel stream. In the LES, sub-grid scale quantities
have generally been determined using the Dynamic Procedure. The eddy-diffusivity has been computed from the assumption of a constant sub-grid turbulent Schmidt number.
From calculations employing the Dynamic Procedure to
compute the eddy diffusivity it has been found that a constant value of Sct⫽0.4 is a very good approximation.
The results are compared with experimental data for the
velocity and the mixture fraction field, and for unconditional
and conditional averages of temperature and various chemical species, including CO and NO. The agreement is very
reasonable for all quantities. The remaining differences have
been discussed. In the analysis of the computational results it
has been found in accordance with experimental data that
regions of high strain appear in layers, which are generally
directed inwards. In regions with developed turbulence these
layers tend to align with the reaction zone. It has also been
found in the analysis of the conditional mean temperature
and mass fraction profiles that downstream of x/D⫽30
chemical reactions lead to substantial fuel consumption in
the rich partially part of the flame. In the present calculations
the onset of the partially premixed burning occurs to early
leading to a slight overprediction in the consumption of the
reactants and the formation of water and the intermediates
molecular hydrogen and carbon monoxide.
ACKNOWLEDGMENTS

This work was funded in part by the U.S. Department of
Energy in the frame of the ASCI program. This support is
gratefully acknowledged. The authors are indebted to Robert
Barlow for his help in providing the experimental data. We
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SCALAR MIXING AND DISSIPATION RATE IN LARGE-EDDY SIMULATIONS
OF NON-PREMIXED TURBULENT COMBUSTION
HEINZ PITSCH and HELFRIED STEINER
Center for Turbulence Research
Flow Physics and Computation Division
Stanford University
Stanford, CA 94305-3030, USA

Predictions of scalar mixing and the scalar dissipation rate from large-eddy simulations of a piloted nonpremixed methane/air diffusion flame (Sandia flame D) using the Lagrangian-type flamelet model are
presented. The results obtained for the unconditionally filtered scalar dissipation rate are qualitatively
compared with general observations of scalar mixing from experiments in non-reactive and reactive jets.
In agreement with experimental data, provided the reaction zone has an inward direction, regions of high
scalar dissipation rate are organized in layerlike structures, inwardly inclined to the mean flow and aligned
with the instantaneous reaction zone. The analysis of single-point time records of the mixture fraction
reveals ramplike structures, which have also been observed experimentally and are believed to indicate
large-scale turbulent structures. The probability density function (pdf) of the instantaneous resolved scalar
dissipation rate at stoichiometric mixture evaluated at cross sections normal to the the nozzle axis is shown
to be described accurately by a lognormal pdf with r ⳱ 1. A new model for the conditionally averaged
scalar dissipation rate has been proposed and is shown to account for local deviations from the simple
mixing layer structure. The stabilizing effect of the pilot flame in the present configuration is also discussed.
Finally, the influence of the resolved fluctuations of the scalar dissipation rate on the flame structure is
investigated, revealing only a weak influence on temperature and nitric oxide predictions. However, the
model requires further refinement for situations in which local extinction events become important.

fast chemistry, it has been shown by Bilger [3] that
the turbulent reaction rate is linearly proportional to
the scalar dissipation rate at stoichiometric conditions, vst. For finite-rate chemistry, the scalar dissipation rate appears as a parameter in most of the
commonly applied combustion models such as the
flamelet model [4,5], the transported probability
density function model [6,7], and the conditional
moment closure model [8].
The influence of the scalar dissipation rate, v, on
the structure of diffusion flames has been discussed
by Peters [4]. In general, the scalar dissipation rate
at the stoichiometric mixture fraction describes the
departure from chemical equilibrium. If the stoichiometric scalar dissipation rate in a steady laminar
diffusion flame exceeds a critical value, vq, the flame
will be quenched. However, it has been found in
experiments [9,10] and numerical simulations [11–
13] that the flame structure cannot instantaneously
follow changes in vst and that in the case of a fluctuating scalar dissipation rate, instantaneous values
of vst can by far exceed vq without quenching the
flame. On the other hand, it is possible for the mean
scalar dissipation rate to be smaller than vq and yet
the flame may be quenched by fluctuations above
this limit. In situations where local quenching occurs, it might therefore be of great importance to

Introduction
The mixing of scalars in turbulent flows is a very
interesting problem which provides a fundamental
understanding of the basic processes involved in
non-premixed combustion problems and has been
investigated by many in this field. A comprehensive
review of experimental findings has recently been
provided by Pitts et al. [1].
In non-premixed combustion, chemical reactions
occur only if fuel and oxidizer are mixed at the
molecular level. Although turbulent mixing is responsible for stirring the reactants at large scales, it
contributes to the molecular scalar mixing only indirectly, increasing the scalar variances and thereby
the scalar gradients. Molecular mixing essentially occurs at the smallest turbulent scales by removal of
the scalar variance. The rate of molecular scalar mixing is represented by the scalar dissipation rate,
which can be identified as the most important parameter in the description of non-premixed combustion.
Because combustion can occur only if the reactants are mixed on the molecular level, the scalar
dissipation rate provides a measure of the maximum
possible chemical reaction rate. This is the basic idea
of the eddy break-up model [2]. Assuming infinitely
41
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accurately model the fluctuations of the scalar dissipation rate.
For the modeling of the scalar dissipation rate,
large-eddy simulations have the advantage of resolving the major part of the turbulent motion. Only the
fluctuations which occur on smaller length scales
than the filter width, typically given by the spacing
of the numerical discretization, have to be modeled.
The modeling effort of the basic quantities such as
subgrid scale stresses and variances is supported by
the concept of a turbulent energy cascade in two
different ways. First, most of the turbulent energy is
in the resolved scales. Second, the energy cascade
concept suggests that subgrid quantities can be universally related to the resolved field. In contrast,
since the dissipation of scalar variance occurs essentially at the smallest scales, the major part of the
scalar dissipation rate has to be modeled. Following
the energy cascade concept, the scalar dissipation
rate is, similar to the turbulent kinetic energy dissipation rate, a universal quantity describing the scalar
variance transport in wavenumber space, and knowledge of the resolved-scale field should hence be beneficial in the determination of the scalar dissipation
rate as a fluctuating quantity.
In this paper, we describe and evaluate the modeling of the scalar dissipation rate and its fluctuations
in large-eddy simulations (LES) for non-premixed
combustion using the Lagrangian-type flamelet
model [14,15]. The predictions of the unconditional
mean scalar dissipation rate from an LES of a piloted
turbulent diffusion flame (Sandia flame D [16,17])
is discussed and compared to general and mainly
qualitative observations from several experiments.
The influence of resolved fluctuations of the modeled conditional scalar dissipation rate on the chemical flame structure is investigated by comparing the
results of calculations, which include the fluctuations
of the scalar dissipation rate, with results for the
same configuration obtained by using time-averaged
values for the scalar dissipation [18].
We first give a brief review of the Lagrangian-type
flamelet model as a combustion model for LES and
present a new model for the evaluation of the conditional mean scalar dissipation rate. We then discuss
the results for the unconditional resolved scalar dissipation rate, and finally the influence of the resolved
fluctuations of the conditional mean scalar dissipation rate.

Model Formulation
Large-Eddy Simulation
The system of equations to be solved is given by
the spatially filtered continuity, momentum, and
mixture fraction equations provided, for instance, by

Moin et al. [19]. The subgrid stresses and the velocity-mixture fraction covariance appearing in the momentum equations and in the mixture fraction equation are expressed by eddy-viscosity-type models,
where the eddy viscosity is given by the Smagorinsky
model, the eddy diffusivity, Dt, by the assumption of
a constant turbulent Schmidt number, Sct ⳱ 0.4
[18]. Following Pierce and Moin [19], the mixture
fraction variance is given by

˜

˜ 2
Z⬙ 2 ⳱ CZD2 (ⵜZ)

(1)

The Smagorinsky coefficient and the coefficient CZ
are computed from the solution of the resolved
scales by applying the dynamic procedure [20]. No
model constants have to be specified in the computation of the flow field. The simulation was performed in a spherical coordinate system with 192
cells in the downstream direction, 110 cells in the
cross-flow direction, and 48 cells in the azimuthal
direction. The inflow conditions were prescribed according to the experimental conditions. Detailed information on the numerical procedure has been
given in Ref. [18].
Lagrangian-Type Flamelet Model
In the present simulations, the Lagrangian-type
flamelet model was employed to describe turbulence/chemistry interactions. The model was developed in the framework of Reynolds averaged simulations [14,15] and was recently applied in LES [18].
The model follows the conserved scalar approach,
implying that the temperature and the species mass
fraction can be related to the mixture fraction. Thus,
density-weighted filtered quantities are given by

˜ ⳱

1

冮

0

˜
(Z)P(Z)dZ

(2)

where  stands for the temperature, T, and the species mass fractions, Yi. P̃(Z) is the subgrid scale Favre
probability density function (pdf) of the mixture
fraction, Z, which is presumed to be a b-function,
whose shape is determined by the resolved mixture
fraction and its subgrid scale variance. The function
Yi is given by the solution of the unsteady flamelet
equations. For the species mass fractions, for example, these are given as
Yi
v 2Yi
ⳮ q
ⳮ ṁi ⳱ 0
s
2 Z2

(3)

Here, s is the Lagrangian flamelet time, q is the density, ṁi is the chemical production rate per unit volume, and following Ref. [14], v is given by the conditional scalar dissipation rate 具v|Z典 (s). Lewis
numbers of the chemical species have been assumed
to be unity. Lagrangian flamelet particles are assumed to be introduced at the nozzle exit and travel
downstream essentially with the axial velocity at stoichiometric mixture fraction. Then, s can be related
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to the physical space coordinate in the axial direction
x as
x

1
dx⬘
(4)
˜
具ũZ̃|Zst典 (x⬘, t)
where 具ũZ̃|Z̃st典 denotes the velocity of the stoichiometric mixture fraction surface in the axial direction.
The resolved mass fractions can then be determined
as a function of time and space with equations 2, 3,
and 4, provided the conditional scalar dissipation
rate is given as a function of the flamelet time, s, and
the mixture fraction, Z.
s⳱

冮

0

Scalar Dissipation Rate
The unconditionally filtered scalar dissipation rate
is expressed in terms of the eddy diffusivity and the
gradient of the resolved mixture fraction using the
first-order model given by Girimaji and Zhou [21] as
˜ 2
ṽ ⳱ 2(DZ Ⳮ Dt) (ⵜZ)
(5)
where DZ is the molecular diffusivity of the mixture
fraction.
As pointed out earlier, the temporal development
of the scalar dissipation rate appearing in equation
3 is unknown and has to be related to the unconditional mean given by equation 5. A common approach to achieve this is to presume the functional
dependence of the scalar dissipation rate on the mixture fraction as 具v|Z典 ⳱ 具vst典 f(Z), using analytic expressions for the function f(Z) as suggested in the
literature [4,14,22]. Then, it is sufficient to determine the value conditioned on stoichiometric mixture. 具vst典 can then be determined by introducing the
expression for 具v|Z典 in the equation for the filtered
scalar dissipation rate, ṽ, which can be written as
ṽ(x, t) ⳱

1

冮

Z⳱0

˜
具v|Z典 (x, t)P(Z,
x, t)dZ

(6)

It is demonstrated below that the function f(Z)
cannot be represented by the commonly applied expressions for unsteady mixing layers or counterflow
diffusion flames, since in the present study a piloted
flame is considered.
Here, a new model for the computation of the
conditional average of the scalar dissipation rate,
which has to be specified as a function of the axial
distance from the nozzle as 具v|Z典 (x, t), is proposed.
This model is similar to the approach used by Bushe
and Steiner [23] for the estimation of chemical
source terms. The term 具v|Z典 (x, t) is computed by
the inversion of the integral in equation 6. Writing
equation 6 for each computational cell in a chosen
plane normal to the nozzle axis gives
ṽi(x, t) ⳱

1

冮

Z⳱0

具v|Z典 (x, t)P˜ i(Z, x, t)dZ,

i ⳱ 1, . . . , Nc(x)
(7)
Here, Nc(x) is the number of cells in the plane considered. If the continuous function 具v|Z典 (Z, x, t) in
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equation 7 is approximated by a discrete representation in terms of the mixture fraction as 具v|Zj典 (x, t),
j ⳱ 1, . . . , NZ, where NZ denotes the number of
values used to represent the mixture fraction space,
the integral in equation 7 can be approximated by a
sum using, for example, the trapezoidal integration
rule as
NZ

ṽi(x, t) ⬇

兺

j⳱1

Aij 具v|Z典 (Zj, x, t),

j ⳱ 1, . . . , NZ

(8)

where the coefficient matrix Aij contains the discretized pdf P̃i(Zj, x, t) and the coefficients of the numerical integration scheme.
Equation 8 represents a system of Nc(x) equations
for NZ unknowns. For Nc(x) ⬎ NZ, this can be solved
by minimizing the resulting error of the overdetermined system via a least squares approach.
An alternative method to compute the conditional
scalar dissipation rate has been proposed by Janicka
and Peters [24]. In the transport equation of the mixture fraction pdf [7], the conditional scalar dissipation rate appears in the term representing molecular
mixing. If the mixture fraction pdf is prescribed, this
equation can be used to determine 具v|Z典. The underlying assumptions of this approach, which include the use of modeled values of the unconditional
mean and assumed b-function shape of the mixture
fraction pdf, are very similar to the model presented
here. In contrast to this, the pdf transport equation
method in principle provides averages over one
computational cell, while the method proposed in
this work is an average over a larger number of cells.
However, for small values of the mixture fraction
pdf, the determination of the conditional scalar dissipation rate from the pdf transport equation becomes singular, which makes its application difficult,
particularly in LES, where the subgrid pdf is nonzero only in a very narrow range around the mean.
Results and Discussion
In this section, the predicted results for scalar mixing and the scalar dissipation rate from an LES of a
piloted non-premixed methane/air diffusion flame
(Sandia flame D) with a Reynolds number of Re ⳱
22000 are presented and discussed. The instantaneous conditional scalar dissipation rates, which are
obtained in the LES from equation 8, have been
averaged in time and then used in the solution of
the flamelet equations. This assumption is discussed
below.
Experimental data for axial velocity and root mean
square (RMS) has been determined by Hassel [25],
while data for the mean and RMS of the temperature, and mean and conditional mean mass fractions
of the chemical species CH4, O2, H2, H2O, CO,
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Fig. 1. Resolved instantaneous scalar dissipation rate distribution. Results in (b) are at a time 20 ms later than those
in (a).

CO2, OH, and NO have been given by Barlow et al.
[16,17]. Comparison of the predicted results with
the experimental data has been presented and discussed further in Ref. [18]. In general, the agreement of predictions and experimental data is considered very good.
Unconditionally Filtered Scalar Dissipation Rate
Spatial ṽ-distribution
Figure 1 shows instantaneous distributions of the
unconditionally filtered scalar dissipation rate, ṽ, obtained from equation 5. Figure 1b shows a realization at a time approximately 20 ms later than that in
1a. The figures are presented at the same point in
time as the temperature distributions given in Ref.
[18]. The stoichiometric contour, which indicates the
approximate location of the reaction zone, is also indicated. Regions of high scalar dissipation rate appear in layerlike structures, which are directed inward. In general, these layers are well aligned with
the stoichiometric contour, when this is directed inward. Since both the stoichiometric contour and the

high scalar dissipation rate layers cannot be inclined
to the mean flow over a long distance, the stoichiometric contour diverges outward again to the next
surrounding dissipation layer. This usually occurs at
much higher angles relative to the axis of the jet.
Since the inwardly directed stoichiometric contours
appear at high scalar dissipation rate, the corresponding temperature distribution is very narrow, as
corroborated by Ref. [18]. In contrast, the outwardly
directed contours are associated with broad temperature regions.
Similar behavior has been observed by Feikema
et al. [26] in measurements of the scalar dissipation
rate in a non-reacting turbulent jet. They found that
the scalar dissipation rate appears in layers, which
are inclined at approximately 45⬚ to the flow. Rehm
and Clemens [27,28] found that the minimum compressive strain in turbulent jet flames appears in
similar layers, which are also inclined at 45⬚ to the
flow and aligned with the reaction zone. Rehm and
Clemens [28] have also shown from experiments in
non-reacting jets that the minimum compressive
strain layers are well aligned with the scalar dissipation rate layers. In experiments of reactive jets,

SCALAR MIXING IN TURBULENT COMBUSTION

they also observed the broadening of the reaction
zone in instances where this is directed away from
the jet axis. All these findings are consistent with the
current simulation. However, on average the inclination angle of the dissipation layers in Fig. 1 seems
to be smaller than 45⬚ to the direction of the flow.
Single-point time records of Z̃ and ṽ
Single-point time records of the mixture fraction
and the scalar dissipation rate at the centerline position at x/D ⳱ 30 are given in Fig. 2. As shown in
Fig. 2 and also by Pitts et al. [1] for non-reacting jet
experiments, the scalar dissipation rate fluctuates at
a much higher frequency than the mixture fraction.
Also, the mean duration of a peak at high scalar dissipation rate appears to be much longer than a peak
at low scalar dissipation rate. Donbar et al. [10]
found that for a turbulent jet flame with a Reynolds
number Re ⳱ 18,600, which is very similar to the
present case, that the strain rate fluctuates at approximately 10 kHz. The frequency of the scalar dissipation rate fluctuations at x/D ⳱ 30 shown in Fig.
2 can be estimated to be 2.5 kHz. This frequency
however, varies strongly with the nozzle distance.
It should be noted here that even the shortest fluctuations appearing in Fig. 2 are well resolved in time,
such that the time-step of the calculation does not
impose any filtering. The frequency that can be resolved by the computational mesh might be estimated by the average cell size in the axial direction
and the time averaged axial velocity as fRes ⬇ 10 kHz.
Since it has been found in the reacting jet experiments of Donbar et al. [10] and also in simulations
of counterflow diffusion flames by Saitoh and Otsuka
[9] that the flame chemistry does not respond to fluctuations in the strain rate higher than 10 kHz, it appears that the spatial filtering is not restrictive for
the use of the predicted scalar dissipation rate in
chemistry calculations.
Figure 2 also reveals one other very important
mixing aspect which is not directly related to the

Fig. 2. Time records of the resolved mixture fraction
and the scalar dissipation rate on the centerline at x/D ⳱
30.
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scalar dissipation, but should still be discussed here.
Pitts et al. [1] have investigated large-scale turbulent
structures in a non-reacting jet. As one of the most
important proofs of the formation of these structures, they discuss the observation of ramplike structures in one-point time records of scalars in turbulent jets. These ramplike structures can also be
observed in the resolved mixture fraction record
shown in Fig. 2. In general, the increase of the mixture fraction occurs much more rapidly than the following decrease. This seems to corroborate that the
current simulations are capable of describing largescale mixing phenomena, which are believed to be
very important for the overall structure and development of the scalar field.
The pdf of ṽ
The pdf of the scalar dissipation rate has been investigated in many studies [1,29,30]. It has been
found that the distribution of v is log-normal. In
terms of the density-weighted filtered quantities,
this can be expressed as
P̃(ṽ) ⳱

1
ṽ冪2p

冢

exp ⳮ

(lnṽ ⳮ l)2
2r2

冣

(9)

Here, l and r are parameters of the pdf, which essentially represent the mean and the fluctuation
about the mean, respectively. From non-reacting jet
experiments, Effelsberg and Peters [29] have found
the parameter r to have a value close to unity. The
evaluation of the pdf of ṽst using all computational
cells in the particular cross-section is presented in
Fig. 3 for x/D ⳱ 15 and x/D ⳱ 30. Also shown is
the pdf evaluated from equation 9 with r ⳱ 1 and
the appropriate values for l to match the mean scalar dissipation rate, viz. l ⳱ 4.7 and 3.2 for x/D ⳱
15 and 30, respectively. The comparison shows that

Fig. 3. The pdf of the stoichiometric resolved scalar dissipation rate at x/D ⳱ 15 and x/D ⳱ 30 (solid lines) compared to log-normal pdfs (dashed lines), with r ⳱ 1 from
equation 9.
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Fig. 4. Conditional scalar dissipation rate at different
downstream locations. Also shown is a commonly presumed form of the mixture fraction dependence of the scalar dissipation rate.

the distribution of ṽst at both positions is almost perfectly log-normal, and also that r ⳱ 1 seems to be
a very good approximation for the case investigated.
The same value of r is observed at x/D ⳱ 45.
Conditional Mean Scalar Dissipation Rate
Results for the conditional mean scalar dissipation
rate at different downstream locations determined
from equation 8 are shown in Fig. 4. The comparison
with a presumed shape of v(Z) from Ref. [14] indicates that this simple function is not applicable in
the present case. Within the pilot stream, which is
at Z ⳱ 0.27, the scalar gradient, and hence the scalar
dissipation rate, is zero. Even at far downstream locations, the shape of the scalar dissipation rate is still
influenced by the pilot flame.
The computed shape at x/D ⳱ 1 provides an interesting explanation of the stabilizing effect of a pilot flame. The pilot causes the scalar dissipation rate
to be zero at the pilot mixture fraction, which in turn
also causes the scalar dissipation rate at stoichiometric mixture fraction (Zst ⳱ 0.35) to be small.
However, by interdiffusion with the surrounding
mixing layer this value strongly increases with downstream direction. Also, the same diffusive effect
causes the scalar dissipation rate generally to decrease strongly with downstream direction [31].
Hence, in the present case, vst first increases until
approximately x/D ⳱ 7.5, and then decreases. If the
maximum value stays smaller than the extinction
limit, vst,q, the flame stabilizes at the pilot. However,
if it exceeds vst,q, the flame will exhibit local extinction or even blow off. This also explains why it is
favorable to have the pilot mixture fraction close to
the stoichiometric mixture fraction, which keeps vst
lower, and also to have a broad pilot flow, because

Fig. 5. Influence of the mixture fraction dependence of
the scalar dissipation rate on the flamelet solution at the
nozzle exit. Calculation using v(Z) from equation 8 (solid
lines) compared to solution with v(Z) (dashed lines) presumed according to Ref. [14].

