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Accuracy Analysis of
Stereo Side-Looking Radar”

Radar stereo geometry and the accuracy of derived
coordinates and coordinate differences are reviewed.

INTRODUCTION

TEREO SIDE-LOOKING RADAR (SLR) studies

have so far been mainly academic exer-
cises—few mapping applications have been
found. This is different from mapping with
single image sLr and sLr blocks, which did
find extensive practical use.

Some geoscientists are, indeed, tempted
to believe that the apex of sir-imaging is
past. The U.S. military topographic radar
mapping program, for one, was terminated
around 1972, and large cloud-covered re-
mote areas of the world (though by far not
all) have already been mapped. But imaging
radar is very much alive. We find that re-
search interests in sLr imaging are presently
shifting from aircraft to satellite. We already

planning of satellite sLkR mapping efforts.
The number of singular publications which
have helped in the past to better understand
the possibilities and limitations of stereo
sLRr are still very current. This paper is an
account of that fact and presents an attempt
at a review of the state-of-knowledge of
stereo side-looking radar.

It is well established that stereo-viewing
of sLr images can enhance the interpreta-
tion of morphological details (Koopmans,
1973), it can be used to measure slopes and
relative height differences (Dalke and
McCoy, 1969), and it can improve the accu-
racies of cartographic mapping and point
positioning (Gracie et al., 1970; DBA-
Systems, 1974; Leberl, 1978).

ABSTRACT: Renewed interest exists in stereo side-looking radar in the
context of satellite projects to map the surface of the Earth and of
Venus (Venus Orbital Imaging Radar, voir). This has led to the
present review of known facts about stereoscopic vision with radar,
of vertical exaggeration, of radar stereo geometry, and of the
accuracy of radar derived coordinates and coordinate differences.

have had the lunar Apollo-17-ALSE and
Seasat-A projects, and many other satellite
radar projects are being discussed or are in
preparation, of which a rather spectacular
one may be the Venus Orbital Imaging
Radar (with the judicious acronym VOIR,
which is French for “to see”). It is in the
context of this development that stereo sLr
analyses not only serve an academic interest
but also may find an actual application in the

* This paper is an abbreviated version of JPL
Publication 79-17, Accuracy Aspects of Stereo
Side-Looking Radar, March 1, 1979, Jet Propul-
sion Laboratory, Pasadena, California. The work
was performed at JPL while the author was on
leave from the Technical University, Graz.

Generally the term stereo refers to visual
perception when an observer views an over-
lapping stereo image pair and in his brain
forms a three-dimensional replica of the
imaged area. But stereo may also be used for
a computation process employing monocu-
lar measurements of homologue details in
overlapping images.

Radar stereo is perceived in a manner
similar to its photographic equivalent, al-
though geometries are quite different as is
demonstrated in Figure 1. Our understand-
ing of visual sLr-stereo is largely due to the
work of LaPrade (1963, 1970, 1975). Accu-
racy analyses were performed by several
authors. Innes (1964), Rosenfield (1968),
LaPrade (1970), Gracie et al. (1970), Konecny
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(1972), DBA-Systems (1974), Goodyear
(1974), Derenyi (1975), Graham (1975,
1976), Leberl (1972, 1975, 1978), Carlson
(1973), and Bair and Carlson (1974, 1975) all
studied stereo sLr performance using vari-
ous computational means.

In spite of this extensive list of studies,
there are still many open stereo questions
that need to be answered in the planning
of sLr projects. The present paper, there-
fore, will not merely review the existing
state-of-knowledge but will also try to fill in
some areas, particularly where theoretical
accuracy models for stereo SLR are con-
cerned.