then the increase of v around the pilot will be much
slower.
The influence of the scalar dissipation rate model
on the initial conditions for the unsteady flamelet
calculation, which is assumed to be the steady flamelet solution with v(Z) evaluated from equation 8 at
x/D ⳱ 0, is given in Fig. 5. The flamelet solution
for the temperature and the CO mass fraction are
compared to the solution using the presumed v(Z)
of Ref. [14]. Because of the influence of the pilot,
the flame is substantially shifted to the lean side.
Also, as shown in Fig. 4, the presumed function
overestimates the scalar dissipation in the lean part
of the flame, leading to a substantial overprediction
of the CO mass fraction.
Influence of Resolved Scalar Dissipation
Rate Fluctuations
The influence of the scalar dissipation rate fluctuations, which are resolved by equation 8, are investigated next. As mentioned above, the pdf of the
unconditional scalar dissipation rate clearly reveals a
log-normal shape with r ⳱ 1. Because the conditional scalar dissipation rate given by equation 8 is a
spatial conditional average, which has for the present
study and for the results presented in Ref. [18] been
performed over all computational cells in cross sections normal to the jet axis, the pdf of 具v|Z典 is much
narrower than the pdfs shown in Fig. 3. This, however, can be substantially improved by sampling over
smaller areas. In order to analyze the influence of
the resolved fluctuations on the flame structure, 250
different instantaneous scalar dissipation rate and
mixture fraction fields were recorded from the calculations presented in Ref. [14]. These calculations
were performed using the time-averaged scalar dissipation rate. Using these data, 250 unsteady flamelet calculations were performed, and the resolved
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Fig. 6. Ensemble-averaged temperature and NO mass
fraction determined as the average over multiple instantaneous realizations (solid lines) compared to a calculation
using a time average of the scalar dissipation rate (dashed
lines). Also given is an example for one instantaneous realization (dotted line).

temperature and mass fractions were evaluated using equation 2. The results were ensemble averaged,
and the temperature and the NO mass fraction of
these calculations are compared along the centerline
to the calculations using the time average of the scalar dissipation rate and the experimental data given
by Barlow et al. [16,17] in Fig. 6. Also given in Fig.
6 is one example of an instantaneous solution of temperature and NO mass fraction. This solution shows
temperature fluctuations, which can be of the order
of 700 K. However, almost no differences in the results of both methods can be observed, indicating
that the resolved fluctuations of the scalar dissipation
rate influence the flame structure only very weakly,
and also that the strong fluctuations in the instantaneous solution given in Fig. 6 are essentially caused
by fluctuations in the resolved mixture fraction and
its subgrid scale variance. Both methods yield good
agreement with the experimental data for the present case. However, if local extinction events start to
become important, the pdf of the scalar dissipation
rate has to be determined much more accurately,
and averages over complete cross sections can no
longer be used.
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The fluctuation frequency of the scalar dissipation
rate has been discussed in the context of the spatial
and temporal resolution of the current simulation,
and the findings are that the resolution used in the
present investigation is not restrictive for the predictions of the scalar dissipation rate. Single-point
time records of the mixture fraction have been found
to reveal ramplike structures, which are also evident
in experimental data for non-reacting jets. Pitts et al.
[1] regarded this as one of the most important proofs
for the occurrence of large-scale turbulent structures
in turbulent jets.
The pdf of the stoichiometric scalar dissipation
rate was found to be described accurately by a lognormal pdf with a value of r ⳱ 1. The ratio of the
integral time scales of scalar and velocity fluctuations, which is commonly used in Reynolds-averaged
turbulence models to determine the unconditionally
averaged scalar dissipation rate, was evaluated using
the resolved velocity and scalar field.
A model for the conditional scalar dissipation rate
has been suggested that accounts for the influence
of local deviations from a simple mixing layer structure. Furthermore, this model has been demonstrated to account for the strong influence of a pilot
in the near-field of a turbulent jet flame.
Finally, the influence of the fluctuations resolved
by the model for the conditional scalar dissipation
rate on the flame structure was investigated by comparing averages over simulations using instantaneous
scalar dissipation rate histories with a simulation using the time-averaged scalar dissipation rate. The results for temperature and NO mass fraction are not
influenced by the scalar dissipation rate fluctuations.
However, the model would need to be refined for
instances in which local extinction events become
important.
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COMMENTS
William Mell, University of Utah, USA.
1. Did you also implement a quasi-steady version of the
flamelet model? If so, how did it perform compared to
your transient model?
2. What boundary conditions did you use for the laminar
flamelet model? In particular, were transient effects
important?
3. Did you consider regimes in which buoyancy played a
greater role (rather than momentum) in the flow? It
seems likely that in such a situation the axial velocity
(which gives the Lagrangian time) may not be as representative of the flamelets at a given axial position.
Author’s Reply.
1. Predictions using a quasi-steady model have been
shown to be more accurate if radiation is neglected.
For the investigated configuration, the application of
the quasi-steady model leads thereby to an overprediction of the temperature. This leads to an overprediction of the NO mass fraction by approximately a factor of 2. However, for the conclusions of the present
paper regarding the scalar mixing process, the use of a
quasi-steady model will show hardly any influence.
2. Using the models proposed in the present paper, the
predicted conditional scalar dissipation rate becomes
small if the pdf of the mixture fraction goes to zero.

This can be seen in Fig. 4. In the region of zero scalar
dissipation rates, the diffusion term in the flamelet
equation is zero. This implies that the boundary conditions of the flamelet solution are homogeneous reactor solutions at an effective maximum mixture fraction.
3. We did not consider a configuration where buoyancy
is important. However, the Lagrangian time can still be
determined from the axial velocity, which would
change accordingly if the momentum flux were dominated by buoyancy.
●
A. Y. Klimeuto, The University of Queensland, Australia. I am certain that the topic of the presentation, investigation into the influence of fluctuations of the conserved
scalar-dissipation on combustion, is most important for
flamelet modeling. However, I think that one question
needs some clarification. The subgrid model used by the
authors ignores the subgrid fluctuations which can be expected to be most significant for the scalar dissipation.
Can this factor affect the conclusions of the present work?
Author’s Reply. In the present model, the subgrid part
of the scalar dissipation rate is considered by the use of a
subgrid model. Because of the subgrid filtering, the pdf
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of the scalar dissipation rate and also the frequency of its
fluctuations might be influenced. It is shown in Fig. 3 that
the resolved pdf is in good agreement with experimental
findings. This suggests that the filtering only influences the
tails of the pdf. It is also mentioned in the paper that the
present simulation can resolve a frequency of 10 kHz. It
has been shown in experiments (Ref. [10] in this paper)
and simulations of counterflow diffusion flames (Ref. [9]
in this paper) that the flame chemistry does not respond
to higher frequencies.
●
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Andrew Pollard, Queen’s University, Canada. Can you
confirm that the scalar dissipation is coincident with
regions of high axial vorticity (i.e., braids between azimuthal vortex rings)?
Author’s Reply. Obviously, the regions of high scalar
dissipation rate are located between large-scale azimuthal
vortical structures. However, from the observations we
made in this study there is not clear evidence that these
structures appear in rings, which would be connected by
secondary axial vortices. This might still be the case, but
we have not looked explicitly into these details.
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The Conditional Source-term Estimation 共CSE兲 method was recently proposed to close the chemical
source terms occurring in the spatially filtered transport equations of species and enthalpy for Large
Eddy Simulation 共LES兲 of nonpremixed reacting flows 关W. K. Bushe and H. Steiner, Phys. Fluids
11, 1896 共1999兲兴. The model is based on the Conditional Moment Closure hypothesis, which
provides fairly accurate predictions for the conditional averages of the chemical reaction rates as
functions of the conditionally averaged composition vector and temperature with the mixture
fraction being an appropriate conditioning variable. In CSE the conditionally averaged composition
vector and temperature are obtained by mapping the corresponding spatially filtered scalar fields
resolved by the LES into the conditioning 共i.e., mixture fraction兲 space. After the conditional
averages of the chemical reaction rates are approximated in mixture fraction space, these are
mapped into the physical space to close the source terms in the LES transport equations for the
reactive scalars. The present simulation of a turbulent reacting jet is the first test of this new closure
in a self-sustained predictive LES. A two-step reduced chemical kinetic mechanism for methane–air
flames was used. The results of the simulation, which are in reasonable agreement with available
experimental data, prove the model’s predictive capabilities as well as its robustness and feasibility
for LES. © 2001 American Institute of Physics. 关DOI: 10.1063/1.1343482兴

and temporal derivatives.1 This is strictly valid only if the
width of the filtering kernel is uniform in space. However,
LES of inhomogeneous flows, e.g., boundary layer flow,
where dynamically important length scales strongly depend
on position, suggests a filtering operation with variable filter
width, which in general does not commute with the spatial
derivatives. It was shown that the commutation error due to a
nonuniform filter width is of the order of the grid spacing
squared ( ⑀ comm⬃O 关 ⌬x 2i 兴 ). 2 This error is still acceptable, if a
second-order accurate scheme is used to discretize the LES
equations. The same reasoning justifies the use of the unfiltered, i.e., physical, boundary conditions for LES, although
the boundary conditions for the filtered fields are not necessarily the same as those for the unfiltered fields. The difference between the boundary conditions for the filtered and the
unfiltered fields is also of the order O 关 ⌬x 2i 兴 . 3
In reacting flows with nonconstant density the filtering
operation 共1兲 is usually weighted with the density yielding
density-weighted, or Favre-filtered, quantities denoted by the
‘‘⬃’’ symbol

I. INTRODUCTION

In the foreseeable future, the requirements of true Direct
Numerical Simulation 共DNS兲 of turbulent reacting flows at
technically relevant Reynolds numbers will exceed by far the
computational resources available. Rather than resolving all
physically relevant scales, as is required in DNS, Large Eddy
Simulation 共LES兲 resolves only the large scale motion of the
flow while modeling the small scale motion, which tends to
be more isotropic and is therefore easier to model. The governing equations of LES are obtained by applying a spatial
filter to the transport equations of mass, momentum, species
concentration 共or mass fraction兲, and energy. This filtering
operation can be generally defined by
F̄ 共 x,t 兲 ⫽
⫽

冕
冕

D

D

F 共 x⬘ ,t 兲 G 共 x⫺x⬘ 兲 dx⬘
F 共 x⫺x⬘ ,t 兲 G 共 x⬘ 兲 dx⬘ ,

共1兲

where F̄ denotes the filtered value of some quantity F in
space x and time t, G is the spatial filter function, and D is
the domain of the flow. As a result of its defining properties
given by Eq. 共1兲, the filter function G commutes with spatial

F̃⫽

共2兲

In most applications of LES, the actual form of the filter
function is implicitly determined by the choice of numerical
scheme used rather than being chosen explicitly by the user,
although methods which use explicit filters have been
proposed.2,3 A top-hat filter, which is defined in the ith direction of the physical space by
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G i 共 x i ⫺x i ⬘ 兲 ⫽

再

1/⌬ i ,
0,
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for 储 x i ⫺x i ⬘ 储 ⭐⌬ i /2

elsewhere

was adopted in the present work. The filter with ⌬ i is typically related to the grid size ⌬x i in the ith direction. In order
to account for the contribution of the subgrid-scale fluctuations to the fluxes of momentum, species mass fraction, and
enthalpy, the molecular viscosity and diffusivities are augmented by an ‘‘eddy viscosity’’ and ‘‘eddy diffusivities,’’
respectively. Several subgrid-scale models for these turbulent transport coefficients have been suggested and successfully applied in many flow configurations.1 In particular, dynamic models—which, unlike the original Smagorinsky
model,4 do not require a model constant to be set prior to the
simulation—have become a well established approach.5,6
In the case of reacting flows the spatially filtered chemical source terms represent an additional challenge to LES.
The chemical reaction rates are in general given by
Arrhenius-type equations

冉 冊兿 冉 冊

˙ k ⫽A k T n k exp ⫺

Ek
RT

J

j⫽1

 Yj
Wj

 jk

,

共3兲

which are highly nonlinear functions of temperature T, density  , and the participating reactive species mass fractions
Y j . J denotes the total number of the reactive species, W j is
the molecular weight of species j, and  jk is the stoichiometric coefficient of species j in reaction k. A k is the frequency factor, n k is the pre-exponential temperature exponent, E k is the activation energy of reaction k, and R is the
universal gas constant. Substituting the corresponding spatially filtered quantities ¯ , Ỹ j , and T̃ into Eq. 共3兲 will generally lead to unacceptably erroneous predictions for the fil˙ k ; thus, a model must be provided for
tered reaction rates 
˙ k . In the context of turbulent nonpremixed combustion,
where the fuel and oxidizer have to be mixed together before
they can react, the mixture fraction Z, which represents the
local fraction of gas originating from the feed fuel stream, is
an important parameter on which the reaction rates and the
resulting chemical composition strongly depend. Therefore,
many proposed closure models rely on the mixture fraction Z
and its probability density function 共PDF兲 describing the
state of mixedness.
LES resolves only spatially filtered quantities involving
a filtering operation as shown in Eq. 共1兲. Correspondingly, in
the framework of LES the state of mixedness, which accounts for the unresolved subgrid-scale fluctuations Z ⬙
around the filtered scalar Z̃, is appropriately described by a
‘‘filtered density function’’ 共FDF兲.7 The density-weighted
FDF is defined as
P̃ 共  ;x,t 兲 ⫽

1
¯ 共 x,t 兲

冕
D

共 x⬘ ,t 兲 ␦ 关  ⫺Z 共 x⬘ ,t 兲兴 G 共 x⫺x⬘ 兲 dx⬘ ,

共4兲

where  denotes the random variable in the mixture fraction
domain, ␦ is the delta function, and Z(x⬘ ,t) represents an
instantaneous value of the mixture fraction at the location x⬘
and time t. The FDF can be obtained through a transport
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equation as suggested in the FDF-transport methods.7,8 Alternatively, the shape of the FDF can be presumed. In this
case the presumed FDF can, for instance, be specified in
terms of its first and second moment (Z̃, Z̃ 2 ) given at every
computational grid point. In the last years several mixture
fraction based models using a presumed FDF have been proposed for LES.
Assuming chemical equilibrium9 offers the benefit that
the chemical composition as well as the thermodynamic state
are completely specified by the mixture fraction only
共‘‘mixed⫽burned’’兲. However, as this approach implies infinitely fast chemistry, it is applicable only to flames with very
fast reactions, whose time scale is negligibly small in comparison to the smallest flow time scale. In addition, no formation of any intermediate species can be accounted for. The
steady-state Laminar Flamelet Model10,11 allows for nonequilibrium chemistry with very detailed kinetics. It considers the flame as an ensemble of laminar flamelets strained by
the turbulent flow field. The laminar flamelets are computed
as the steady-state solutions of a laminar diffusion flame in
mixture fraction space with the scalar dissipation rate, which
represents the diffusive and convective transport normal to
the stoichiometric mixture fraction, as varying parameter.
Due to the steady-state assumption for the flamelet solutions
in mixing space this model is basically not capable of predicting unsteady effects like ignition or extinction. The Lagrangian Flamelet Model, which was proposed for LES of a
reacting jet in a recent work,12 attempts to account for transient effects on the flame in Z space. This model solves the
unsteady laminar flamelet equations in a Lagrangian type
flamelet time, which can be regarded as the residence time of
a flamelet in the physical flow field. Both the flamelet time
and the time-dependent scalar dissipation rate are obtained
using the resolved velocity and mixture fraction fields provided by the LES in the physical domain. While this approach does not require any steady-state assumption when
solving the flamelet equations in mixture fraction, it still assumes that the individual laminar flamelets do not vary with
time in the physical flow domain. The flamelet solutions are
supplied to the LES as functions only of the downstream
location, where they remain constant in time. The assumed
PDF method proposed by Frankel et al.13 for nonequilibrium
chemistry requires the specification of an assumed joint PDF
to close the spatially filtered reaction terms. As the dimensionality of this joint PDF increases with the number of reactive scalars, this approach is basically restricted to very
simple chemistry. In the case of a multistep kinetic scheme
with several reactive scalars it would become inhibitively
troublesome to parameterize the then highly multivariate
PDF appropriately.
The Conditional Source-term Estimation 共CSE兲 method
used in the present work was developed as a mixture fraction
based model for nonequilibrium chemistry, which does not
require any steady-state assumptions either in mixing space
or in physical space. Moreover, the model should be able to
handle more complex multistep, reduced though, chemistry
rather than simple artificial one-step mechanisms, which
were frequently used in test computations.
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The present LES considers a piloted methane–air jet
flame with the Reynolds number Re⫽22 400. The feed
stream consists of 25% 共vol.兲 methane and 75% 共vol.兲 air.
The coflowing oxidizer stream is pure air, and the stoichiometric mixture fraction is Z stoic⫽0.352. The pilot stream surrounding the inner fuel jet resembles the hot product composition of a premixed methane–air flame with Z pilot⫽0.27.
This flame, known as the ‘‘Sandia D-Flame,’’ has been intensively investigated experimentally.14,15 While the partial
premixedness of the feed fuel stream might be considered as
a further complication for the simulation in comparison to a
purely nonpremixed situation, the dilution of the fuel jet with
air is sufficiently far below the flammable limit such that the
flame can still be regarded as a typical diffusion flame. In
addition, the dilution makes very accurate measurements of
this methane–air flame possible, and a large amount of reliable and well documented experimental data for the individual species concentrations are available in physical space
as well as in mixture fraction space. The LES of this flame
attempts to assess the predictive capabilities of the recently
proposed CSE method,16 as well as the method’s robustness
and computational cost. Previous to this work, the CSE
model has only been validated in a priori tests against DNS,
where it gave promising results.

II. FORMULATION
A. LES transport equations

The LES set of equations is obtained by applying a
density-weighted spatial filter as given in Eq. 共2兲 to the differential transport equations for mass, momentum, species,
and enthalpy:
¯

⫹ ⵜ• 共 ¯ ũ兲 ⫽0,
t

共5兲

¯ ũ

⫹ ⵜ• 共 ¯ ũ ũ兲 ⫽ ⫺ⵜ p̄ ⫹ ⵜ• 共 ¯ ⫹¯ 兲 ,
t

共6兲

¯ Ỹ j

¯
⫹ ⵜ• 共 ¯ ũỸ j 兲 ⫽ ⵜ• 共  D l, j ⵜY j ⫹q̄ 兲 ⫹ ⍀̇ j ,
t

共7兲

J
¯ h̃

¯
⫹ ⵜ• 共 ¯ ũh̃ 兲 ⫽ ⵜ• 共  l ⵜT⫹s̄ 兲 ⫹
共 ⍀̇ j h 0,j 兲 .
t
j⫽1

共8兲

兺

Here, ¯ , ũ, h̃, and T̃ are the filtered density, velocity vector,
enthalpy, and temperature. Ỹ j is the mass fraction of species
j, h 0,j is the enthalpy of formation of species j. ¯ and ¯ are
the molecular viscous and subgrid-scale stress tensor, respectively, D l, j is the molecular diffusivity of the species j,  l is
the thermal conductivity, q̄ and s̄ the subgrid-scale fluxes of
species and heat, respectively.
Due to the fairly high Froude number of the jet flow
considered in the present study the buoyancy forces are small
in comparison to the inertial forces. The magnitude of the
buoyancy effects relative to momentum effects is represented
by the inverse of the densimetric Froude number

冉 冊
1⫺

Fr⫺1⫽

f
gD
0

U 20

⬇2.5⫻10⫺5 Ⰶ1,

where g is the gravitational acceleration, U 0 is the bulk velocity of the jet, D is the nozzle diameter,  f is the minimum
density attainable in the flame, and  0 is the density of the
reference state given by T 0 ⫽298 K and p 0 ⫽1 atm in the
coflowing pure air stream. Estimating the downstream length
of the nonbuoyant region in jet diameters

冉冊
x
D

⫽0.5 Fr1/2
nb

冉 冊
f
0

1/4

⬇63

following a proposal by Chen and Rodi17 for round, vertical
turbulent buoyant jets, indicates that buoyancy is practically
negligible in the considered jet flame 共according to the experiment the visible flame length is about x/D⫽67). It was
therefore neglected in Eq. 共6兲.
The velocities occurring in the jet flow are small in comparison to the speed of sound. Thus, the flow is in the low
Mach number regime, and the spatial pressure derivative
term u•ⵜ p as well as the viscous dissipation  :ⵜu were
omitted in Eq. 共8兲. Moreover, as we are dealing with an open
diffusion flame 共such that the bulk pressure is constant兲 the
temporal pressure derivative  p̄/  t was omitted in Eq. 共8兲, as
well. The unresolved subgrid-scale convective fluxes are
modeled using eddy viscosity and eddy diffusivity models,
respectively:
¯ ⫽⫺¯ 共˜
uu⫺ũũ兲 ⫽¯˜ t 共 ⵜũ⫹ 共 ⵜũ兲 T ⫺ 32 共 ⵜ•ũ兲 I兲 ,

共9兲

uY j ⫺ũỸ j 兲 ⫽¯ D̃ t, j ⵜỸ j ,
q̄⫽⫺¯ 共˜

共10兲

s̄⫽⫺¯ 共˜
uh ⫺ũh̃ 兲 ⫽ ˜ t ⵜT̃.

共11兲

Therein, ˜ t is the eddy viscosity; D̃ t, j is the eddy diffusivity
of species j; ˜ t is the thermal eddy conductivity; and I is the
identity matrix. All the turbulent transport coefficients ˜ t ,
D̃ t, j , and ˜ t are computed using the dynamic model proposed for compressible flows.6
As the subgrid⫺scale contributions arising from the
nonlinearities in the molecular viscous and diffusive fluxes
are small when compared to convective turbulent
subgrid⫺scale terms given by Eqs. 共9兲–共11兲,18 these contributions were omitted resulting in the following approximations:
¯ ⫽  l 共 ⵜu⫹ 共 ⵜu兲 T ⫺ 32 共 ⵜ•u兲 I兲
⬇¯˜ l 共 ⵜũ⫹ 共 ⵜũ兲 T ⫺ 32 共 ⵜ•ũ兲 I兲 ,

 D l, j ⵜY j ⬇¯ D̃ l, j ⵜỸ j ,

 l ⵜT⬇ ¯ l ⵜT̃.

The filtered molecular viscosity is assumed to be a function
of the filtered temperature following a power law,19,20 where
again the subgrid-scale fluctuations of the temperature are
neglected:
¯ ⫽¯˜ l ⬃T̃ 0.7.
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Constant specific heats c p and c v , unity Lewis number, and
a constant molecular Schmidt number were assumed for all
species:
Le j ⫽

¯ l
¯ c p D̃ l, j

⫽1,

Sc j ⫽

˜ l
D̃ l, j

⫽0.7.

共12兲

It should be noted at this point that the assumptions concerning the molecular transport coefficients and the specific heats
are strictly valid only for gaseous mixtures, where the properties of the individual components do not differ markedly.
Due to the great variety of different species participating in a
combustion process the assumption 共12兲 has surely to be
regarded as a rather crude approximation from a physical
point of view. It permits, however, a considerable simplification of the analytical formulation. Many mixture fraction
based models make the unity Lewis number assumption associated with equal molecular diffusivities of all scalars, because, under this assumption, the conserved scalar can be
expressed as a linear combination of species mass fractions
and/or temperature. However, in nonunity Lewis number
flows with significantly differing molecular diffusivities, it is
possible to simply regard the conserved scalar more as a
random variable whose sample space ranges from Z⫽0 in
pure oxidizer and Z⫽1 in pure fuel. This would require solving an extra transport equation and storing the conserved
scalar in a simulation; to minimize computational cost in our
simulations, we have elected to make the assumption 共12兲 for
this test case. The assumption 共12兲 is not essential to the
present method though. The rate of change of species mass
¯
fraction due to chemical reaction ⍀̇ j , appearing as source
term in Eqs. 共7兲 and 共8兲, is a linear combination of the different reaction rates in which species j participates:
K

¯ ⫽W
⍀̇ j
j

兺

k⫽1

¯˙
共  ⬘jk ⫺  ⬙jk 兲 
k.

B. CSE closure method

f 兩  共 x,t 兲 ⫽

兰 D  共 x⬘ ,t 兲 f 共 x⬘ ,t 兲 ␦ 关  ⫺Z 共 x⬘ ,t 兲兴 G 共 x⫺x⬘ 兲 dx⬘
,
¯ 共 x,t 兲 P̃ 共  ;x,t 兲
共15兲

where P̃(  ;x,t) is the FDF as specified in Eq. 共4兲. The integration of 共15兲 over the mixture fraction space yields the
spatially filtered counterpart f̃
f̃ 共 x,t 兲 ⫽

冕

1

0

f 兩  共 x,t 兲 P̃ 共  ;x,t 兲 d  .

共14兲

where 具 • 兩  典 denotes the average of some random variable
(•) over an ensemble of realizations of the flow field being
investigated conditioned on the mixture fraction having some
value  ; f k is the Arrhenius-type equation 共3兲 for reaction k
evaluated with the conditionally averaged density 具  兩  典 ,

共16兲

Averaging the conditional filtered mean over some arbitrary
ensemble A of M discrete points in the flow field yields the
ensemble average of the conditional filtered mean

具 f 兩  典 共 t;A 兲 ⫽

1
M

M

兺

m⫽1

f 兩  共 xm ,t 兲 .

共17兲

It has been observed that the conditional averages of mass
fractions and temperature do not vary significantly on planes
across a shear layer.24 Thus, these planes can be assumed to
be statistically homogeneous for the conditional averages.
Applying this homogeneity assumption to the conditional filtered means implies that the conditional filtered averages do
not change on these planes. Thus, if the ensemble A in Eq.
共17兲 is comprised of points xm : m⫽1,...,M , being all located
on a homogeneous surface, the conditional filtered average at
every sample point m is
f 兩  共 xm ,t 兲 ⫽ 具 f 兩  典 共 t;A 兲 .

The CSE model is based on Conditional Moment Closure 共CMC兲, a method which was first proposed independently by Bilger and Klimenko.21,22 In CMC, the chemical
source terms can be closed using the first order accurate
CMC hypothesis, which reads

具 ˙ k 兩  典 共 x,t 兲 ⬇ f k 共 具  兩  典 , 具 T 兩  典 , 具 Y j 兩  典 兲 ,

temperature 具 T 兩  典 , and mass fractions 具 Y j 兩  典 . The spatial
and time dependence of the conditional averages on the right
hand side 共RHS兲 of Eq. 共14兲 was omitted for brevity. The
CMC hypothesis 共14兲 has proven to give a good approximation when compared to data from experiments and DNS,23,24
particularly when the activation energy is small and for
steadily burning flames 共without extinction or ignition兲. The
CMC method solves a transport equation for the conditional
averages in space, time, and in mixture fraction space, adding a further dimension to the problem, which makes the
computational cost exceedingly high for three-dimensional
flows.
The CSE model proposes a way to incorporate the CMC
hypothesis 共14兲 in LES without having to solve transport
equations for the conditional averages as is required in CMC.
In the context of LES the conditional filtered average of
some random variable f is defined by

共13兲

Therein, K is the total number of reactions and  jk ⬘ and  jk ⬙
are the stoichiometric coefficients for species j in reaction k.
The CSE method was used to close the chemical reaction
˙ k in Eq. 共13兲. A very detailed description of this
terms 
closure model can be found in previous work.16 The general
concept of the CSE method will be outlined in the following
section 共II B兲. Its actual application to a methane–air kinetic
mechanism will be described in Sec. III B.

757

共18兲

With the conditional filtered means being dependent on time
but not on space, Eq. 共16兲 can be rewritten as
f̃ 共 xm ,t 兲 ⫽

冕具
1

0

f 兩  典 共 t;A 兲 P̃ 共  ;xm ,t 兲 d 

共19兲

on every homogeneous surface. In the present flow configuration planes at constant distance x downstream of the nozzle
of the jet were assumed to be surfaces of statistical homogeneity for the conditional filtered averages as shown in Fig. 1.
Given a presumed functional form of the FDF P̃(  ;xm ,t) in
terms of the mean and variance
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FIG. 1. Planes ⌺ homog across the jet’s shear layer on which statistical homogeneity for the conditional averages is assumed.

g
P̃ 共  ;xm ,t 兲 ⫽ P̃ 共  ; Z̃ 共 xm ,t 兲 , Z
⬙ 2 共 xm ,t 兲兲 ,
as well as the spatially filtered scalars f̃ (xm ,t), which are
provided by the filtered scalar transport equations 共7兲 and
共8兲, the integral equation 共19兲 can be rewritten at every LES
grid point xm : m⫽1,...,M , on each of these homogeneous
planes. This constitutes a system of M linear equations for
the conditional filtered average 具 f 兩  n 典 over discrete intervals ⌬  n : n⫽1, . . . ,N in mixture fraction space on each
plane. The solution of each overdetermined (M ⬎N) linear
system of equations using a linear regularization technique
provides the conditional filtered averages as a function of the
downstream location x and time t. Inserting these conditional
averages into the RHS of Eq. 共14兲 yields approximations for
the conditional filtered mean reaction rates

具 ˙ k 兩  典 共 x,t 兲 ⬇ f k 共 具  兩  典 共 x,t 兲 , 具 T 兩  典 共 x,t 兲 , 具 Y j 兩  典 共 x,t 兲 兲 .

共20兲

˙ k (xm ,t)
Their unconditional spatially filtered counterparts 
occurring in Eqs. 共7兲 and 共8兲 through Eq. 共13兲 can then be
calculated using

˙ k 共 xm ,t 兲 ⫽¯ 共 xm ,t 兲

冕 具具 典典
1

0

˙k兩
兩

共 x,t 兲

共 x,t 兲

P̃ 共  ;xm ,t 兲 d  .

共21兲

The assumption of the statistical homgeneity for the conditional filtered means of the ensemble A is essential to the
method. If the conditional filtered means of the ensemble A
is not homogeneous, Eq. 共19兲 does not represent adequately
all points of the ensemble. The solution of Eq. 共19兲 for the
conditional filtered average may produce poor approximations for the unconditional source terms at certain points of
the ensemble. Therefore, a realistic selection of the statistically homogeneous ensembles requires some a priori information about the structure of the particular flow field considered. For example, in wall-bounded flows, points near cooled
walls should not be sampled together with points far away
from walls.
The experimental data of the piloted jet flame14,15 show
that the conditional averages do not change very rapidly
downstream of the axis of the jet. This rather slow down-

stream variation makes it possible to ‘‘thicken’’ the surfaces
on which statistical homogeneity for the conditional averages
can be assumed. Thus, rather than using the LES points located on every single plane as illustrated in Fig. 1, all the
LES points on a layer of several neighboring planes can be
taken as the statistical sample of size M to establish the linear
system by writing the integral equation, Eq. 共19兲, at sample
point xm : m⫽1,...,M . Solving the linear systems obtained
with these larger multiplane samples did not give significantly different results for the conditional averages compared
with results obtained with the smaller single-plane samples.
Unfortunately, having to invert a linear system on fewer successive layers of neighboring planes does not reduce the
computional cost. The larger sample size involves larger linear systems making the inversion procedure, which is based
on a least squares method, computationally more expensive.
The higher computational expense per sample outweighs the
savings due to a smaller total number of samples.
As no steady-state condition for the flame was assumed
a priori, the linear system obtained from Eq. 共19兲 at m
⫽1,...,M LES sample points has to be inverted at every time
step to obtain the conditional averages evolving in time. This
principle can be relaxed however in cases where the flame
eventually reaches a steady state and the conditional averages do not change noticeably in time any more. In such
cases the conditional averages need to be computed at every
time step only until they reach a steady state. From that point
onwards, the integral in Eq. 共21兲 can be evaluated using the
same steady-state solutions of the conditional averages, then
varying only with the jet’s downstream distance x. This simplification could be made for the particular test case considered in the present study to save computational cost. It is,
however, noted again that the CSE method basically does not
require any steady-state assumption for the conditional filtered averages.
III. METHANE–AIR CHEMISTRY

The use of a very detailed chemical mechanism for
methane–air diffusion flames involves a large number of reactive species and elementary reactions. While the CSE closure model is generally applicable to arbitrarily complex kinetic mechanisms, it should be noted that every additional
reaction requires at least one more transport equation, adding
to the computational cost. A strongly reduced scheme, a twostep mechanism, was determined to be an appropriate choice
for the present first test of CSE in a predictive LES, in that
this reduced mechanism gives reasonably good predictions
of methane–air flame properties while requiring minimal
computational effort.
A. Reduced kinetic mechanism

Based on steady-state and partial-equililibrium assumptions for various elementary steps in the complex methane–
air reaction kinetics the detailed mechanism can be systematically reduced to the following two-step kinetic scheme:25
关 CH4 兴 ⫹ 关 O2 兴

→

关 Int兴 ⫹ 关 P 兴 ,

关 Int兴 ⫹ 关 O2 兴

→

2 关 P兴.

共 I兲
共 II兲
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The molar composition of the intermediate species 关Int兴 and
of product 关 P 兴 is defined as
关 Int兴 ⫽ 34 关 H2 兴 ⫹ 32 关 CO兴

关 P 兴 ⫽ 32 关 H2O兴 ⫹ 31 关 CO2 兴

and

in mole cm⫺3, respectively. The rates for reaction 共I兲 and 共II兲
are given by

˙ I⫽k 11f 关 CH4 兴关 H兴 ,

共22兲

˙ II⫽k 5 关 O2 兴关 H兴关 M 兴 .

共23兲

The steady-state assumption for the hydrogen radical 关 H兴
gives
关 H兴 ⫽ 共 K 1 K 2 兲 1/2K 3

冋

冉

T
关 O2 兴 1/2关 H2 兴 3/2
⌰ 1⫺exp ⫺
1000
关 H2O兴

冊册
5

,

共24兲

where the quantity ⌰ is calculated following a proposal by
Peters:26
15 1/2 k 11f 关 CH4 兴
⌰⫽exp ⫺
.
共25兲
4
k 1 f 关 O2 兴

冋冉 冊

册

The rate coefficients k 1 f , k 5 , k 11f as well as the equilibrium
constants K 1 , K 2 , K 3 refer to the skeletal methane–air
mechanism as listed in the literature;27 units in Eqs. 共22兲–
共25兲 are mole, centimeter, gram, second, and Kelvin. The
third body concentration in Eqs. 共22兲 and 共23兲 is
关 M 兴 ⫽6.5 关 CH4 兴 ⫹6.5 关 H2O兴 ⫹1.5 关 CO2 兴 ⫹ 关 H2 兴

⫹0.75 关 CO兴 ⫹0.4 关 O2 兴 ⫹0.4 关 N2 兴 .

共26兲

The rates of change in the participating mass fractions due to
˙ I and 
˙ II are
the chemical reactions expressed in terms of 
˙ I,
⍀̇ CH4⫽⫺W CH4

共27兲

˙ I⫹ 
˙ II兲 ,
⍀̇ O2 ⫽⫺W O2 共 

共28兲

˙ I⫺ 
˙ II兲 ,
⍀̇ Int⫽W Int 共 

共29兲

˙ I⫹2 
˙ II兲 ,
⍀̇ P ⫽W P 共 

共30兲

with W CH4 , W O2 , W Int , and W P being the molecular weights
of fuel, oxidizer, intermediate species, and product, respectively. The source term in the transport equation for enthalpy
共8兲 reads
⍀̇ T ⫽

兺j 共 ⍀̇ j h 0,j 兲 ⫽ ˙ I Q I⫹ ˙ II Q II ,
with j⫽CH4 , O2 , Int, P,

共31兲

where the reactive heat release due to reactions I and II is
linearily composed of the enthalpies of formation of fuel,
intermediate species, and product as follows:

Q II⫽h 0,Int ⫺ 2 h 0,P .

FIG. 2. Steady-state laminar flamelet solution using two-step mechanism
with a scalar dissipation rate  ⫽33 s⫺1: 共a兲 species mass fractions of fuel
Y CH4 , oxidizer Y O2 , intermediate Y Int , and product Y P ; 共b兲 chemical reac˙ I and ˙ II in mole s⫺1 cm⫺3.
tion rates 

The numerical values of Q I and Q II are 291⫻103 and 511
⫻103 J mol⫺1, respectively. The concentration of the radical
关H兴, as is specified in Eqs. 共24兲 and 共25兲, is very sensitive to
temperature and fuel concentration 关 CH4 兴 . The decrease of
temperature together with the increase of the fuel mass fraction on the rich side of the diffusion flame gives 关 H兴 ⫽0,
shutting off the chemistry so oxidizer can leak through the
reaction zone to the fuel rich side as is the case at high strain
˙ I drops to
rates. On the lean side, however, the reaction rate 
zero only if the fuel is burned completely 共fuel cannot leak to
the lean side兲. By allowing O2 leakage but not CH4 leakage
in highly strained flames, this two-step mechanism qualitatively exhibits behavior found in the experiment.25 Moreover, in the present case, the feed fuel stream is diluted with
air. The shut off of the reactions as the H radical concentration drops to zero on the rich side prevents the flame from
penetrating too far into the partially premixed fuel zone. The
diffusion flame structure in mixture fraction (Z) space for
the two-step chemistry is shown in Figs. 2共a兲 and 2共b兲. These
results were obtained from the steady-state solution of the
laminar flamelet equations for all participating species mass
fractions Y j and temperature T. Having assumed unity Lewis
number, constant specific heats, and Schmidt numbers, the
laminar flamelet equations are written as11

共32兲

 Y j   2 Y j ⍀̇ j
⫺
⫽
,
t
2 Z2


共33兲

 T   2 T ⍀̇ T
⫺
⫽
.
t 2 Z2


j⫽CH4 , O2 , Int, P,

共34兲

共35兲
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The scalar dissipation rate was set to  ⫽2D Z (ⵜZ) 2 ⫽32
s⫺1. It is evident from Figs. 2共a兲 and 2共b兲 that the fuel consumption occurs in a very narrow zone around the peak of
˙ I and virtually no fuel leaks to the lean side.
reaction rate 
Adjacent to this very thin layer of fuel consumption is the
˙ II in which intermediate and
broader zone of reaction rate 
oxidizer are reacted to product. While being totally reacted
˙ II on the lean side, intermediate can diffuse through the
by 
reaction zone toward the rich side. On the other hand, the
leakage of oxidizer to the rich side is inhibited by the dilution of the fuel stream with air.
Concerning the aforementioned flame structure, at
higher strain rates it should be noted that the considered piloted flame is far away from extinction, which is crucial for
the applicability of model being based only on the mixture
fraction as is used in the present LES. The main criteria for
choosing the present two-step mechanism were that it
handles the partial premixedness of the fuel feed well and
that its computational cost does not make the closure model
exceedingly expensive. Considering a case where the flame
is close to extinction due to high strain rates would require,
in the first place, a modification of the chemical closure
model. The CSE model would likely have to account for
strain, e.g., by introducing a second conditioning variable.

共LES兲 space as the difference of the actual fuel and oxidizer
mass fractions to the corresponding chemically inert mixed
* and Ỹ O* , respectively,
states Ỹ CH
4

2

* ⫺Ỹ CH ,
C̃ 1 ⫽Ỹ CH
4

共39兲

* ⫺Ỹ O .
C̃ 2 ⫽Ỹ O
2

共40兲

4

2

* and Ỹ O* , which are associated with C̃ 1
The quantities Ỹ CH
4

2

⫽0 and C̃ 2 ⫽0, respectively, represent mixing of fuel and
oxidizer without any chemical reaction; they are linear functions of the mixture fraction Z̃ only. In the mixing configuration of the present jet simulation they read

* ⫽Z̃ Y CH ,1 ,
Ỹ CH
4

共41兲

* ⫽Ỹ O ,2⫹Z̃ 共 Y O ,1⫺Y O ,2兲 ,
Ỹ O
2
2
2

共42兲

4

2

where Y CH4,1 and Y O2 ,1 is the methane and oxygen mass fraction in the feed fuel stream, respectively, and Y O2 ,2 is the
oxygen mass fraction in the oxidizer stream. Having assumed no differential diffusion, i.e., unity Lewis number, the
spatially filtered mixture fraction Z̃ is defined as a linear
combination of the individual filtered species mass fractions

B. CSE closure for two-step chemistry

Invoking the CMC closure hypothesis 共14兲 with the
present two-step chemistry yields for the conditional filtered
averages of rate 共I兲 and 共II兲

˙ I 兩  ⫽ f I 共 T 兩  ,Y CH4兩  ,Y O2 兩  ,Y Int兩  ,Y P 兩  兲 ,

共36兲

˙ II 兩  ⫽ f II 共 T 兩  ,Y CH4兩  ,Y O2 兩  ,Y Int兩  ,Y P 兩  兲 ,

共37兲

where f I and f II include all the functional dependencies described in Eqs. 共22兲–共26兲. For the case of low Mach number
for which thermodynamic pressure p 0 is constant, the conditional density can be expressed in terms of temperature and
chemical composition using the equation of state

兩 ⫽

p0
R
T 兩  兺 jY j兩 
Wj

,

with j⫽CH4 , O2 , Int, P, 共38兲

and does not appear in Eqs. 共36兲 and 共37兲. Similar to the
CMC hypothesis 共36兲–共37兲, the fluctuations around the filtered conditional means are assumed to be small in Eq. 共38兲
as well.
Rather than solving an integral equation as given by Eq.
共19兲 for every conditional filtered mean quantity needed in f I
and f II , the conditional filtered averages for the species mass
fractions and temperature can be rewritten as functions of
two conditional variables which represent the consumption
of fuel and oxidizer by the reaction, respectively. These two
new variables, the fuel-consumption variable C 1 and the
oxidizer-consumption variable C 2 , are defined in physical

1

Z̃⫽
Y CH4,1⫹

冋

2W CH4
W O2

⫻ Ỹ CH4⫺

共 Y O2 ,2⫺Y O2 ,1兲

2W CH4
W O2

共 Ỹ O2 ⫺ Y O2 ,2兲 ⫺

W CH4
WP

册

Ỹ P .

共43兲

The coefficients in Eq. 共43兲 were determined so that the linear combination of the transport equations for Ỹ CH4 , Ỹ O2 ,
and Ỹ P has no chemical source term and the boundary
conditions—Z̃⫽0 in the pure feed oxidizer stream and Z̃
⫽1 in the pure feed fuel stream—are satisfied. The present
definition 共43兲 was chosen in accordance with the definition
of Z used in the experiment, where Z also measures the mixing between the partially premixed fuel feed jet and the coflow and not the local methane/air mixing. This definition of
Z has the advantage that the stoichiometric mixture fraction
is (Z stoic⫽0.352), such that the FDFs are easy to resolve
numerically.
The product and intermediate mass fractions can be expressed as linear combinations of C̃ 1 , C̃ 2 , and Z̃:
Ỹ P ⫽

冉

冊

2W P
WP
W P 2W CH4
* ,
C̃ 2 ⫺
C̃ 1 ⫺
⫺1 Ỹ O
2
W O2
W CH4
W CH4 W O2

Ỹ Int⫽

冉

冊 冉

冊

共44兲

WP
2W P
⫹1 C̃ 1 ⫺
⫺1 C̃ 2
W CH4
W O2

⫹

冉

冊

W P 2W CH4
* .
⫺1 Ỹ O
2
W CH4 W O2

共45兲
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Using Eqs. 共47兲 and 共48兲 an integral equation similar to
Eq. 共16兲 can be written for the two conditional filtered variables C 1 兩  and C 2 兩 

* ⫺Ỹ CH ⫽
Ỹ CH
4
4

* ⫺Ỹ O ⫽
Ỹ O
2
2

冕

冕

1

0

1

0

C 1 兩  P̃ 共  ;x,t 兲 d  ,

共52兲

C 2 兩  P̃ 共  ;x,t 兲 d  ,

共53兲

where the shape FDF at grid point x and time t was assumed
to be a ␤ function,9 which is specified by the instantaneous
g
spatially filtered mean Z̃(x,t) and variance Z
⬙ 2 (x,t)
FIG. 3. Fuel-consumption variable C 1 and oxidizer-consumption variable
C 2 for the steady-state laminar flamelet solution shown in Fig. 2 and chemi* and oxidizer Y O* .
cally inert mixing lines of fuel Y CH
4
2

P̃ 共  ;x,t 兲 ⫽

b⫽a
For the temperature the analogous linear functional dependence T̃⫽T̃(C̃ 1 ,C̃ 2 ,Z̃) is obtained by incorporating Eqs.
共39兲–共45兲 into the equation for the total enthalpy
c p 共 T̃⫺T 0 兲 ⫹

h

兺j 共 Ỹ j ⫺Ỹ *j 兲 W0,jj ⫽0,
with j⫽CH4 , O2 , Int, P,
共46兲

where T 0 is the reference temperature and the quantities with
the asterisk again represent the chemically inert mixed state.
Translating the unconditional quantities Ỹ j (C̃ 1 ,C̃ 2 ,Z̃) and
T̃(C̃ 1 ,C̃ 2 ,Z̃) from physical space into conditioning, or mixture fraction, space, the corresponding conditional filtered
quantities are obtained as linear combinations of the conditional filtered fuel-consumption and oxidizer-consumption
variable C 1 兩  and C 2 兩  , respectively:
Y CH4兩  ⫽Y CH4兩  * ⫺C 1 兩  ,
Y O2 兩  ⫽Y O2 兩  * ⫺C 2 兩  ,

冉

冊

共47兲

冉

冊

WP
WP
Y Int 兩  ⫽
⫹1 C 1 兩  ⫺ 2
⫺1 C 2 兩  ,
W CH4
W O2
Y P 兩  ⫽2

WP
WP
C 兩 ⫺
C 兩 ,
W O2 2
W CH4 1

T 兩  ⫽T 0 ⫹

Q⫺Q II
Q II
C1 兩 ⫹
C 兩 ,
W CH4
W O2 2

共48兲
共49兲
共50兲
共51兲

with the molecular weights of the individual mass species
being W CH4⫽16, W O2 ⫽32, W Int⫽64/3, and W P ⫽80/3
g mol⫺1. The chemically inert straight mixing lines
—Y CH4 兩  * in Eq. 共47兲 and Y O2 兩  * in Eq. 共48兲—as well as
the functional shape of fuel-consumption variable C 1 and
oxidizer-consumption variable C 2 in mixture fraction (Z)
space—can be seen in Fig. 3. The displayed curves of C 1 (Z)
and C 2 (Z) correspond to the steady-state laminar flamelet
solution shown in Fig. 2共a兲.

 a⫺1 共 1⫺  兲 b⫺1
,
␤ 共 a,b 兲

冉 冊
1

Z̃

a⫽Z̃

冋

册

Z̃ 共 1⫺Z̃ 兲
⫺1 ,
g
Z
⬙2

⫺1 .

Therein, the spatially filtered mixture fraction Z̃ is expressed
as a linear combination of the filtered species mass fractions
g
as given in Eq. 共43兲. The filtered variance Z
⬙ 2 is modeled
28
using a dynamic procedure. Thus, it is not necessary to
solve an extra transport equation for either the filtered mean
or the filtered variance of the mixture fraction.
As outlined in Sec. II B, statistical homogeneity of the
conditional averages is assumed on planes of constant downstream distance from the nozzle 共see Fig. 1兲, and Eq. 共18兲 can
be applied to all conditional filtered means including C 1 兩 
and C 2 兩  . At every LES sample point xm : m⫽1,...,M , located on each of these homogeneous planes the integral
equations 共52兲 and 共53兲 are rewritten as
N

* ⫺Ỹ CH 兲 m ⫽
共 Ỹ CH
4
4

兺

n⫽1

具 C 1 兩  n 典 P̃ n,m ⌬  n ,

共54兲

N

* ⫺Ỹ O 兲 m ⫽
共 Ỹ O
2
2

兺

n⫽1

具 C 2 兩  n 典 P̃ n,m ⌬  n ,

共55兲

where the integrals are approximated as sums over N discrete
intervals ⌬  n using a trapezoidal scheme. P̃ n,m represent the
discretized FDF at point m and 具 C 1,2 兩  n 典 are the discretized
conditional filtered means, respectively. Equations 共54兲 and
共55兲 constitute a linear system of M equations for the N
⬍M discrete unkowns 具 C 1 兩  n 典 and 具 C 2 兩  n 典 in conditioning space at each node  n with n⫽1,...,N. The  grid was
specified with N⫽41 points, which are strongly clustered
around the stoichiometric mixture fraction at  ⫽Z stoic
⫽0.352 in order to increase the resolution in the reaction
zone. The accuracy of the chosen discretization in  space
was checked by solving the laminar flamelet equations 共34兲–
共35兲 on the given  grid for the reduced two-step chemistry
and comparing the results with the corresponding laminar
flamelet solution obtained on a further refined  grid. The
solutions obtained on the two different grids showed no significant difference. The linear system 共54兲–共55兲 constitutes a
Fredholm equation of the first kind which has to be inverted;
this was solved for 具 C 1 兩  n 典 and 具 C 2 兩  n 典 using a linear
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regularization method.29 The number of grid points located
on each plane at a constant distance downstream from the
nozzle determines the maximum sample size of M; in the
present case that maximum value was M ⫽4032. Calculations were made both with the maximum and half of the
maximum sample size. The results of the inversion did not
vary significantly, however the model’s computational cost
in the latter case was reduced by half, hence all results shown
in the following sections were obtained with M ⫽2016
sample points on each homogeneous plane. The chosen
sample points are located on radial grid lines going outward
from the center line of the jet through the reaction layer into
the coflowing oxidizer stream. The individual grid rays are
randomly chosen. Inserting the solutions for the conditional
filtered averages 具 C 1 兩  典 and 具 C 2 兩  典 into the RHS of Eqs.
共47兲–共51兲 provides the conditionally averaged temperature
and species mass fractions needed for the closure hypothesis
in Eqs. 共36兲 and 共37兲 on each plane. The integration of these
conditional filtered averages with the FDF over  gives the
unconditional spatially filtered values for the reaction rates
˙ I and ˙ II at every point xm :

˙ I共 xm ,t 兲 ⫽¯ 共 xm ,t 兲

˙ II共 xm ,t 兲 ⫽¯ 共 xm ,t 兲

冕 具具 典典
˙ I兩

1

兩

0

P̃ 共  ;xm ,t 兲 d  ,

冕 具具 典典
1

0

˙ II 兩
兩

P̃ 共  ;xm ,t 兲 d  .

共56兲

共57兲

Expressing the thermodynamic state in terms of two consumption variables reduces the computational cost considerably because only two integral equations 共52兲 and 共53兲 have
to be inverted. The left hand side of these equations is obtained from the filtered fields of the mass fractions of fuel
and oxidizer. Only two scalar transport equations 共7兲 have to
be solved for Ỹ CH4 and Ỹ O2 , whose source terms ⍀̇ CH4 and
⍀̇ O2 are related to ˙ I and ˙ II by Eqs. 共27兲 and 共28兲, respectively. The spatially filtered instantaneous values of the remaining scalars involved in the two-step mechanism, i.e.,
intermediate species Ỹ Int , product Ỹ P , and temperature T̃,
are calculated by computing the corresponding conditional
averages 具 Y Int 兩  典 , 具 Y P 兩  典 , and 具 T 兩  典 as functions of
具 C 1 兩  典 and 具 C 2 兩  典 according to Eqs. 共49兲–共51兲 and substituting them into the integrals

冕 具 典 
冕 具 典 
冕 具 典 
1

Ỹ Int共 xm ,t 兲 ⫽

0

1

Ỹ P 共 xm ,t 兲 ⫽
T̃ 共 xm ,t 兲 ⫽

0

1

0

Y Int 兩

YP 兩

T兩

P̃ 共 ;xm ,t 兲 d  ,

P̃ 共 ;xm ,t 兲 d  ,

P̃ 共 ;xm ,t 兲 d  .

FIG. 4. Computational grid in spherical coordinates 共for better visibility
only every second grid line is displayed兲.

共58兲
共59兲
共60兲

IV. RESULTS

The computational code used for the present LES is
based on a code originally developed for DNS of nonreacting, round, free jets in the low Mach number limit.30

The LES version of that code was obtained by implementing
dynamic subgrid-scale models for the unresolved turbulent
transport and the CSE closure model for the chemical reaction terms. The LES was performed on a computational grid
shown in schematic form in Fig. 4. It is given in spherical
coordinates with 192⫻84⫻48 points in streamwise r, crossstream ⌰, and azimuthal ⌽ direction of the jet. The grid is
refined in the streamwise and cross-stream direction to increase the spatial resolution in the region close to the orifice
as well as in the shear layer. As the numerical integration
scheme employs a finite volume method, which is secondorder accurate in space, the local mesh refinement was also
needed to reduce the effect of the numerical dissipation inherent in second-order schemes. The numerical dissipation
might otherwise excessively dampen the contributions of the
subgrid scale models. Due to the high density ratio 共the ratio
of reference density in the coflowing air to the minimum
density in the flame is  0 /  min⬇7) the LES transport equations for momentum and the scalars are integrated in time
using the predictor–corrector-projection scheme.31 Thereby,
the numerical solution is advanced in time using a secondorder Adams–Bashford scheme in the predictor-step, which
is followed by a corrector step using a semi-implicit Crank–
Nicholson scheme. The advective fluxes in the scalar transport equations were obtained with a Total Variation Diminishing 共TVD兲 scheme to avoid spurious oscillations in the
vicinity of strong gradients which occur particularly in the
shear layer of the jet close to the nozzle, where large
amounts of unmixed fuel meet the oxidizer from the coflow.
To overcome stability problems due to an eventual stiffness
of the kinetic mechanism, a timestep splitting technique is
used32 when computing the source terms in conditioning
space. Equations 共56兲 and 共57兲 are evaluated with the conditional filtered source terms averaged in time over the flow
timestep ⌬t n ⫽t n⫹1 ⫺t n , which read
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共61兲

˙ k 兩  典 (x,  ) is evaluated at every subtimestep acwhere 具 
cording to the CMC hypothesis given in Eq. 共20兲. The time
integral in 共61兲 is computed using an ordinary differential
equation solver from the package ODEPACK.33
At the inflow boundary, all the required mean quantities
are specified according to the experimental data given for the
fuel jet, pilot, and coflowing air stream, respectively. Velocity fluctuations were superimposed on the measured mean
profiles 具 u in典 to mimic turbulent inflow conditions. The mean
velocity profile was perturbed with several rotating helical as
well as oscillating axisymmetric modes.34
A convective boundary condition is used for the outflow
boundary at r⫽r max :35

 ũ i
 ũ i
⫹U con
⫽0.
t
r
Therein, the convection velocity U con is the mean outflow
velocity averaged over the azimuthal direction  . The convective boundary condition convects vortical structures out
of the computational domain through the outflow boundary,
thereby stabilizing the simulation. Although this procedure is
nonphysical in elliptic problems, it can still be applied to
flows of convective nature like free flow without disturbing
the upstream solution;30 however, the region immediately adjacent to the outflow boundary has to be disregarded in the
analysis of the numerical results.
A traction-free condition is used at the lateral boundary
at ⌰⫽⌰ max .36 The traction-free boundary condition is given
by

 i j n j ⫽0,
where  i j is the stress tensor and n j is the unit normal vector
on the boundary. Unlike the no-slip or free-slip conditions it
allows for a flux of ambient fluid across the lateral boundary.
Thus, it is well suited to capture the entrainment in a spreading jet.
An instantaneous temperature field is shown in Fig. 5 to
illustrate the structure of the piloted jet flame. The cold inner
fuel jet is surrounded by a hot coannular pilot stream, which
keeps the flame attached to the nozzle. The region close to
the nozzle is evidently dominated by small scale structures
emerging from the boundary layers, while the region further
downstream is dominated by larger structures. The profile of
the time-averaged mixture fraction and temperature—the latter normalized with the inflow temperature of the coflowing
air stream T 0 ⫽291 K—on the centerline and radial distribution at various locations downstream the nozzle are shown in
Figs. 6 and 7, respectively. The agreement with the experimental data is reasonable, implying that the heat release is
predicted fairly accurately by the model.
Figures 8 and 9 show the radial distribution of timeaveraged species mass fractions at various locations downstream of the nozzle. The agreement of the LES results with
the experiment is good. There is, however, an underprediction of intermediate species and an overprediction of prod-

FIG. 5. Instantaneous temperature field normalized with reference temperature T 0 ⫽291 K.

uct, which is most significant at x/D⫽30. This is a result of
discrepancies in the prediction of the conditional averages;
as shown in Figs. 10 and 11, the conditional filtered averages
computed according to the procedure described in Eqs. 共47兲–
共53兲 also exhibit the aforementioned disagreement for the
intermediate species and product at the corresponding downstream locations. Some part of these discrepancies can be
attributed to the extreme simplicity of the chemical kinetic
mechanism which was applied in the present LES as derived
in the literature25 without adjusting any of the mechanism’s
parameters. Although this two-step mechanism mimics
qualitatively the structure of methane–air diffusion flames
very well, it is conceivable that simplifying the very complex
methane–air chemistry to just two reactions will give quantitatively less accurate predictions than the full detailed

FIG. 6. Mixture fraction Z and temperature T/T 0 normalized with the reference temperature T 0 ⫽291 K at the centerline of the jet vs downstream
distance in nozzle diameters D; 共
兲 LES result for mixture fraction;
(- - -) is LES result for temperature; symbols denote the experimental data.
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FIG. 7. Mixture fraction Z and temperature T/T 0 normalized with the reference temperature T 0 ⫽291 K vs radial direction in jet diameters D at
different downstream locations: 共a兲 at
x⫽7.5, 共b兲 at x⫽15, 共c兲 at x⫽30, 共d兲
at x⫽45, 共e兲 at x⫽60 diameters
downstream of the nozzle; 共
兲 LES
results for Z; (- - -) LES results for
T/T 0 ; symbols denote the measurements.

mechanism. In deriving the two-step mechanism one of the
major reduction steps involves the partial equilibrium assumption for the water–gas shift
关 CO兴 ⫹ 关 H2O兴

关 CO2 兴 ⫹ 关 H2 兴 .

共62兲

Applied to the present flame this partial equilibrium evidently causes an underprediction of the concentrations of
关 CO兴 , the principal intermediate species. Using a more detailed chemical kinetic mechanism would help to overcome
this problem. It should be noted, however, that computational cost is an important issue in the choice of a chemical
mechanism to be employed in CSE. As already pointed out
above, every further reaction accounted for requires at least
one more scalar transport equation in the resolved physical
space plus one more mapping procedure 关Eq. 共52兲兴 for the
corresponding conditional average in mixture fraction space.
The main objective of the present LES was to assess the
feasibility and predictive capabilities of the CSE method in a
self-sustained LES. The two-step mechanism was chosen as
the least computationally expensive methane–air mechanism
that can be applied to the particular configuration given in
the present jet flame. Applying very detailed chemistry was
determined to be beyond the scope of this study. A close
examination of the experimental data on the rich side of the

flame unveils something else that should not be overlooked:
the partial premixedness of the feed fuel stream. The experimental data of the conditional averages of the intermediate
species and product shown in Figs. 10共b兲, 10共d兲, 11共b兲, and
11共d兲 exhibit a slight hump on the fuel side of the diffusion
flame around mixture fraction Z⫽0.6. Assuming rather a
physical background than experimental uncertainties as a
possible reason for this hump, it can be concluded that there
is some reactive formation of intermediate species and product in this partially premixed fuel region. The CSE method,
like any other mainly mixture fraction based model, is designed for nonpremixed combustion. Thus, it is conceivable
that the occurrence of a premixed reaction zone might contribute to the disagreement of the model’s predictions with
the experiment on the partially premixed rich side, as well.
V. DISCUSSION

The test simulation of a piloted jet reported here shows
that the CSE method is a tool with satisfactory predictive
capabilities to be employed in a predictive self-sustained
LES of diffusion flames. Nevertheless, the discrepancies
found between the predictions of the LES and the experimental data unveil the limitations and shortcomings of the
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FIG. 8. Species mass fractions of fuel
Y CH4 and oxidizer Y O2 vs radial direction in jet diameters D at different
downstream locations: 共a兲 at x⫽7.5,
共b兲 at x⫽15, 共c兲 at x⫽30, 共d兲 at x
⫽45, 共e兲 at x⫽60 diameters downstream of the nozzle; 共
兲 LES results for Y CH4 ; (- - -) LES results for
Y O2 ; symbols denote the measurements.

CSE model as well as those of the strongly reduced kinetic
mechanism. The quality of the results obtained with the
present CSE model depends mainly on the validity of the
following assumptions:
共1兲 The reactions depend solely on one conditioning variable.
共2兲 The conditional reaction terms can be approximated by
the CMC hypothesis to first-order accuracy 共14兲, i.e., the
conditional fluctuations around the conditional averages
are negligible.
共3兲 Surfaces of homogeneity for the conditional averages,
where Eq. 共18兲 applies, can be specified in the flow field.
共4兲 The uncertainties in the numerical solution of the integral equation 共19兲 are small.
The flame considered in the present study is far enough away
from extinction that the conditional fluctuations around the
conditional averages can be neglected and the first two assumptions are satisfied. The free unbounded jet configuration
is characterized by a dominant motion of fluid downstream
of the axis of the jet. There are no walls, which may lead to
recirculation zones or heat transfer from the gas. Thus,
planes of constant downstream distance to the nozzle can be

realistically assumed to be homogeneous surfaces for the
conditional averages. Dealing with other more complicated
configurations, e.g., wall-bounded or swirling, jets that have
significant back flow and/or wall effects would complicate
the selection of homogeneous surfaces in that this selection
would surely have to account for the greater complexity of
the flow field 共e.g., regions with a considerable heat loss to
the walls, or regions with larger pockets of recirculating hot
burned gas will have to be treated separately owing to their
different statistics in mixing space兲. In such complex cases,
surfaces constituted by particles with the same residence
time might be a more appropriate, though numerically more
expensive, choice. Moreover, if extinction is important, a
second conditioning variable will have to be added to the
mixture fraction. This additional variable could be related to
the scalar dissipation rate. The CSE procedure would be as
described in previous work.16
The assumption of the shape of the filtered probability
density functions is inherent in all presumed PDF methods
and is not a constraint for the CSE method per se. CSE can
alternatively be applied with a transported PDF approach as
well.
As chemical reaction rates are in general very sensitive
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FIG. 9. Species mass fractions of intermediate Y Int and product Y P vs radial direction in jet diameters D at different downstream locations: 共a兲 at x
⫽7.5, 共b兲 at x⫽15, 共c兲 at x⫽30, 共d兲
at x⫽45, 共e兲 at x⫽60 diameters
downstream of the nozzle; 共
兲 LES
results for Y Int ; (- - -) LES results for
Y P ; symbols denote the measurements.

to variations in the participating reactive scalars, the accuracy of the numerical solution procedure for the conditional
averages as proposed by the CSE method is an important
issue. The reaction zones have to be resolved sufficiently
well in mixture fraction space, which requires strong clustering of points in the stoichiometric region when discretizing
the integral equations. The quality of the resolution in conditioning space can be tested best by computing a laminar
flamelet solution on the chosen grid. Generally, more detailed chemistry requires more points in mixing space.
The CSE method’s uncertainties, which are primarily related to the latter two items given above, can be estimated by
comparing the spatially filtered fuel mass fraction Ỹ j provided by the LES transport equation 共7兲 with the spatially
filtered value obtained with the integral equation 共19兲 for the
same species. For example, rewriting Eq. 共19兲 for fuel reads
Ỹ CH4共 xm ,t 兲 ⫽

冕具
1

0

Y CH4 兩  典 P̃ 共  ;xm ,t 兲 d  ,

共63兲

where the conditional average 具 Y CH4 兩  典 is computed according to Eq. 共47兲 as a function of 具 C 1 兩  典 . Figure 12 shows the
results of this comparison obtained at all points of the computational domain at some instant in time. The mass frac-

tions provided by the transport equation are denoted by
transp.
Ỹ CH
and plotted on the abscissa. The mass fractions ob4
tained with Eq. 共63兲 at the corresponding grid points are
CSE
denoted by Ỹ CH
and plotted on the ordinate. The width of
4
the scatter around the straight line with unity slope gives a
qualitative estimate of the uncertainties due to the inversion
procedure of Eq. 共54兲 and the homogeneity assumption invoking Eq. 共18兲 on each plane at constant downstream distance. The relative standard error obtained for all points,
where Ỹ CH4 is significant (⭓1⫻10⫺2 ),  rel is about 8%.
Unfortunately, it is not possible to distinguish clearly which
part of the deviations is caused by the numerics of the inversion procedure and which part is due to the homogeneity
assumption. Test calculations were made with chemically inert mixing fields. There, the inversion procedure proved to be
very accurate—inserting the solution of Eq. 共54兲 into Eq.
共47兲 produced the straight mixing lines for the conditional
filtered averages in mixing space which read for fuel

具 Y CH4兩  典 ⫽  Y CH4,1 .

共64兲

Concerning the kinetic mechanism, the results of the present
LES make it evident that the simple two-step methane–air
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FIG. 10. Conditional averages of species mass fractions of fuel 具 Y CH4 兩 Z 典 ,
oxidizer
intermediate
具 Y O2 兩 Z 典 ,
具 Y Int 兩 Z 典 , and product 具 Y P 兩 Z 典 : 共a兲,
共b兲 at x⫽7.5 diameters downstream of
the nozzle; 共c兲, 共d兲 at x⫽15 diameters
downstream of the nozzle; 共
兲 CSE
results; symbols denote the measurements.

mechanism clearly has its limits in producing quantitatively
accurate predictions for all the species involved. In particular, the disagreement of the intermediate species with the
experiment suggests the application of a more detailed chemistry for future work. Full or large skeletal kinetic mechanisms have to be ruled out as they would make the LES with
CSE closure too computationally expensive. A compromise
between very accurate chemistry and computational cost has
to be made.

VI. CONCLUSION

The closure problem for the reactive source terms imposes an enormous challenge to LES of reacting flows. The
CSE method was developed with the objective of providing a
generally applicable closure model for LES of nonpremixed
combustion. As long as surfaces of homogeneity for the conditionally averaged composition vector and temperature
共which the method needs as input quantities兲 can be speci-

FIG. 11. Conditional averages of species mass fractions of fuel 具 Y CH4 兩 Z 典 ,
oxidizer
intermediate
具 Y O2 兩 Z 典 ,
具 Y Int 兩 Z 典 , and product 具 Y P 兩 Z 典 : 共a兲,
共b兲 at x⫽30 diameters downstream of
the nozzle; 共c兲, 共d兲 at x⫽45 diameters
downstream of the nozzle; 共
兲 CSE
results; symbols denote the measurements.
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5

FIG. 12. Spatially filtered species mass fraction for fuel from CSE proceCSE
dure Ỹ CH
vs spatially filtered species mass fraction for fuel from LES
4
transp.
transport equation Ỹ CH
.
4

fied, the model can be applied to diffusion flames with any
given flow configuration and chemistry. The model does not
require ‘‘infinitely fast reactions’’ or steady-state assumptions for the conditional averages. As it relies on information
from the instantaneous flow field provided by the LES transport equations, it is capable of accounting for unsteady effects of the turbulent motion on the reaction rates. The
present LES of a piloted turbulent jet flame proved the CSE
method to be an appropriate closure model for nonpremixed
flames. The discrepancies found between the numerical results and the experimental data unveiled the limitations of
the strongly reduced kinetic mechanism applied in the
present LES as well as the limitations and shortcomings of
the CSE method itself. The latter are related mainly to the
statistical homogeneity assumption required by the method,
the dependence of just one single conditioning variable, and
the problem of obtaining sufficiently accurate solutions in
conditioning space. Summing up, it can be said that CSE is a
very feasible approach to get closure for the spatially filtered
reaction terms in LES of diffusion flames. To obtain good
results, it requires, however, some a priori knowledge of the
structure of the flowfield in physical space as well as the
knowledge of the flame structure in conditioning space for
the given chemistry.
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A new decomposition approach to conditional source-term estimation 共CSE兲 is proposed and
discussed. The new approach is tested in the a priori sense using direct numerical simulations
共DNS兲. It is found that—where CSE had previously been found to provide closure for chemical
source-terms with arbitrary chemistry in the large eddy simulation paradigm—it can provide this
closure in the Reynolds averaged Navier–Stokes paradigm as well. Using the proposed
decomposition improves the predictions of CSE considerably. Only the assumptions that gradients
in conditional averages are small and that the probability density function of mixture fraction can be
adequately approximated using a presumed functional form are needed. The computational cost of
the new laminar flamelet decomposition approach to CSE is also substantially lower than that of the
original approach. © 2003 American Institute of Physics. 关DOI: 10.1063/1.1569483兴

I. INTRODUCTION

problems, which allows us to use the CMC closure for the
chemical source-term without requiring closure for other
terms and without requiring an additional dimension in the
simulation.
The method has been compared 共in the a priori sense兲 to
DNS results obtained using one-step chemistry7 and found to
give good predictions of filtered reaction rates.1 The method
has subsequently been modified somewhat and included into
a LES code; the code has been used to simulate the ‘‘Sandia
D-flame.’’ 8,9 That work has demonstrated three important
features: 共1兲 The method is a practical solution to the chemical closure problem for LES; 共2兲 the method provides closure
for the chemical source-terms at an acceptably low computational cost; and 共3兲 the method can be used for predictive
calculations of nonpremixed turbulent reacting flows.10
While the CSE method as described in the above-noted
works is successful in providing a closed-form solution in
turbulent nonpremixed flows, there have been several shortcomings that have been identified. First, CSE requires solution of transport equations for many scalars—however, many
scalars participate in the chemical reactions for a given problem. Second, the inversion of the integral equations have
been found, under many circumstances, to lead to poor approximations for the conditional averages of species mass
fractions and temperature—approximations that resemble solutions to the spatially degenerate CMC equation where the
conditional scalar dissipation rate is excessively high 共as if
the diffusivity were too large兲. Finally, our previous work
with the method has been applied only to LES; in principal,
the closure should also work in the Reynolds averaged
Navier–Stokes 共RANS兲 context, however, this has yet to be
proven.
In this paper, a new modification to the CSE method is
proposed in which unsteady laminar flamelet solutions are

Recently, a new approach for obtaining closure for
chemical source terms in large eddy simulations 共LES兲 of
nonpremixed turbulent reacting flows was proposed1 which
takes advantage of the now well-established chemical
source-term closure used in conditional moment closure
共CMC兲 methods.2–5 In conditional source-term estimation
共CSE兲—as the method has come to be known—conditional
filtered means are assumed to be homogeneous for some
user-prescribed ensemble of computational grid-cells. By assuming a form for the filtered density function of the mixture
fraction 共such as the ␤-function6兲, it becomes possible to
invert integral equations for the conditional averages of species mass fractions and temperature and density. These can
then be substituted into the reaction rate expressions to obtain approximations for conditional reaction rates, which are
then mapped back onto the LES computational grid, such
that the filtered chemical source-terms are obtained in closed
form.
CSE was originally proposed as a closure for LES; here,
traditional CMC methods have the problem that they require
the addition of the conditioning variable 共mixture fraction in
the nonpremixed flame context兲 as an independent
variable—effectively requiring a solution in four ‘‘dimensions’’ for a three-dimensional flow field. In order to capture
the effect of vortex-stretching on the cascade of energy from
large scales to smaller scales, a LES calculation must solve
the flow-field in three dimensions; to use CMC in LES, one
would have to solve in four dimensions. Another drawback
to CMC is that many terms in the CMC transport equations
are unclosed. The CSE approach circumvents both of these
a兲
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used to provide basis functions to approximate the conditional averages. The method is tested against DNS which
uses realistic chemistry for methane oxidation.11 For this a
priori test, rather than using spatially filtered means, the
method will be applied to ensemble averaged means which
will demonstrate the applicability of the method to RANS
problems.

II. BACKGROUND

CSE is a means for circumventing the chemical closure
problem. In LES and RANS, transport equations are being
solved for the averages 共either spatial averages in the case of
LES or time/ensemble averages in RANS兲 of fluid properties
such as density, temperature, and composition 共usually in the
form of mass fractions of chemical species兲. The chemical
source-terms which appear in these transport equations are
linear combinations of chemical reaction rates which are
themselves highly nonlinear functions of the instantaneous
local density, temperature, and composition. Evaluating the
reaction rate expressions with the average density, temperature, and mass fractions 共first moment closure兲 generally results in very poor predictions of the mean reaction rates. That
˙ (  ,T,Y K ) is evaluated
is, if the reaction rate expression 
using mean density, temperature and mass fractions, the approximation

˙ 共  ,T,Y K 兲 ⬇ ˙ 共 ¯ ,T̃,Ỹ K 兲

共1兲

˜ ⬅  ⌰/¯ denotes the Favre average of the random
共where ⌰
scalar field ⌰兲, is generally not acceptable.
The underlying philosophy of CSE is to approximate
conditional averages of density, temperature, and mass fractions by inverting integral equations for these properties and
to use these approximations to close the chemical sourceterm in conditioning space. Several recent findings have
driven the development of this method. It has been found
that the chemical closure hypothesis used in CMC provides a
good prediction of conditional averages of reaction rates
given good estimates of conditional averages of density, temperature and mass fractions,11 with the mixture fraction being
the conditioning variable. Also it has been found that conditional averages of temperature and mass fractions tend to be
weak functions in space.11 Finally, it has been found that the
probability density function 共PDF兲—or, in LES, the filtered
density function 共FDF兲—of mixture fraction in a nonpremixed system can be well approximated using a ␤-function
evaluated such that the first two moments of the mixture
fraction are matched.6
In RANS 共and in LES兲 transport equations are to be
solved for the average temperature T̃, mass fractions Ỹ K of
chemical species and, in some cases, also the average density
¯ . In RANS, the average can either be a time-average or an
ensemble average; in LES the average is a spatial filtering
operation. In CSE,1 the integral
T̃ 共 x k ,t 兲 ⫽

冕

1

0

g
T 共 x k ,t 兲 兩  P̃ 共  ;Z̄ 共 x k ,t 兲 ,Z
⬙ 2 共 x k ,t 兲兲 d  , 共2兲
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is written 关where P̃(  ) is the Favre FDF or PDF of mixture
fraction, depending on how the conditional average is defined兴 for the temperature with similar integrals written for
density and mass fractions. The Favre average temperature is
known at many discrete points in space. The Favre average
of the mixture fraction can often be obtained as a linear
combination of mass fractions, although the transport equation for the mean mixture fraction is often solved separately.
In RANS, an additional transport equation for the Favre variance of the mixture fraction is frequently solved to close
terms representing turbulent mixing in the RANS equation
for the average mixture fraction. If the ␤-function is assumed
for the form of the Favre PDF of the mixture fraction, such
that the Favre average and variance of mixture fraction are
matched, then only the conditional average of the temperature in Eq. 共2兲 is unknown. For a user-supplied ensemble of
discrete realizations of this integral over which the conditional average can be assumed to be constant, such that, for
that ensemble
T 共 x k ,t 兲 兩  ⫽T 兩  ,

共3兲

it is possible to invert this integral using a technique such as
linear regularization12 and obtain a mean conditional average
of temperature for the ensemble. Substituting this approximation for the conditional average of the temperature, and
similarly obtained approximations for the conditional averages of density and species mass fractions, into the reaction
rate expressions provides an approximation to the conditional average of the reaction rates

˙ 共  ,T,Y K 兲 兩  ⬇ ˙ 共  兩  ,T 兩  ,Y K 兩  兲 .

共4兲

Closure for the unconditional average of the reaction rates
can now be obtained by integrating
¯˙ 共 x k ,t 兲 ⫽¯


g
˙ 兩 P̃ 共  ;Z̃ 共 x k ,t 兲 ,Z
⬙ 2 共 x k ,t 兲兲

冕 
1

0

兩

d,

共5兲

at each point in the ensemble of computational grid-points.
This method was found to provide good predictions of
reaction rates when compared to DNS, but it was found to be
necessary to include a second conditioning variable 共scalar
dissipation of mixture fraction兲 to obtain predictions of local
extinction phenomena.1 The need to include a second conditioning variable was found to be a result of the effect of large
variations in scalar dissipation on the conditional averages,
leading to significant conditional variances in mass fractions
and temperature. These variations are somewhat correlated
with the instantaneous scalar dissipation. Thus, adding scalar
dissipation as a second conditioning variable has been found
to reduce the variations significantly.
Instantaneous local scalar dissipation is by no means the
ideal second conditioning variable. Local extinction may be
caused by high local scalar dissipation, but extinction events
have been found to lag in time behind peaks in scalar
dissipation.11 Re-ignition of local extinction events does not
necessarily coincide with the abatement of local scalar dissipation; these events also show a significant time-lag.11 Thus,
the ideal second conditioning variable would have to include
some kind of time-integral of the local, instantaneous scalar
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dissipation. Unfortunately, the local, instantaneous scalar dissipation is not actually being resolved in either a RANS or
LES simulation. How one might obtain a time-history of a
scalar field that is not being resolved is unclear. Ultimately,
the inclusion of a second conditioning variable has been
found to involve a prohibitively high computational cost,
thus the issue of selecting an appropriate variable seems to
be irrelevant.
Another shortcoming that has been identified in the CSE
approach is in how the integrals are inverted. The regularization approach used in the previous a priori tests worked well
for the single-step chemistry in the DNS database against
which CSE was compared, however, it has been found that
the smoothing matrix necessary to obtain an acceptable solution to the inverse problem causes the conditional average
to take on an overly diffusive character—as if it were the
result of a CMC calculation where the scalar dissipation is
too large. In one-step chemistry, this behavior has a negligible effect on the closure of the source-terms, however for
more complex chemistry the effect leads to unacceptable errors in the reaction rate predictions.
One way to circumvent this problem is to invert integral
equations for reaction progress variables rather than for individual species mass fractions, temperature and density
directly.10 Progress variables generally do not exhibit the
sharp gradients in mixture fraction space that individual species mass fractions do. The smoothness of the progress variables as functions of mixture fraction mitigates the effect of
the smoothing matrix considerably. Unfortunately, this approach has the drawback that it may be necessary to neglect
differential diffusion to obtain useful expressions for the
progress variables.

One obvious choice for basis functions is a library of
steady laminar flamelet solutions.13 Unfortunately, a steady
laminar flamelet solution cannot hope to capture the physics
underlying a local extinction or ignition event. An alternative
would be to use a library of solutions to the unsteady laminar
flamelet equation14 共or solutions to the spatially degenerate
CMC equation15兲. This choice has several appealing features.
As solutions to the unsteady laminar flamelet equation, these
functions would represent physically realizable conditions
for the flame. These solutions would likely exhibit many of
the same features 共i.e., sharp gradients in species mass fractions兲 to be expected in the conditional average of a mass
fraction in a turbulent flame. By choosing unsteady solutions, it is possible to include solutions that arise from ignition and extinction phenomena—although other features,
such as the edge-flame phenomenon,16 would not be represented in such a library. Including flamelet solutions which
include ignition and extinction might eliminate the need for a
second conditioning variable.
This last point is perhaps the most attractive feature of
the decomposition approach. In a sense, the coefficient vector a i plays the role of the probability density function of
scalar dissipation. Now, rather than having to calculate the
double-conditional average and assume some form for the
PDF of scalar dissipation, one can use a pre-computed library and calculate the coefficient vector from the given flow
field. This should require a very small computation compared to that required to invert the two-condition CSE equation.
The relationship between the decomposition approach
and double-condition CSE is worth exploring. We note that
T 兩 Z⫽  ⫽

III. FORMULATION

An alternative means of circumventing the effect of the
smoothing matrix is to use a decomposition approach. In a
decomposition approach, the conditional average would be
approximated by forming a linear combination of basis functions. These basis functions could be chosen such that they
might have the sharp gradients that one expects to find in
conditional averages of species mass fractions. Rather than
estimating the conditional average at each discrete point in
mixture fraction directly, one would solve for the coefficient
vector to be multiplied by the basis function matrix.
For example, the conditional average of the temperature
would be estimated using
n

T 兩 Z⫽  ⫽

兺 a i⌰ i共  兲 ,

i⫽1

共6兲

where ⌰ i (  ) would be the ith basis function and a i would be
the coefficient by which that basis function would be
weighted. Now the integral equation becomes

冕兺
1

T̃⫽

n

0 i⫽1

g
a i ⌰ i 共  兲 P̃ 共  ;Z̃,Z
⬙ 2 )d  ,

共7兲

and we would invert this equation for the coefficient vector
ai .

冕

⬁

0

T 兩 Z⫽  ,c⫽  P 共 c 兲 dc.

共8兲

Comparing Eqs. 共6兲 and 共8兲, we can see that, if the integration in Eq. 共8兲 is evaluated using a simple trapezoidal rule
and it can be assumed that ⌰ i (  )⫽T 兩 Z⫽  ;c⫽  i , then the
coefficient vector becomes a i ⫽ P(  i )d  i .
Further savings in computational time may also be afforded by recognizing that, if the coefficient vector a i is
taken to be P(  )d  , then the conditional average of the
chemical source terms can be expressed as linear combinations of those from the flamelet library
n

 j 兩 Z⫽  ⫽

兺 a i i j共  兲.

i⫽1

共9兲

This would avoid having to compute each chemical reaction
rate at each time step.
Practically, it can be expected that a different coefficient
vector for a i will result from inverting the integral for each
different scalar in the system. This is because it would be
impossible to include a flamelet solution for every single
realizable condition in the system; it would be even more
difficult to conceive of including a flamelet for every possible realization in a system where the flame is not in the
flamelet regime. Nevertheless, one possible means of taking
advantage of the available computational savings is to invert
a much larger system of integrals 共including several scalars兲
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for the same coefficient vector. Here, there would likely be a
trade-off between the computation saved by not having to
compute many exponential functions in the chemical reaction rates and the additional computation required to invert a
much larger system of equations. An alternative would be to
choose only one scalar—such as the temperature—and invert
the integral for the coefficient vector using only that one
scalar.
Here again, an enormous computational savings can be
realized: if we are only using the temperature to obtain the
coefficient vector a i , then it would be unnecessary to solve
individual transport equations for species mass fractions. The
conditional averages of these would now be given by
n

Y j 兩 Z⫽  ⫽

兺 a iY i j共  兲,

i⫽1

共10兲

and the unconditional averages 共for which we previously
would have had to solve transport equations兲 would given by
Ỹ j ⫽

冕兺
1

n

0 i⫽1

g
a i Y i j 共  兲 P̃ 共  ;Z̃,Z
⬙2 兲d  .

共11兲

As was mentioned above, there are many different conceivable strategies for performing the flamelet decomposition described herein. We will examine several different possibilities in the next section.
IV. RESULTS

In order to test the ideas discussed above, we have performed a number of a priori tests using a relatively new
DNS database.11 The database consists of several independent simulations of a decaying, shear-free, temporal mixing
layer. The code which was used to create the database uses a
sixth order Padé differentiation scheme in space17 and a third
order Runge–Kutta algorithm for time integration.16 The domain used was periodic in two directions and in–out-flow
was allowed in the third direction at either end of the domain
using the Navier–Stokes characteristic boundary conditions
of Poinsot and Lele.18 The flow field was initialized with a
turbulent field obtained from a forced, statistically stationary
incompressible simulation using a pseudo-spectral code19
and the initial scalar fields were initialized with a planar,
laminar flame. A two-step reduced chemical kinetic mechanism representative of methane–oxygen combustion was
used20,21 with a third step added to be representative of nitric
oxide formation; hence the kinetic mechanism is
Fuel⫹Oxi→Int⫹Prod,
Int⫹Oxi→2Prod,
N2 ⫹Oxi→2NO.
The mechanism used in creating the DNS database is
unable to predict ignition—the reaction rates depend strongly
on the concentration of a radical species which would be
zero initially in an ignition problem, leading to reaction rates
that are identically zero. However, the DNS database did
include several significant local extinction events. One consequence of extinction is that a single, unsteady flamelet or a
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spatially degenerate CMC calculation15 fails to predict accurately the average species mass fractions and temperatures as
functions of time in an a priori test22—that is, where the
CMC calculation started from the same initial conditions as
were used in the DNS and the scalar dissipation 共needed to
close the diffusion term in the equation兲 was extracted directly from the DNS. Specifically, it was found that the formation rates of intermediate species and NO are underpredicted significantly whenever extinction is occuring. One
global conditional average of temperature inevitably fails to
represent the much lower temperature in regions where extinction has occurred. It should be stressed that, while the
global average of scalar dissipation decays in the database
with time, it was found that extinction events occurred only
locally where the instantaneous scalar dissipation exceeded
that necessary for extinction.11 Because of the presense of
extinction in the DNS database, it represents an opportunity
to test models purporting to predict local extinction.
A library was prepared, consisting of solutions to the
unsteady flamelet equation,14 starting with the same initial
condition as was used to initialize the DNS, and steadily
increasing the scalar dissipation rate linearly with time until
extinction occurred and the mass fractions returned to a completely unreacted, mixing-only state. The library consists of
45 flamelets, with approximately half of them taken from
between the time of onset of extinction to the point where the
solution had relaxed to that of pure mixing. The flamelets
were essentially chosen arbitrarily with the intent that the
library should contain realizations of as broad a scope as
possible. Other than that the flamelets are placed in a cronological order in the library, there is no other significance
attached to the actual time or scalar dissipation; as such, we
refer to them only with ‘‘Flamelet #.’’ The temperature and
rates of the three different reactions are shown in Fig. 1.
The CSE method provides closure for the chemical reaction rates, which comprise the chemical source-terms in
the averaged transport equations. The inputs to the method
are the mean mass fractions, temperature, and density and
the mean and variance of mixture fraction. It is common
practice to use Favre averaging in numerical simulation of
reacting flows, so, for the a priori tests, we elected to use
Favre averages and variances for each of these quantities.
The DNS data were averaged at each stage across the mixing
layer which provided the Favre averages and variance at 241
points for each time at which data were available. The Favre
PDF of mixture fraction was estimated using a ␤-PDF at
each of these 241 points. The output from CSE is the mean
reaction rate, although at interim stages, the conditional averages of the reaction rates are estimated; thus, we are able to
compare both conditional and unconditional averages of the
reaction rates.
We have tested three different approaches to CSE: First,
CSE using the original formulation 共we will refer to this as
CSE0兲; second, CSE with flamelet decomposition where
conditional averages are calculated for all scalars and reaction rates are calculated with first conditional moment closure 共we will refer to this as CSEFD1兲; and third, CSE with
flamelet decomposition where the coefficient vector is obtained from the inverting the integral for temperature only
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FIG. 1. Surface plots of flamelet library; flamelets are shown in order of increasing scalar dissipation with dark regions corresponding to the maximum and
light regions corresponding to the minimum. 共a兲 Temperature: 300–2000 K; 共b兲  I : 0 – 5⫻105 s⫺1 ; 共c兲  II : 0 – 3⫻105 s⫺1 ; 共d兲  III : 0 – 2⫻101 2 s⫺1 .

and reaction rates are obtained from the flamelet library directly 共we will refer to this as CSEFD2兲. The first method
provides a baseline, the second provides what we anticipate
should be a significant improvement to the prediction of the
conditional averages of the scalars and the third provides the
least computationally intensive approach.
Figure 2 shows a comparison of the actual conditional
average of the scalar mass fractions and the temperature with
that calculated using CSE0 and CSEFD1. The new flamelet
decomposition method improves the prediction of the conditional averages of all of the scalars. The greatest improvement is for the intermediate species. Here, because the regularization method in the original CSE method is attempting
to find a smooth function that best fits the data, it is very
difficult to obtain a solution to match the two abrupt changes
in the slope of the curve. Flamelet decomposition does not
suffer from this problem.
Figure 3 shows a comparison of the actual conditional
average of the three different chemical reaction rate with
those calculated using CSE0, CSEFD1, and CSEFD2. The
original CSE method fails to capture both the trend and the
magnitude of the reaction rate; there are ways of improving
this comparison, including making use of a priori information to tune the regularization matrix and inverting equations
for reaction progress variables rather than for individual species mass fractions. At best, however, one would be tuning

the regularization matrix to obtain a solution like that obtained 共without any tuning兲 with the new CSEFD1 model.
We can see that, even using the improved approximations to
the conditional averages of the mass fractions given by
CSEFD1, first conditional moment closure for the conditional averages of the chemical reaction rates is still found
lacking.
Clearly, of the tested models, CSEFD2 provides the best
approximation to the conditional averages of chemical reaction rates. For reaction I, CSEFD2 provides a nearly perfect
representation of the rate on the lean side of the peak, and is
slightly better than CSEFD1 for the rich side 共although both
methods slightly under-predict the rate here兲. For reactions II
and III, the prediction with CSEFD2 is better than with any
other method tested. CSEFD1 under-predicts both reaction
rates quite significantly; there are two reasons for this: 共1兲
These two rates are quite sensitive to the intermediate mass
fraction, and 共2兲 first conditional moment closure, particularly for reaction III, has been found 共in previous work11兲 to
under-predict these rates in the presence of local extinction
phenomena. The significant improvement in the prediction of
reaction rate III given by CSEFD2 is evidence of the ability
of this method to account for the effects of local extinction.
Figure 4 compares the three different methods to DNS in
real space. The chemical source terms in Reynolds averaged
transport equations for species mass fraction and temperature
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FIG. 2. Comparison between conditional averages of the mass fractions and temperature calculated with the original CSE model 共CSE0: 〫兲 and the new CSE
model with flamelet decomposition 共CSEFD1: ⫻兲 to actual conditional averages from DNS 共solid lines兲.

共or energy兲 would be linear combinations of the mean chemical source terms shown here. As such, this is a final test of
the method’s ability to provide closure for the mean chemical
source-terms in these transport equations.
As one would expect, the poor predictions of the conditional averages given by CSE0 and CSEFD1 translate into
poor predictions of the unconditional averages. While the
prediction given by CSEFD2 is also somewhat lacking, it is
clearly the best of the models tested. If one integrates the

reaction rate across the mixing layer to get a global reaction
rate, CSEFD2 predicts this global mean within 20% for all
three reaction rates at all the times for which the model was
tested. There appears to be no bias in this error. CSE0 and
CSEFD1 were in error on this global mean by over 40%; for
reaction rate III, this was always an under-prediction.
To better understand the nature of the errors in the
CSEFD2 model, we have performed an additional two tests
designed to establish the effects of assuming the form of the
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FIG. 3. Conditional averages of chemical reaction rates calculated with the original CSE model 共CSE0: 〫兲 and the new CSE model with flamelet
decomposition 共CSEFD1: ⫻; CSEFD2: lines with 䊊兲 compared to actual conditional averages from DNS 共solid lines兲.

PDF of mixture fraction and assuming the conditional averages are homogeneous across the mixing layer. First, we take
the actual, global conditional average from the DNS and
convolve it with the presumed form of the PDF. This results
in a prediction of the mean reaction rate which is essentially
the best prediction possible given the two underlying assumptions made in CSE. As is seen in Fig. 5, there is a
significant discrepancy between this ‘‘best possible prediction’’ and the actual reaction rate. Furthermore, the discrepancy is very similar to that seen with CSEFD2; indeed, judging solely from the appearance of this comparison, it would
be hard to say which of the two estimates of the reaction
rates would best represent the actual average reaction rates.
The second test is also quite illuminating. Here, we use
the actual Favre PDF from the DNS data: It is used as an
input to the CSEFD2 algorithm in place of the presumed
form and it is convolved with the actual, global conditional
average from the DNS. The results of this test are shown in
Fig. 6. Here, both predictions of the average reaction rate are
improved considerably, however, there is still a significant
discrepancy. We conclude that both the assumption of homogeneity in the conditional averages across the layer and the

presumed form for the PDF contribute to the inaccuracy of
the model for prediction of the reaction rates.
V. DISCUSSION

We find that the new method for obtaining the conditional averages of scalars 共CSEFD1兲 represents a significant
improvement over the original CSE model, however the best
predictions of the reaction rates were given by CSEFD2. The
important distinction between the methods is that CSEFD2 is
likely to be by far the least expensive computationally. The
new method requires storing only the conditional averages of
the chemical reaction rates and the temperature from an unsteady flamelet calculation made prior to performing the calculation of the flow field. Rather than having to invert several integral equations, we need only to invert one 共for
temperature兲. Subsequently, the conditional reaction rates are
estimated with two matrix multiply operations. As such, we
expect the new version of the model to be considerably less
computationally intensive than the original version, which
has already been proven to have an acceptably low computational cost.
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FIG. 4. Reynolds averages of chemical reaction rates calculated with the original CSE model 共CSE0: 〫兲 and the new CSE model with flamelet decomposition
共CSEFD1: ⫻; CSEFD2: 䊊兲 compared to actual Reynolds averages from DNS 共solid lines兲.

The new version of the model retains all of the advantages of the previous version and adds two significant new
abilities: 共1兲 We should now be able to use the model for
simulations of flames with ignition, extinction and reignition phenomena; and 共2兲 in addition to being able to use
arbitrarily complex chemistry, we can now take advantage of
the latest advances in flamelet modelling, such as the ability
to account for differential diffusion.14 It should be noted that,
like the original CSE model, the present new version also
requires the assumption of statistical homogeneity for the
conditional averages when solving the integral equation 关Eq.
共7兲兴. One of the important accomplishments of the a priori
test shown here is that we have now shown CSE to provide
acceptable predictions of chemical rates not just for simple
chemistry but also for more complex chemistry. Hence, our
confidence in the previous comparison to the Sandia experiments is much greater.
Clearly, the laminar flamelet decomposition 共LFD兲 approach for CSE proposed here borrows many useful concepts
from the more classical flamelet models, however, there are
significant differences worth noting. First, the new method
has not required making any assumption about the relation of
the characteristic length or time scales of chemistry to those

of the turbulent flow field. Rather, we are using the CMC
closure for the chemical source-term—a closure which is in
no way confined to the flamelet regime. Second, unlike in a
classical flamelet closure, we are not assuming the form of
the PDF of the scalar dissipation; rather, we are 共in a sense兲
calculating this PDF from the simulation results at each time
step. Finally, unlike in a classical flamelet model, we do not
tabulate flamelets and subsequently look them up in the library based on the local scalar dissipation in the flow-field
calculation: We simply tabulate them in order of increasing
scalar dissipation and attempt to find the linear combination
of flamelets which leads to the best approximation of the
conditional average of the temperature extracted from the
flow-field calculation.
There is an indication presented here that the new
method can provide an avenue to account for extinction processes, however, it should be pointed out that an unsteady
flamelet model cannot be expected to predict some important
phenomena associated with extinction and ignition—
specifically, in order to predict the propagation of tripleflames with a flamelet method, it is necessary to use a much
more complicated flamelet model. One alternative might be
to use a two-condition CMC method23,24 and tabulate solu-
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FIG. 5. Reynolds averages of chemical reaction rates calculated with the new CSE model with flamelet decomposition 共CSEFD2: 䊊兲 and with the actual
conditional average of reaction rate from DNS convolved with local presumed PDF 共⫹兲 compared to actual Reynolds averages from DNS 共solid lines兲.

tions using that model for use as a library of basis functions
in place of the unsteady flamelet solutions used here. The
flamelet library used in this work would be broadly applicable to many flows, however, the LFD/CSE combination
presented herein will still be unable to cope with wallquenching, a process which would make the assumption of
spatial homogeneity in the conditional averages break down.
Here, a CMC simulation for a simple flow past a flat plate
共where the spatial dimension normal to the plate could be
retained兲 might provide a set of basis functions that could
represent this quenching process. These possibilities will
have to be examined in future work.
While the LFD method is a solution born out of numerical constraints, we have argued that it has a physical interpretation: The coefficient vector a i performs the role of the
PDF of , being equivalent to the quantity P(  )d  . There is
a limitation to this physical interpretation, in that, if a i actually is P(  i )d  i , then we must get a i ⭓0. Using a simple
regularization procedure 共as we have done here兲 does not
guarantee this. In Fig. 7, we plot a i for the same case as was
discussed in the previous section and find that a i is negative
for several of the flamelets 共numbers 25–34兲. What effect
having negative elements in the coefficient vector may have

in actual applications of CSEFD2 to RANS or LES is unclear. There is no physical meaning that could be attached to
negative elements in the coefficient vector. When we use a
coefficient vector with negative elements in the CSEFD2
model, we are essentially subtracting, rather than adding, the
forward reaction rate for some of the flamelets in the library.
This is not the same as adding the reverse reaction rate:
Ordinarily, reverse reaction rates have very different rate expressions from the positive rates.
One means of enforcing non-negativity in the coefficient
vector is to simply truncate the vector at 0 and rescale it. The
rescaling operation is straightforward: Having truncated the
vector at 0, we can use a least-squares approach to obtain the
optimum scaling factor which minimizes the error in the prediction of temperature. That is, first we set
a t ⫽max共 0,a 兲 ,
and then we rescale that vector to

a * ⫽a t ⫻

n
g
兺 j T̃ j 兰 10 兺 i⫽1
a t,i ⌰ i 共  兲 P̃ j 共  ;Z̃,Z
⬙2 兲d 
n
g
兺 j 共 兰 10 兺 i⫽1
a t,i ⌰ i 共  兲 P̃ j 共  ;Z̃,Z
⬙2 兲d  兲2

.

共12兲
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FIG. 6. Reynolds averages of chemical reaction rates calculated with the new CSE model with flamelet decomposition using PDF from DNS 共CSEFD2: *兲
and actual conditional average of reaction rate from DNS convolved with PDF from DNS 共䉭兲 compared to actual Reynolds averages from DNS 共solid lines兲.

This is the second curve in Fig. 7; the effect of rescaling is to
reduce slightly the magnitude of the nonzero elements of the
truncated vector. We find that this truncation and rescaling
operation has very little effect on the CSEFD2 model’s pre-

diction of reaction rates. This is shown in Fig. 8 where the
averages of the reaction rate predictions obtained with a i and
a * are compared—and can be seen to be nearly indistinguishable from one another. It is possible to use an iterative
procedure to ensure a⭓0 in the inversion process, however
we have found that this does not change the ultimate result of
the test significantly. Instead, the primary effect of enforcing
this constraint is to increase the computational cost of the
method considerably—to a level that might be unacceptably
high for large-scale CFD applications. We suggest that
it would be prudent to maintain a physical consistency in
the model—despite the fact that the effect appears to be
minimal.
VI. CONCLUSIONS

We have proposed a new decomposition approach to
conditional source-term estimation and compared the new
approach to DNS in the a priori sense. We have found the
following features.
FIG. 7. Coefficient vector calculated from inversion of integral equation for
temperature: Original vector a i 共䊊兲 and vector after truncation and rescaling
a * 共䉮兲.

共i兲

Conditional source-term estimation can provide closure for chemical source-terms with arbitrary chemistry in both the LES and RANS paradigms.
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FIG. 8. Comparison to actual Reynolds averages of chemical reaction rates from DNS 共solid lines兲 of the Reynolds averages calculated with new CSE model
using flamelet decomposition and original coefficient vector 共䊊兲 and using modified coefficient vector 共䉮兲.

共ii兲

共iii兲
共iv兲

1

Only assumptions about small gradients in conditional
averages and about the PDF of mixture fraction are
needed—even for the new laminar flamelet decomposition presented here; closure for the source-terms is
still based on the closure used in first-moment CMC
methods which is not constrained to the laminar
flamelet regime.
Using LFD improves the predictions of CSE considerably.
The computational cost of the new LFD approach to
CSE is significantly lower than that of the original
approach. Using CSEFD2, in particular, could lead to
a cost reduction—both in storage and CPU time—of
several orders of magnitude if a large, detailed chemical kinetic mechanism is required.
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Abstract
High compactness, low weight and little space requirement are gaining attention as prominent design criteria in the
development of modern cooling systems in many applications. The resulting demand for highest possible heat transfer
rates has lead to the very promising concept of providing for a controlled transition from pure single-phase convection
to subcooled boiling ﬂow in thermally highly loaded regions. For its application in modern engineering design this
approach requires a realistic modeling of the complex phenomena associated with the two-phase ﬂow heat transfer.
The present work proposes for the computation of the speciﬁc wall heat transfer rate a modiﬁed superposition model,
where the total heat ﬂux is assumed to be additively composed of a forced convective and a nucleate boiling component.
Since the present model requires only local input quantities, it is well suited to CFD of geometrically very complex coolant ﬂows, where the deﬁnition of global length or velocity scales would be impractical. The wall heat ﬂuxes predicted by
the present model were compared against experimental data which were obtained by in-house measurements with water
being the working ﬂuid. The overall agreement is very good, particularly, in the partially nucleate boiling regime, where
the eﬀect of the bulk ﬂow rate on the heat transfer is signiﬁcant. Deviations are primarily observed at higher wall superheats, where a strong two-way coupling between the motion of the liquid and the motion of the bubbles as well as considerable bubble–bubble interactions typically occur.
Ó 2005 Elsevier Ltd. All rights reserved.
Keywords: Convective ﬂow boiling; Flow-induced suppression; Subcooling

1. Introduction
In the development of modern cooling systems, be it
for internal combustion engines, or, for microprocessors, the increasing output of speciﬁc power combined
with a most compact space- and weight saving design
leads to increasingly high thermal loads on the heating
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surfaces. Thus, wherever a high coolant power with limitations on the available surface area for the heat transfer, the mass ﬂow rate of the liquid coolant as well as the
acceptable wall temperatures is to be achieved, a controlled transition to the nucleate boiling regime oﬀers
an attractive solution. The concept of exploiting the
markedly enhanced heat transfer rates associated with
the highly complex phenomenon of evaporation is also
a big challenge to the CFD of coolant ﬂows. The computationally very costly concept of direct numerical simulation, which attempts to resolve all physically relevant
scales, is applicable only to strongly simpliﬁed cases like
single bubble conﬁgurations (see [1–3]). For engineering
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Nomenclature
b
c
Cs
dhyd
F
g
G
Gs
h
hlg
k
K
m, n
p
q
r
S
T
t
u
us
V
x
y
y+

model constant [–]
speciﬁc heat [J/kg K]
constant [–]
hydraulic diameter [m]
force [N]
gravitational acceleration [m/s2]
speciﬁc mass ﬂow rate [kg/m2 s]
= (du/dy)(y/u) shear rate [–]
heat transfer coeﬃcient [W/m2 K]
latent heat [J/kg]
thermal conductivity [W/m K]
constant [–]
constants [–]
pressure [N/m2]
speciﬁc heat transfer rate [W/m2]
radius [m]
suppression factor [–]
temperature [°C]
time [s]
velocity
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ[m/s]
¼ sw =q wall friction velocity [m/s]
volume [m3]
axial coordinate [m]
wall normal coordinate [m]
= qlusy/ll non-dimensional distance [–]

Greek symbols
a
thermal diﬀusivity [m2/s]
j, v
constants [–]

ﬂow conﬁgurations, where the technique of direct
numerical simulation has to be ruled out for its high
computational cost, computationally feasible and at
the same time accurate boiling models have to be provided to obtain reliable numerical results.
The location of subcooled boiling occurring in a
channel heated from beneath is sketched for in Fig. 1.
The subcooled boiling region extends downstream from
a certain location B, where the wall superheat Tw  Ts is
suﬃcient to initiate and sustain nucleate boiling, while
the temperature of the bulk liquid Tb remains below
the local saturation temperature Ts. The corresponding
subcooled boiling segment in the ﬂow boiling curve is
schematically shown in Fig. 2. The lower boundary at
point B marks the onset temperature Tonb of the partially developed boiling (PDB), where the boiling curve
starts to deviate from the dashed-dotted extension of
the almost straight single-phase line. The heat transfer
in the PDB regime is basically dominated by two eﬀects,
the macroconvection due to the motion of the bulk liquid and the latent heat transport associated with the

l
q
U
W
r
s
H
f

dynamic viscosity [kg/m s]
mass density [kg/m3]
correction factor [–]
constant [–]
surface tension [kg/s2]
shear stress [N/m2]
angle [rad]
mass fraction [–]

Subscripts
b
bulk
bcy
buoyancy
d
drag
du
bubble growth
D
departure
fc
forced convection
ﬂow
ﬂow-induced
g
vapour phase
l
liquid phase
L
lift-oﬀ
nb
nucleate boiling
onb
onset of boiling
p
constant pressure
s
saturation
sl
shear lift
sub
subcooling
tp
two-phase
trans
transition
w
wall

Fig. 1. Subcooled ﬂow boiling domain in a heated channel.
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assume the total wall heat ﬂux qw to be superimposed
of two additive contributions, which can be written as
qw ¼ qfc þ qnb .

ð1Þ

The ﬁrst term qfc is due to forced convection, the latter qnb is due to nucleate boiling. This concept of additive contributions was ﬁrst introduced by Rohsenow
[4]. In this approach Rohsenow subtracted from the
experimentally measured values for the total wall heat
ﬂux a convective single phase contribution and attributed the residual term to nucleate boiling. He could
further successfully correlate this nucleate boiling component using an equation he had originally proposed
for saturated pool boiling. In later approaches due to
Bowring [5], Bergles and Rohsenow [6] the subcooled
boiling contribution was correlated using a simple power
law
T w  T s ¼ Wqmnb ;

Fig. 2. Flow boiling curves for two bulk velocities: dashed line
(– – –) denotes the higher velocity; dotted line (  ) denotes the
pool boiling curve.

evaporation of the liquid microlayer between the bubble
and the heater wall. The important contribution of the
macroconvection in the PDB region can be seen from
the diﬀerent paths of the two ﬂow boiling curves representing two diﬀerent ﬂow rates in comparison to the
path of the pool boiling curve, which is associated with
zero bulk velocity, being all depicted in Fig. 2. With
increasing bulk velocity the onset of nucleate boiling is
typically shifted to higher wall superheats, such that
the nucleate boiling sets in at point B 0 instead of B in
case of the higher ﬂow rate, as schematically shown in
the diagram. At higher wall superheats the inﬂuence of
the macroconvection becomes less and less pronounced,
and the evaporating eﬀect prevails. Accordingly, the
ﬂow boiling curves approach the pool boiling curve.
The transition to the fully developed boiling (FDB) regime can be localized at a certain position C downstream from the location B as shown in Fig. 1. The
corresponding point in the boiling curve diagram shown
in Fig. 2 is located at temperature TC. Beyond this temperature TC there is a merger of the diﬀerent ﬂow boiling
curves for varying bulk velocity, which indicates that
they become practically independent of the actual ﬂow
rate.
As already pointed out above the large number and
the wide diversity of inﬂuences which may essentially affect the nucleate ﬂow boiling practically rule out a strict
mathematical description of this phenomenon. Therefore, one has to rely on empirical, or, semi-empirical correlations to capture the basic mechanisms which
signiﬁcantly contribute to the total eﬀective heat transfer. Many models suggested for subcooled ﬂow boiling

ð2Þ

where W and m are empirical constants to be determined
in experiments. Since the system pressure is of major
importance for the onset of boiling a prominent class
of the power law correlations involves the reduced pressure pred as a key correlation parameter. An early correlation of this type was introduced by Mostinskii [7].
Cooper [8], Leiner and Gorenﬂo [9] and Leiner [10], proposed formulations, which account for surface roughness, as well.
Rather than assuming the additive composition (1)
an alternative group of models suggests a geometrical
combination of the basic contributions. Models of this
type formulate the eﬀective heat transfer coeﬃcient as
some product function which can be generally written as
htp ¼ hfc Utp ;

ð3Þ

where the Utp represents a correction function due to
nucleate boiling. Correlations of this type as suggested
by Kandlikar [11], or, by Shah [12], mostly distinguish
between the partially and the fully developed boiling regime. Accordingly, they propose diﬀerent correlations
for each regime, which in turn requires an a priori speciﬁcation of the point of transition from the PDB to the
FDB regime.
Among the superposition models of type (1) the
model proposed by Chen [16] is widely used today especially in engineering applications in the automotive
industry. Chens model was originally developed for saturated boiling ﬂow. Later, it was extended by Butterworth [17] to the subcooled regime, where it also
produced results with acceptable accuracy. In his approach Chen advanced his predecessors superposition
models by accounting explicitly for the interaction between the liquid and the vapour phase. In particular,
he distinguished two competing eﬀects on the outcome
of total wall heat ﬂux, the enhanced convective transport due to bubble agitation, and the ﬂow-induced
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suppression of the nucleate boiling. To the ﬁrst eﬀect
Chen attributed minor importance in the subcooled boiling regime, and, therefore, it need not be explicitly accounted for. The latter ﬂow-induced suppression eﬀect
is modelled by Chen in terms of a suppression factor
which reduces the nucleate boiling component especially
in the PDB regime. Basically, the introduction of such a
suppression factor in order to bridge the region between
pure single-phase forced convection and fully developed
nucleate boiling has the advantage that it circumvents
the determination of the point of transition from PDB
to the FDB regime, which mostly relies on a lot of
empiricism. On the other hand the suppression factor
proposed by Chen depends on the bulk ﬂow Reynolds
number as the only correlation parameter, which bears
two drawbacks. First, imposing only the bulk ﬂow Reynolds number as correlation parameter the suppression
model is practically based on a single-phase bulk ﬂow
quantity, which makes it incapable to account for
important eﬀects like the inﬂuence of the liquid phase
ﬂow ﬁeld on the near-wall motion of the bubbles, or,
the inﬂuence of the wall superheat. The correlation is
therefore expected to be very case dependent. Secondly,
in the CFD of complex ﬂow geometries it is hardly possible to deﬁne a reasonable bulk ﬂow Reynolds number.
The boiling departure lift-oﬀ (BDL) model, which is presented in this work, was devised to improve Chens
superposition approach, in that it attempts to model
the ﬂow-induced suppression on a physically sounder
base. The suggested correlation for the ﬂow-induced
suppression depends only on local ﬂow quantities which
are in general knowns in the numerical solution of the
liquid phase ﬂow ﬁeld. The impact of the subcooling,
which is very pronounced at small ﬂow rates combined
with low superheats, is accounted as well through an
additional parameter. The predictive capability of the
BDL model is evaluated by comparing its predictions
with experimental data. These data have been obtained
in-house in boiling ﬂow experiments. A detailed description of the experimental apparatus used for these measurements is given in Section 2. The description of the
mathematical formulation for the BDL model is presented in Section 3.

flow meter

test section

heater
pressure
control
vessel

tank

filter
bypass
loop

pump

Fig. 3. Schematic diagram of the entire convective boiling ﬂow
loop.

ﬂow is controlled by means of an inductive ﬂow meter,
whose output is used to adjust the volumetric ﬂow rate
via the speed of the feeding pump and/or the ﬂow-rate
through the by-pass loop. The present conﬁguration
allows the bulk velocity to be varied within the range
of 0.05 6 ub 6 2.0 m/s. The absolute operating pressure
can be set within the range 1.0 6 p 6 2.0 bar. Small bubbles as well as particle contaminations are sieved out by
a ﬁlter.
Fig. 4 gives a schematic view inside the test section of
the channel. The test section is a square duct with a

2. Experimental setup
The present experimental apparatus was designed to
investigate subcooled convective boiling at conditions,
which are typically met in liquid coolant systems of
internal combustion engines. The forced convective ﬂow
loop is schematically shown in Fig. 3. The ﬂow is generated by a pump feeding a tank, where the working ﬂuid
is preheated to sustain a certain bulk temperature in the
test section. The operating pressure is set to a ﬁxed level
using a pressure control vessel. The velocity of the bulk

Fig. 4. Test section of the experimental facility.
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height of 40 mm and a width of 30 mm. The heat ﬂux
into the channel is generated by heating coils located
at the bottom of the aluminium heater from where it is
conducted to the top of the heater. At the upper surface,
whose length is 60 mm and width is 10 mm, respectively,
the heat is transferred to the working ﬂuid ﬂowing
through the channel. The wall temperature as well as
the wall heat ﬂux are determined based on measurements of the temperature using several K-type thermocouples appropriately distributed in the solid heater.
The base plate of the test section, where the top of the
aluminium heater is built in, is made of PTFE. The outstandingly low thermal conductivity (kPTFE = 0.23 W/
m K) of this material should guarantee the lowest possible heat loss of the heater to the surrounding structure.
Due to thermal durability restrictions of the PTFE base
plate the maximum heater surface temperature was limited to Tw = 160 °C. Below this temperature the observed thermal deformations of the PTFE-structure
always remained within an acceptable range. Windows
made of glass are embedded in the top as well as the side
walls of the test channel to make the heater surface optically accessible. Using the present conﬁguration the total
error in the experimentally obtained heat ﬂuxes are
mainly due to measurement and position errors of the
thermocouples, as well as the uncertainties in the actual
thermal conductivity of the heater material (aluminium
alloy) and in the heat losses to the surroundings of the
heater. A worst-case estimation turned out a total error
for the heat ﬂux ranging from ±5% in the convective regime to ±2% in the nucleate boiling regime always referring the value actually obtained from the measurements.
The error in the measured surface temperatures amounts
to ±0.15 °C. The inductive ﬂow meter measures the ﬂow
rate with high accuracy, such that the relative error is
only ±0.5% of the displayed value.
3. Mathematical formulation of the subcooled boiling
ﬂow model
The BDL model invokes an additive ansatz as suggested by Chen [16] for the total wall heat ﬂux
qw ¼ qfc U þ qnb S;

ð4Þ

where the two correction parameters U and S modify the
forced convection heat ﬂux qfc and the nucleate boiling
heat ﬂux qnb, respectively. Both heat ﬂuxes are computed following Chens proposal. Accordingly, the ﬁrst
is written as
qfc ¼ hfc ðT w  T b Þ;

ð5Þ

where the transfer coeﬃcient hfc is calculated using the
Dittus–Boelter equation
Nufc ¼

hfc d hyd
¼ 0.023Rel0.8 Prl0.4
kl

ð6Þ
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involving the bulk ﬂow Reynolds number and the Prandtl number of the liquid phase
Rel ¼

ql ub d hyd
;
ll

Prl ¼

ll cp;l
;
kl

respectively. The nucleate boiling heat ﬂux
qnb ¼ hnb ðT w  T s Þ

ð7Þ

is obtained using a correlation due to Forster and Zuber
[18]
0.45 0.49
k0l .79 cp;l
ql
ð8Þ
hnb ¼ 0.00122 0.5 0.29 0.24 0.24 DT s0.25 Dp0s .75 ;
r ll hlg qg
where the saturation pressure diﬀerence corresponding
to the superheat temperature is written as
Dps ¼ ps ðT w Þ  ps ðT s Þ.
The factor U occurring in Eq. (4) represents the
enhancement of the convective component due to bubble agitation. Chen [16] derived a graphic relationship
for U as a dependent of the inverse of the Martinelli
number Xtt, which reads
!0.5  
  
0.9
lg 0.1
fg
1
ql
¼
;
ð9Þ
1  fg
qg
ll
X tt
where fg denotes mass fraction of the vapour. Butterworth [17] ﬁtted this relationship U = U(1/Xtt) with

0.736
1
þ 0.213
fg > 0.1 : U ¼ 2.35
X tt
ð10Þ
fg 6 0.1 : U ¼ 1.
In subcooled boiling ﬂow the vapour mass fractions
are typically small, such that fg 6 0.1 applies and U
can be assumed unity.
The essential diﬀerence between Chens approach and
the present BDL concept consists in the modeling of the
modiﬁcation of the nucleate boiling component in terms
of the factor S in Eq. (4). Chen introduced this parameter S as a ﬂow-induced suppression factor, which he correlated as an empirical function of the product RelU1.25.
This correlation was later ﬁtted by Butterworth [17] with
the expression
S Chen ¼

1
1 þ 2.53  106 ðRel U1.25 Þ1.17

.

ð11Þ

For subcooled boiling ﬂow, where U 1, the factor
SChen obviously depends on the bulk ﬂow Reynolds
number only. In contrast to Chens bulk-ﬂow dependent, hence, basically global, approach the BDL model
attempts to model the ﬂow-induced suppression based
on the local dynamics of a vapour bubble subject to
the surrounding ﬂow ﬁeld near the heater surface.
Thereby, the BDL model utilizes a concept which was
originally proposed by Zeng et al. [19] to compute the
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size of a bubble at the point of detachment from the heater surface. According to the hypothesis of Zeng and his
coworkers the whole process of vapor bubble detachment basically evolves in three diﬀerent stages, as schematically shown in Fig. 5. At the ﬁrst stage the bubble
is attached to its nucleation site, and it is inclined by
the angle H due to the hydrodynamic ﬂow forces. The
attached bubble is growing until it reaches a critical
departure volume VD, where the bubble is dragged oﬀ
its nucleation site. At the point of departure the volume
equivalent departure radius is deﬁned as

1
3V D 3
rD ¼
.
4p
The departure from the nucleation site marks the
beginning of the stage II, where the departed bubble
slides in upright posture (H = 0) along the heater surface. Thereby, the bubble still keeps growing in size until
it reaches a bubble volume, where the buoyancy force is
suﬃciently high to make the bubble lift-oﬀ from the surface. At the point of the bubbles lift-oﬀ the stage III begins and the corresponding lift-oﬀ volume VL determines
the volume equivalent lift-oﬀ radius deﬁned as

1
3V L 3
.
rL ¼
4p
The departure radius rD as well as the inclination
angle H are mathematically obtained by solving the
momentum balance equations right at the instant of
departure, which are written in the x- and y-direction as
0 ¼ F d þ F du sin H;
0 ¼ F bcy þ F du cos H þ F sl ;

ð12Þ
ð13Þ

respectively. Therein, ought to the small density ratio
qg
1 the inertial forces were neglected, such that the
ql
Eqs. (12) and (13) basically represent a static force
balance. All the forces which are assumed to be relevant
at the point of departure, and, therefore, have to be

Fig. 6. Force balance at a vapor bubble at the instant of
departure from its nucleation site.

accounted for are schematically shown in Fig. 6. The
considered forces are the drag force Fd, the shear-lift
force Fsl, the buoyancy force Fbcy, and the bubble
growth force Fdu. The surface tension force was assumed
to be negligibly small at the moment of departure and
omitted. The drag force and the shear-lift force are given
by
(
 n
1n )
2
12
n
F d ¼ 6pll ur
þ
;
þ 0.796
3
Reb
with n ¼ 0.65

ð14Þ

and
F sl ¼


14
3.877 2 2 12 1
2
ql u pr Gs
þ
0.014G
;
s
2
Re2b

ð15Þ

where
Reb ¼

Fig. 5. Three stages of a vapor bubble departing from the
heater surface: (I) instant of departure from the nucleation site,
(II) sliding bubble, (III) instant of lift-oﬀ.

ql u2r
ll

and

Gs ¼

du
dy

r
u
y¼r

denote the bubble Reynolds number and the shear rate,
respectively. As for the velocity u as well as its spatial
derivative du
, whose values at the location y = r are
dy
needed in Eqs. (14) and (15), the presence of the vapour
bubbles is neglected such that Reichardts analytical
expression for single-phase ﬂow
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ð16Þ

can be used to provide the velocity proﬁle of the liquid
phase. Eq. (16) is written as a non-dimensional function
of the wall coordinate
q us y
yþ ¼ l
ll
with the wall friction velocity
 12
sw
us ¼
ql
being determined by the wall shear stress sw. The constants are set to j = 0.41, v = 11, and C = 7.4,
respectively.
The buoyancy force is given by
4
F bcy ¼ r3 pg ql  qg .
ð17Þ
3
The bubble growth force Fdu is modeled following
Zeng et al. [21], who considered a hemispherical bubble
expanding in an inviscid liquid. They proposed the
equation


3
F du ¼ ql pr2 C s r_ 2 þ r€r ;
ð18Þ
2
where the empirical constant Cs was introduced to account primarily for the presence of the wall. Based on
a comparison with experimental data available to them
the authors suggested to set C s ¼ 203. The temporal evolution of the bubble radius r(t), as well as its temporal
derivatives r_ and €r needed in Eq. (18), are obtained
assuming a diﬀusion controlled bubble growth model
due to Zuber [20], which reads
2b pﬃﬃﬃﬃﬃ
rðtÞ ¼ pﬃﬃﬃ Ja al t;
p

ð19Þ

involving the Jakob number
Ja ¼

ql cp;l ðT w  T s Þ
;
qg hlg

the thermal diﬀusivity of the liquid phase al, and the
empirical constant b.
The lift-oﬀ radius of the bubble rL is obtained by
solving the momentum balance equations (12) and (13)
under the assumption that at the instant of lift-oﬀ there
is no slip in the velocity between the bubble and the surrounding liquid phase. This implies a zero drag and
shear-lift force, and a zero inclination angle, H = 0,
Fd = 0, Fsl = 0, respectively, such that rL is obtained
upon the solution of
0 ¼ F bcy þ F du .

ð20Þ

The predicted bubble radii were compared to experimental data measured at a given wall superheat
DTs = 29 °C for four diﬀerent velocities ub = 0.05,
0.39, 0.77, 1.17 m/s, respectively. Thereby, the growth
rate parameter occurring in Eq. (19) was set to
b = 0.21. The wall friction velocities us needed as input
by the model in Eq. (16) were obtained from LDA measurements of the axial velocity component in the plane
of symmetry of the test channel right before the beginning of the heater surface. The bubble radii were
measured optically using video records. The results of
these bubble size measurements are depicted as vertical
bars in Fig. 7. Bubble size data taken from a recent very
detailed experimental investigation on the bubble
dynamics in subcooled boiling ﬂow made by Maurus
[22] are shown as well. Maurus measured the bubble radii distribution functions near the wall at a subcooling of
DTsub = 20 °C, which is comparable to the subcooling of
the present in-house measurements being DTsub = 16 °C.
It is important to note that the open symbols in Fig. 7
represent the median bubble radii from Maurus measurements with varying bulk ﬂow rate and a constant
wall heat ﬂux of qw = 0.77 MW/m2. This heat ﬂux is
considerably higher than in the present experiments,
where the bubble size data were obtained at a heat ﬂux
in the range of qw = 0.40–0.45 MW/m2. The higher heat
ﬂux evidently leads to larger bubble radii in Maurus
data as well as to a slower decrease in bubble size with
increasing velocity. The here manifested dependence of
the mean bubble size on heat ﬂux is also conﬁrmed by

4

7

x 10

rL

6

Departure radii [m]

u
us
1
¼ ln ð1 þ jy þ Þ
j

 þ
 þ 
y
yþ
y

exp 
þ C 1  exp 
v
v
3

uþ ¼
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present exp.
exp. Maurus [22]

5

rD

4
3
2
1
0

0

0.5

1

1.5

bulk velocity u b [m/s]
Fig. 7. Full line, ––, predicted departure radii rD; dashed line,
– –, predicted lift-oﬀ radius rL; bars, I, denote the range of the
departure radii at a given bulk velocity ub measured in the
present experiments; symbols denote the median bubble radii
experimentally obtained by Maurus [22] at a given wall heat
ﬂux qw: open diamonds, } qw = 0.77 MW/m2; ﬁlled diamond,
, qw = 0.37 MW/m2.
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a further set of Maurus measurements, where the heat
ﬂux was varied and the speciﬁc mass ﬂow rate was kept
constant at G = 500 kg/m2 s. Referring to these measurements the ﬁlled symbol represents the median bubble radius obtained for qw = 0.37 MW/m2 which is
very close to the range in our own present experiments.
It becomes evident that due to the lower heat ﬂux the
bubble median radius lies notably below the corresponding value obtained for qw = 0.77 MW/m2 (represented
by the open symbol above). Ought to the comparable
magnitude of the imposed heat ﬂux the agreement with
the present in-house measurements is better for this case
as well.
The comparison of the model predictions for the
departure radii with the corresponding experimental
data exhibits a good agreement for the higher velocities,
while deviations occur at the lowest velocity considered.
Both modelled radii become equal, i.e., rD = rL, in the
limit of zero bulk velocity. With increasing ﬂow rate
the departure radius rD decreases markedly relative to
the lift-oﬀ radius rL. The widening gap between these
two radii with increasing bulk velocity evidently reﬂects
the inﬂuence of the local velocity ﬁeld on the bubble
detachment process from the surface. Based on this consideration the BDL model correlates the ﬂow-induced
suppression in terms of the ratio rrDL , and the corresponding suppression factor is proposed as
S flow ¼

rD
.
rL

ð21Þ

According to its deﬁnition Sﬂow is supposed to represent the ﬂow-induced deviation of the bubble departure radius from the corresponding pool boiling limit,
which is associated with zero bulk velocity, where
rD = rL and, hence, Sﬂow = 1. The present formulation
for the computation of rD and rL does not explicitly account for subcooling. Thus, the obtained radius rL
basically represents the lift-oﬀ radius in the saturated
boiling regime and not in the subcooled boiling regime
as it is considered in the present conﬁguration. This
also explains the overprediction for the bubble sizes
in the very low velocity range shown in Fig. 7. It is reasonable to assume that even at very small ﬂow rates the
advection of subcooled bulk liquid is suﬃcient to maintain a subcooled thermal boundary layer, where the
departing bubbles are typically smaller than in the saturated case. Accordingly, the experimentally measured
departure radii tend towards a limit markedly below
the predicted lift-oﬀ radius rL representing the saturated case.
The BDL model accounts for the eﬀect of subcooling
by introducing the factor
S sub ¼

Tw  Ts
.
Tw  Tb

ð22Þ

Fig. 8. Superheated thermal boundary layer in subcooled
boiling.

The present deﬁnition of (22) is based on the concept
of a so-called ‘‘extrapolated superheat layer thickness’’
suggested by Wiebe and Judd [23]. As it can be seen in
the sketch of the superheated boundary layer in Fig. 8,
the extrapolated superheat layer thickness, dth, is deﬁned
as the height of intersection between the tangent to the
temperature proﬁle at the wall and the bulk temperature
Tb. It is written as
dth ¼

Tw  Tb
dT
dy

ð23Þ

w

and is supposed to reﬂect closely the superheated layer,
which strongly governs the whole process of bubble
nucleation, growth and departure. It further becomes
evident from Fig. 8 that due to the subcooling a considerable portion of dth exhibits a temperature lower than
the saturation temperature Ts. The growing vapor bubbles cannot protrude into this subcooled layer, because
condensation sets in at the bubble tip, once it reaches
the zone, where T < Ts. Considering this limitation on
the bubble size due to the subcooling an ‘‘eﬀective
extrapolated superheat layer thickness’’
deth ¼

Tw  Ts
dT
dy

ð24Þ

w

can be deﬁned replacing in (23) the bulk temperature Tb
by the saturation temperature Ts. The factor Ssub given
by (22) is then obtained as the ratio deth =dth representing
thus a measure for the subcooling. The factor Ssub is at
maximum unity in the case of saturated boiling, where
Tb = Ts, and it decreases to zero for increasing subcooling DTsub = Ts  Tb.
It is noted that in the choice of the empirical parameter b occurring in (19) the value b = 0.21 yielded the
best ﬁt to the experimentally measured bubble radii.
Basically, this model constant is supposed to account
for the asphericity of the bubbles and is of the order
of unity. Zeng et al. [19] considered ﬂow boiling data
for the refrigerant R113 and obtained the best overall
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rD

Substituting the two suppression factors deﬁned in
Eqs. (21) and (22) as total suppression into Eq. (4) the
total wall heat ﬂux is then rewritten as

r

qw ¼ qfc þ qnb S flow S sub .

3

1

x 10

Departure radii [m]

0.8

L

ð25Þ

0.6

4. Comparison of the model predictions
with experiments

b=0.3

0.4
b=0.2

0.2
b=0.1

0
0

0.5

1

1.5

bulk velocity u b [m/s]
Fig. 9. Predicted departure and lift-oﬀ radii for a varying model
parameter b.

1

Using the experimental setup described in Section 2
several ﬂow boiling curves for a given absolute pressure
and a given bulk velocity were measured. The thereby
considered individual pressure–velocity combinations
are summarized in Table 1. In all considered cases the
temperature of the bulk liquid was kept constant at
Tb = 95 °C, which implies a subcooling of DTsub = 16 °C
in the case p = 1.5 bar and DTsub = 25 °C in the case
p = 2.0 bar, respectively. The heater wall temperature
was varied within the interval 95° 6 Tw 6 150 °C. The
slowest velocity in the lower pressure case (p = 1.5 bar)
was chosen deliberately small, i.e., ub = 0.05 m/s, to come
as closest to the pool boiling limit as it was possible in

b=0.3

0.8

Sflow=rD/rL

4169

b=0.2

0.6

Table 1
Pressures and velocities of the bulk liquid considered in the
boiling ﬂow experiments

b=0.1

0.4

Absolute pressure p [bar]

Velocity of the bulk liquid ub
[m/s]

1.5
2.0

0.05
0.20

0.2
0
0

0.5

1

0.39
0.39

1.17
1.17

1.5

bulk velocity u b [m/s]
Fig. 10. Flow-induced suppression factor Sﬂow obtained for a
varying model parameter b.

0.6
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b
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sat

b

T

agreement with b = 1. The sensitivity of the predictions
for the bubble size to a variation of b and its eﬀect on
the resulting suppression factor Sﬂow is illustrated in
Figs. 9 and 10, respectively. It becomes evident that
the model parameter b essentially determines the level
of the predicted bubble lift-oﬀ radius. The suppression
factor Sﬂow represents by deﬁnition the ﬂow-induced decrease of the departure radius relatively to the corresponding lift-oﬀ radius. Depending thus on the ratio of
the predicted radii and not explicitly on the predicted
individual numerical values, the factor Sﬂow is to some
extent less sensitive to the choice of b. As it can be seen
from Fig. 10, there is, however, still the tendency that
smaller values for b basically produce a smaller ﬂow-induced suppression factor Sﬂow.

qw [ MW/m2 ]

b

0.2

0
90

100

110

120

130

140

150

TW [˚C]
Fig. 11. Experimentally measured ﬂow boiling curves at
p = 1.5 bar absolute operating pressure and three diﬀerent
velocities of the bulk ﬂow, ub = 0.05, ub = 0.39, ub = 1.17 m/s,
respectively.
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the present experimental facility. As already noted in the
former section the individual wall friction velocities us
associated with each bulk velocity ub and required as
model input were obtained using LDA measurements
of the axial velocity proﬁles at the entrance of the heated
test section. Fig. 11 shows all the boiling curves measured at p = 1.5 bar plotted into one single graph to
illustrate the individual ﬂow boiling regimes as already
discussed schematically in Fig. 2. The approximately linear sections to the left of the curves indicate pure singlephase convection. Above the saturation temperature Ts
the curves start to deviate from the single-phase linearity
which marks the onset of the partially developed boiling
regime (PDB). The notably diﬀerent paths of the individual boiling curves demonstrate the strong inﬂuence
of the ﬂow rate in this temperature range. Looking at
the wall temperatures, above which a non-linear increase
of the heat ﬂux can be observed, makes evident that the
nucleate boiling sets in at about DTs = 3 °C wall superheat in the slow velocity case, ub = 0.05 m/s, while the
onset of boiling is located at about DTs = 15 °C in the
high velocity case, ub = 1.17 m/s. With increasing wall
superheat the individual curves converge in the region
around Tw = 140 °C (pattern-shaded interval), which
indicates the transition to the fully developed boiling regime. There, the eﬀect of the bulk ﬂow rate is obviously
insigniﬁcant and the total heat ﬂux is dominated by
velocity independent nucleate boiling mechanisms. As
a consequence, irrespectively of the macrosopic ﬂow
velocity all boiling curves practically merge into one single branch.
Figs. 12 and 13 show the comparison between the
total wall heat ﬂuxes predicted by the BDL model with
the corresponding experimental data at the two considered levels of the operating pressure, respectively. In
all diagrams the saturation temperature Ts is marked
by a thin vertical line. In addition to the results of the
present BDL approach the heat ﬂuxes predicted by other
widely used models, due to Chen [16], Shah [12] and
Kandlikar [11] are depicted as well.
The overall agreement between the predictions of the
BDL model and the experimental data is good. Particularly in the high velocity case, ub = 1.17 m/s, the BDL
model predicts the shift of the onset of nucleate boiling
to higher wall superheats accompanied by a relative
reduction of the boiling component in the total heat ﬂux
very accurately. This indicates that the BDL model is
capable to capture the strong ﬂow induced suppression
of the nucleate boiling in the PDB regime very well.
For higher wall superheats, however, approaching the
FDB regime, the agreement becomes worse especially in
case of the lowest velocity considered (ub = 0.05 m/s).
This discrepancy can be explained by the fact that the
present BDL model basically relies on the dynamics of
a single bubble subject to a surrounding subcooled liquid
ﬂow ﬁeld, which is assumed to remain unaﬀected by the
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Fig. 12. Predicted ﬂow boiling curves at p = 1.5 bar and three
diﬀerent velocities of the bulk ﬂow, respectively: full line, ––,
BDL; dashed line, – – –, Chen; dashed dotted line – Æ – Æ – Shah;
dotted line    Kandlikar; symbols, d, measurements.

presence of the vapour phase. Hence, it is conceivable
that the predictions of the model are less accurate once
phenomena related to the very complex multi-bubble
dynamics become important. Due to the high bubble
number densities, which are typically found on the heater
surface in the FDB regime, a strong bubble–bubble
interaction as well as a notable two-way coupling between the motion of the bubbles and the liquid phase occur. In such a regime bubbles tend to coalesce forming
larger structures on the surface. Moreover, the motion
of the bubbles pronouncedly aﬀects the surrounding ﬂow
ﬁeld of the liquid phase and vice versa. Considering these
highly complex multi-phase ﬂow phenomena there is certainly scope for further development of the present model
in order to improve its accuracy particularly in the FDB
regime.
The comparison with the results which were obtained with the models proposed by other authors
and are also plotted in Figs. 12 and 13 reveals that
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Fig. 13. Predicted ﬂow boiling curves at p = 2.0 bar and three
diﬀerent velocities of the bulk ﬂow, respectively: full line, ––,
BDL; dashed line, – – –, Chen; dashed dotted line – Æ – Æ – Shah;
dotted line    Kandlikar; symbols, d, measurements.

Chens approach generally overpredicts the heat ﬂuxes.
This tendency towards overpredictions, which is also
observed with many other Chen-type additive superposition correlations, can be explained by two main reasons. First, the empirical function for the suppression
factor given in Eq. (11) used in Chens model is obviously calibrated for saturated boiling, where the nucleate boiling heat transfer is typically higher than in
subcooled boiling. Second, since the factor SChen depends on the bulk ﬂow Reynolds number only, it practically represents a pure bulk ﬂow quantity. It is
therefore insensitive to local quantities like the wall
superheat or wall shear stress, which can be expected
to have a signiﬁcant eﬀect on a local phenomenon like
the nucleate boiling heat transfer in a wall shear layer.
As it was already pointed out in the former section, it
was essentially these two shortcomings which motivated the authors to develop Chens ansatz further to
the present BDL proposal. The comparison with the
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corresponding results of the BDL model demonstrates
that the predictive capability of Chens superposition
ansatz could be considerably improved by introducing
an alternative model for the suppression of the nucleate boiling component as proposed in the BDL
concept.
The results obtained using Shahs model [12] show a
very good agreement in the FDB region in the case, at
p = 2.0 bar and ub = 0.2 m/s. In the PDB regime the
agreement is generally rather poor especially for the
higher velocities, where considerable overpredictions
are observed. The kink in the boiling curves marks the
transition from the PDB to the FDB regime which is
in Shahs model located at the superheat DTs = 0.5 Æ
DTsub. At this in principle arbitrarily determined point
of transition the formulation switches from the correlation suggested for the PDB to the correlation suggested
for the FDB regime which typically leads to an abrupt
turn in the boiling curve. The approach due to Kandlikar [11] also prescribes a change in the formulation at
the point of the transition from the PDB to the FDB regime. The location of this transition is determined in
terms of the heat ﬂux at the intersection between the
extension of the single-phase line and the FDB curve
multiplied by the factor 1.4. As shown in the results
Kandlikars proposal for locating the point of transition
leads to accurate predictions in the PDB regime in the
high velocity case. At the lower velocities the region
which is dominated by single-phase convection extends
too far into the nucleate boiling region, as the considerable underpredictions in the PDB region make evident.
In order to evaluate the performance of the BDL
model in the case of stronger subcooling its predictions
were also compared against experimental data obtained
by Bibeau and Salcudean [13]. They carried out their
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Fig. 14. Comparison at stronger subcooling; full line, ––,
BDL; symbols, d, measurements by Bibeau and Salcudean
[13].
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ﬂow boiling measurements using an annular test section
with the inner surface heated. The pressure was p = 2
bar and the bulk velocity was ub = 0.08 m/s. The temperature of the bulk ﬂow was Tb = 75 °C, which implies
a subcooling of DTsub = 45 °C. As it is shown in Fig. 14,
the predictions produced by the BDL model agree very
well with the experiments. Due to the low ﬂow rate the
ﬂow-induced suppression is considerably small, and,
hence, the corresponding suppression factor Sﬂow does
not deviate much from unity. Thus, the total suppression S is mainly due to eﬀect of the subcooling. It turns
out that the in the present case very dominant eﬀect of
subcooling is estimated very well in terms of the corresponding model parameter Ssub as given by Eq. (22).
5. Conclusion
In the present study a Chen-type superposition model
is proposed to compute the eﬀective wall heat ﬂux in
subcooled boiling ﬂow. The proposed BDL model modiﬁes the nucleate boiling contribution by introducing
two suppression factors accounting for the eﬀect of the
ﬂow forces and of the subcooling of the thermal boundary layer. The comparison with experimental data using
water as working ﬂuid shows good agreement especially
in the partially developed boiling (PDB) regime. This
good agreement in the PDB region, where the bulk ﬂow
rate exerts a signiﬁcant eﬀect on the nucleate boiling,
indicates that the model captures the ﬂow-induced suppression very well. Notable deviations occur primarily
in the vicinity of the fully developed boiling (FDB) regime. These discrepancies clearly demonstrate the limits
of the present model and give the scope for a further
development. Thereby, the focus will have to be put
on the consideration of the bubble–bubble as well as
the bubble–liquid interactions, which are of great importance in the FDB regime.
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ABSTRACT
The subject of the present work is the modelling of the
liquid streamwise flow velocity in the two-phase boundary
layer in subcooled boiling flow under the influence of the vapor
bubbles. Subcooled boiling flow experiments were carried out
in a horizontal test channel in order to investigate the
interaction between the bubbles and the liquid phase. The
heater surface was located at the bottom of the test channel.
The near-wall liquid flow velocity was measured using a twocomponent laser-Doppler anemometer. Based on the
experimental data a model is proposed to describe the impact of
the gaseous phase on the motion of the liquid in the subcooled
boiling regime. It was observed that the axial velocity profiles
near the wall follow a logarithmic law similar to that used in
turbulent single-phase flow over rough surfaces. Based on this
finding it is suggested to model the influence of the bubbles on
the liquid flow analogously to the effect of a surface roughness.
The correlation developed for an equivalent surface roughness
associated with the bubbles yields good agreement of the
modeled axial velocity profiles with the experimental data.
INTRODUCTION
In modern internal combustion engines, increasing specific
power, accompanied by a decrease in size and weight of the
engines, leads to increasing thermal loads, especially in the
cylinder head. Convective single-phase transport is not
sufficient to transfer the heat from the structure into the coolant.
Hence, the wall temperature increases and subcooled boiling
occurs. The bubbles grow in the superheated zone near the wall
and collapse in regions where the temperature is lower than the
saturation temperature. Due to this phase change in the coolant,

the heat flux from the structure into the liquid is increased
significantly.
Many models proposed for the heat transfer in subcooled
boiling flow assume the total wall heat flux qw to be composed
of two additive contributions, which can be written as
q w = q conv + q nb ,

(1)

where the term qconv is due to forced convection and the term
qnb is due to nucleate boiling. This concept of additive
contributions was first introduced by Rohsenow [1]. Among the
superposition models of type Eq. (1), the approach due to
Chen [2] is widely used today, especially in engineering
applications in the automotive industry. Recently, Steiner et al.
[3] presented a superposition approach which modifies Chen’s
concept for the flow-induced suppression of the nucleate
boiling component. While Chen correlated the flow-induced
suppression only with the bulk flow Reynolds number, the
modified approach [3] models the suppression dependent on the
local superheat, subcooling, and wall shear stress. Since the
local quantities are in general known in numerical simulations
of convective flows, the model is well suited for CFD of
geometrically complex coolant flows.
Another class of models assumes the total wall heat flux as
a geometrical combination of the basic contributions. Models of
this type, as proposed by e.g. Kandlikar [4] and Shah [5],
formulate the effective heat transfer rate as a product, which
can be generally written as
q w = q conv Ψtp ,

1

(2)
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where Ψtp represents a mostly empirically determined
enhancement function due to nucleate boiling.
Most superposition as well as multiplicative models proposed
for the total wall heat flux in subcooled boiling flow assume
that the liquid flow field is unaffected by the presence of the
vapor bubbles. It was, however, shown in a recent experimental
work of Maurus [6] that the motion of bubbles can significantly
interact with the liquid phase flow. Using a PIV measurement
technique, Maurus investigated the bubble-laden flow in the
two-phase region for varying heat fluxes, flow rates and
subcooling.
To date, most model approaches considering the effect of
the gaseous phase on the motion of the liquid have been
developed for the non-boiling case, where bubbles are injected
through porous walls into the flow. Gabillet et al. [7]
considered a horizontal channel with a porous injection plate
located at the bottom. Moursali et al. [8] investigated a
turbulent bubbly boundary layer developing along a vertical
wall. Due to the different physics of bubble formation and
growth, and due to the absence of bubble collapse, a successful
extension of the models derived for the unheated bubbly flow
to subcooled boiling flow cannot be taken for granted.
It is the subject of the present work to investigate the
impact of the motion of the bubbles on the liquid phase in a
subcooled boiling channel flow. Based on experimental
observations it is attempted to derive an appropriate model for
the near-wall velocity field. Accounting for the effect of the
motion of the bubbles should also provide a physically sounder
basis for the modelling of the wall heat flux.
NOMENCLATURE
Latin symbols
C
integration constant [-]
roughness constant [-]
Ckr
d
bubble diameter [mm]
hydraulic diameter [m]
Dh
physical height of the roughness [m]
kr
~
modeled height of the roughness [m]
kr
Nu
Nusselt number [-]
p
pressure [N/m²]
q
heat flux [W/m²]
Re
channel Reynolds number [-]
T
temperature [°C]
u
velocity component in streamwise direction [m/s]
uτ
wall friction velocity [m/s]
v
velocity component in wall-normal direction [m/s]
y
distance from the heated wall [mm]
Greek symbols
ε
accuracy threshold [-]
ζ
model parameter [-]
η
model parameter [-]
κ
von Kármán constant [-]
λ
thermal conductivity [W/mK]
ν
kinematic viscosity [m²/s]
τ
shear stress [N/m²]
enhancement function [-]
Ψtp
subscripts
1ph
single-phase
b
bulk

conv
convective
dep
departure
m
measured
nb
nucleate boiling
ref
reference
sat
saturation
sub
subcooling
w
wall
rms
root mean square
superscripts
+
quantities in wall units
n
counter of iteration step
EXPERIMENTAL SETUP
The experimental facility basically consists of a closed
loop and produces a forced convective flow driven by a pump.
The working fluid passes through a heated test section, which is
schematically shown in Fig. 1. The bulk velocity, the bulk
temperature of the liquid and the operating pressure at the inlet
of the section are controlled. In the present configuration the
bulk velocity can be varied within the range of 0.05 m/s ≤ ub ≤
2.0 m/s. The absolute operating pressure can be set within the
range 1.0 bar ≤ p ≤ 2.0 bar. The square cross section of the test
channel has the dimensions 36 mm x 36 mm. The heat flux into
the channel is generated by heating coils located at the bottom
of the aluminum heater from where the heat is conducted to the
top of the heater. At the upper surface (grey shaded in Fig. 1),
with length 65 mm and width 10 mm, the heat is transferred to
the working fluid flowing through the channel.

Fig. 1. Test section of the experimental facility.
The wall temperature and the wall heat flux are determined
based on measurements of the temperature using several K-type
thermocouples appropriately distributed in the solid heater. The
base plate of the test section, where the top of the aluminum
heater is built in, is made of PTFE. The very low thermal
conductivity of PTFE should guarantee the lowest possible heat

2
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loss from the heater to the surrounding structure. Due to
thermal durability restrictions of the PTFE base plate, the
maximum heater surface temperature was limited to Tw =
160 °C. Windows made of glass are embedded in the top as
well as in the side walls of the test channel to make the heater
surface optically accessible.
In the experimental part of the work, the size and dynamics of
the bubbles were investigated using a high-speed camera. A 2D
laser-Doppler anemometer from DANTEC was used for the
liquid velocity measurements. The argon-ion laser used as light
source has a maximum power of 200 mW. The focal length of
the lens in the fiber optic probe is 310 mm, and the beam
spacing is 60mm. The laser-Doppler anemometer was used in
the back-scattering mode. Laser-Doppler anemometry has been
extensively used for local velocity measurements in transparent
single-phase flow because of its high accuracy, good spatial
resolution, and non-intrusive features. In general, small seeding
particles following the flow serve as the scattering centers for
the laser light. In the case of flow boiling experiments, no
seeding particles may be added to the liquid, since they might
affect the boiling process. Instead, the vapor bubbles, which
move closely at the velocity of the liquid phase, are used as
scattering centers. No additional seeding is therefore required.
For the present experiments, the consequence that the data rate
is low in regions of the flow field populated sparsely with
bubbles, was not a problem. It is noted that using the vapor
bubbles as tracer particles one inherently assumes the slip
between the bubbles and the liquid phase to be negligibly small.
In the present work the validity of this assumption could be
shown by comparing the bubble relaxation time based on the
bubble drag force with the relevant turbulent flow time scale.
The latter turned out to be about three orders of magnitude
higher.
EXPERIMENTAL RESULTS
Using the experimental setup described above, several
near-wall velocity profiles in the axial and the wall-normal
direction for a given heat flux and a given bulk velocity were
measured. In all considered cases the working fluid was a
mixture of ethylene glycol and water with a mixing ratio of
40/60 vol. %. The bulk inlet temperature was kept constant at a
subcooling of ∆Tsub = Tsat -Tb = 22 °C at the absolute pressure
of p = 1.5 bar. By varying the wall heat flux qw a maximum
wall superheat of 40°C was achievable. The bulk velocity was
set within the range of 0.2 m/s ≤ ub ≤ 0.8 m/s. The Reynolds
number based on the bulk flow quantities can be written as
Re =

u b Dh
,
ν

(3)

where Dh denotes the hydraulic diameter, which is equal to the
side length of the square cross section of the channel, and ν is
the kinematic viscosity of the bulk liquid at the inlet of the test
section. The chosen velocity range corresponds to a range of
Reynolds numbers from 11260 to 45030. It is noted that all
measured heat fluxes are presented here in non-dimensionalized
form for confidentiality reasons. Figure 2 shows the nondimensional wall heat flux qw / qref as a function of the
corresponding wall superheat Tw - Tsat obtained from the
measurements for three different bulk velocities ub. In all

considered experimental cases the saturation temperature was
the same. The strong deviation from the single-phase macroconvection in the boiling regime (Tw > Tsat) illustrates the
enhanced heat transfer rate associated with nucleate boiling. It
becomes further evident that, at higher wall superheats, the
different flow boiling curves follow almost the same path,
illustrating the vanishing influence of the flow rate on the total
heat flux.

Fig. 2. Measured non-dimensional wall heat flux qw / qref vs. the
wall superheat Tw - Tsat at different bulk velocities ub. The
dashed lines represent the single-phase macro-convection, and
the dotted lines the flow boiling branch.
The LDA measurements carried out to investigate the
interaction of the bubbles and the liquid phase were performed
at the conditions shown in Fig. 2. Figures 3 to 5 show the nearwall velocity profiles obtained in these experiments. The mean
values of the velocity components u and v in the streamwise
and the wall-normal directions, respectively, as well as the rms
values of the corresponding fluctuations, urms and vrms, are
plotted against the wall-normal distance y. All displayed
velocity profiles are scaled with the bulk velocity ub. The
bubbles evidently affect the flow considerably in the
superheated near-wall layer. This influence becomes more
pronounced with increasing boiling activity on the surface
associated with an increasing wall heat flux.

3
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Fig. 3. Results of the LDA measurements at a bulk velocity of ub = 0.2 m/s and varying non-dimensional wall heat fluxes qw / qref.
The dashed-dotted line marks the center of the test channel.
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Fig. 4. Results of the LDA measurements at a bulk velocity of ub = 0.4 m/s and varying non-dimensional wall heat fluxes qw / qref.
The dashed-dotted line marks the center of the test channel.
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Fig. 5. Results of the LDA measurements at a bulk velocity of ub = 0.8 m/s and varying non-dimensional wall heat fluxes qw / qref.
The dashed-dotted line marks the center of the test channel.
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In the core flow region outside the superheated layer, the
velocity profiles merge with the single-phase velocity profiles.
Figures 3a to 5a show the deceleration in the two-phase region
of the mean velocity u(y) in the streamwise direction. The rise
of the bubbles causes an enhancement of the mean wall-normal
velocity component v(y), as shown in Figs. 3b to 5b. In the
cases of low bulk velocities and high heat fluxes, the maximum
of the mean wall-normal velocity component is of the same
order of magnitude as the streamwise component u(y). The
present experimental results for the mean velocities confirm the
observations made by Maurus [6].
The presence of the bubbles causes a marked increase of
the mean turbulent fluctuations urms(y) and vrms(y) in the
streamwise and the wall-normal directions in the two-phase
region of the flow, as shown in Figs. 3c and d to 5c and d,
respectively. The observed increase of the turbulence in the
near-wall region leads to enhanced momentum and heat
transfer. This microconvection induced by bubble agitation
strongly contributes to the increased heat transfer rates
achievable in subcooled boiling flow as compared to singlephase convection.
As it is shown in Fig. 3a, at low bulk velocities and high
heat fluxes a plateau in the mean axial velocity profile occurs.
In this case the buoyancy-driven vertical motion of the bubbles
obviously prevails over the streamwise motion of the liquid
phase. The observed plateau is produced by clockwise rotating
large vortical structures generated by the rise of the bubbles, as
shown in Fig. 6.

Fig. 6. Observed clockwise rotating vortices in the bubbly
layer. The picture was taken at a bulk velocity of ub = 0.2 m/s
and a non-dimensional wall heat flux of qw / qref = 4.02. The
dashed line marks the upper boundary of the vortical layer.
The impact of the bubbles on the flow field is supposed to
depend strongly on the bubble size distribution at the heated
wall. Therefore, the size of the bubbles located at the heater
surface was measured using high speed camera recordings at
different thermal and flow conditions. Figure 7 shows the
median bubble diameter dm measured at the wall. A higher wall
heat flux evidently leads to larger bubble mean diameters. It
becomes further obvious that, at a given heat flux, the mean
size is smaller the higher the bulk velocity, reflecting the
influence of the local velocity field on the bubble detachment
process from the heated surface.

Fig. 7. Measured bubble diameters dm at different bulk
velocities ub. The rms fluctuations around the statistical median
value are denoted with an error bars.
MODELLING
As already noted in the previous section, most models
proposed for the liquid velocity field in bubble-laden boundary
layer flows were developed for non-boiling flow. The nonboiling bubbly flow, where bubbles are mostly introduced
through porous walls, inherently differs from boiling flows by
essential aspects of the whole process of bubble formation and
detachment in the superheated boundary layer as well as the
bubble collapse occurring in subcooled regions, where T < Tsat.
As it is shown in the present work, the model formulations
proposed for non-boiling bubbly flows can be nonetheless
extended to boiling flow, if the physics of the vapor bubble
formation and detachment is incorporated into the mathematical
description of the bubble-laden superheated wall layer.
The present model is based on a formulation originally
proposed by Gabillet et al. [7], who investigated horizontal
boundary layer flows of water densely populated by air bubbles
injected through a porous wall. Gabillet et al. observed that the
presence of bubbles in the wall layer has an effect on the liquid
phase flow, which is very similar to the effect of surface
roughness. They therefore suggested a logarithmic law of the
wall, which is commonly used for turbulent flows over rough
walls, to capture the impact of the bubbles on the near-wall
flow. The present model extends this analogy to subcooled
boiling flow, where the bubble layer is generated by
evaporation on the superheated wall. The adopted log-law for
turbulent flows over rough walls generally reads
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( )

1
ln y + + C − ∆u + ,
(4)
κ
where u + = u / u τ and y + = y u τ / ν are written in the so-called
u+ =

wall units involving the wall friction velocity u τ = τ w / ρ .
C = 5.3 and κ = 0.41 are constants. The last term on the RHS of
Eq. (4) represents the offset of u+ due to the wall roughness
with respect to the log-law for the hydrodynamically smooth
surface, where ∆u+ = 0. This offset is a function of the so-called
roughness Reynolds number
k +r =

kr uτ
ν

(5)

involving the physical roughness height of the surface kr. For
the functional dependence ∆u+(kr+), different regimes are
distinguished [9]:

• hydrodynamically smooth, k +r < 2.25 :
∆u + = 0

(6)

• transitional regime, 2.25 ≤ k +r < 90 :
∆u + =

(

) {

(

)}

1
ln 1 + C kr k +r ⋅ sin 0.4258 ln k +r − 0.811
κ

(7)

• fully rough regime k +r ≥ 90 :
∆u + =

(

1
ln 1 + C kr k +r
κ

)

(8)

Ckr is a roughness constant and depends on the type of
roughness. For sand-grain roughness, a value of Ckr = 0.5 is
used.
Applying a best fit of the log-law given by Eq. (4) to the
measured streamwise velocity profiles shown in Figs. 3a to 5a
yields for each profile u(y) a corresponding pair of uτ and kr.
All considered experimental data points lie within the y+ range
30 < y+ < 200, where the log-law is basically applicable. The
results obtained for each individual u(y) profile are summarized
in Tab. 1. The measured streamwise velocity profiles rescaled
in wall units and the applied log-law profiles are plotted in Fig.
8. The log-law evidently matches well the experimental data in
the region close to the wall. It is noted that the profiles which
exhibit a plateau in the near-wall region as shown in Fig. 3a had
to be excluded from this analysis. In this case the buoyancyinduced vertical bubble motion is too strong to allow for a
simple log-law modeling, which requires a dominant motion
along the wall.
The roughness heights kr fitted from the experimental data
basically represent an equivalent roughness associated with the
vapor bubble layer on the heater surface. This equivalent
roughness height kr has to be provided by the model to
determine the near-wall velocity profile using Eq. (4).

Fig. 8. The logarithmic law of the wall (Eq. (4)) compared to
the measured velocity profiles in wall units for different bulk
velocities ub and non-dimensional wall heat fluxes qw / qref.
Solid line,’’, log-law for rough surfaces.
The present model assumes the bubble-equivalent
roughness height to depend essentially on two quantities: the
median bubble size and the contribution of the nucleate boiling
heat flux, qnb, to the total heat flux qw. Accordingly, it proposes
the correlation
q
~
k r = η d dep  nb
 qw

ζ

ζ



 q
 = η d dep 1 − conv  ,
qw 



(9)

where ddep denotes the bubble diameter at the instant of
departure from the nucleation site. This diameter represents the
bubble mean size and is computed as predominantly dependent
on the wall superheat (Tw – Tsat) and the wall friction velocity uτ
according to the bubble detachment model of Zeng et al. [10].
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ub [m/s]
0.2
0.2
0.2
0.4
0.4
0.4
0.4
0.4
0.8
0.8
0.8
0.8
0.8

qw/qref [-]
0
1.57
2.62
0
1.56
2.59
3.98
4.73
0
1.56
2.62
4.03
4.65

uτ [m/s]
0.0131
0.0147
0.0159
0.0235
0.0280
0.0305
0.0326
0.0330
0.0416
0.0490
0.0545
0.0593
0.0615

kr [mm]
0
1.00
1.71
0
0.49
0.85
1.4
1.85
0
0.23
0.38
0.66
0.85

Tab. 1. Wall friction velocity and roughness height determined
by a least-square fit of the log-law to the measured velocity
profiles u(y) for different bulk velocities and non-dimensional
wall heat fluxes.
Figure 9 shows the diameters predicted by this model for all
cases listed in Tab. 1, as compared to the corresponding
experimental data presented in Fig. 7. The agreement is very
good. The ratio of the nucleate boiling component to the total
heat flux, qnb qw , has been introduced to account for the fact
that, at high nucleate boiling activity associated with high wall
superheats, the near wall layer which is populated by bubbles
becomes thicker than the mean size of the single bubbles
detaching from the wall. It ranges between zero and unity, as
can be immediately seen from Eq. (1). The quantities η and ζ in
Eq. (9) are empirical parameters.
~
In Fig. 10 the predictions for the equivalent roughness k r
using the correlation given by Eq. (9) are compared against the
roughness heights kr listed in Tab. 1 which were obtained from
the best fit of the log-law in Eq. (4) to the measured velocity
profiles. Using the empirical parameters η = 2.5535 and
ζ = 0.1741, good agreement is achieved.
It is noted that the increase of the wall friction velocity uτ
due to the bubble-equivalent surface roughness inherently leads
to an increase of the convective component qconv in the total
~
heat flux. In the present computation of k r using Eq. (9),
where qconv is required as an input quantity, the enhanced
convective component is estimated invoking the Reynolds
analogy between the wall heat transfer and the wall friction,
which yields the relation
 u
Nu conv
= τ
Nu conv,1ph  u τ,1ph

~
Fig. 10. Predicted roughness heights k r in comparison with

experimental data (η = 2.5535, ζ = 0.1741).
The Nusselt number Nuconv,1ph is obtained from the measured
total wall heat flux, qw, which is equal to qconv in the singlephase regime, as
D 
qw
Nu conv ,1ph =
⋅  h  with Tw < Tsat.
(11)
(Tw − Tb )  λ b 
The obtained Nusselt numbers Nuconv,1ph for the considered data
points in the single-phase regime are summarized in Tab. 2.

2


 ,



Fig. 9. Predicted bubble departure diameters ddep in comparison
with experimental data.

(10)

where the Nusselt number is based on the hydraulic diameter of
the channel, Dh, and the thermal conductivity of the bulk liquid
λb. The wall friction velocity uτ,1ph and the Nusselt number
Nuconv,1ph refer to the single-phase convection regime, and they
are both obtained from measured points (qw, Tw) with Tw < Tsat.

ub [m/s]

Tw-Tb [°C]

qw/qref [ ]

Nuconv,1ph [ ]

0.8
0.4
0.2

17.7
20.0
11.0

0.500
0.395
0.150

217.7
152.2
105.6

Tab. 2. Measurement points for the evaluation of the Nusselt
numbers Nuconv,1ph.
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Substituting the wall friction velocities, which can be taken
directly from the best-fit results listed in Tab. 1, into Eq. (10)
finally yields Nuconv. The convective heat flux component in the
subcooled boiling regime is then computed as
q w = Nu conv (Tw − Tb )(λ b / D h ) , with Tw > Tsat.
When applying the present model to CFD of subcooled
boiling flow, the computational procedure essentially consists
of an iterative loop for the calculation of the bubble-equivalent
~
surface roughness k r . The iterative procedure is schematically
shown in Fig. 11 for the case with a given superheated wall
temperature Tw > Tsat.

the liquid flow in analogy to a surface roughness effect. The
proposed model correlates an equivalent surface roughness with
the bubble size and the wall heat flux, such that the modified
logarithmic law of the wall for rough surfaces can be applied.
The proposed correlation for an equivalent surface roughness
associated with the bubble layer yields good agreement of the
predicted axial velocity profiles with experimental data.
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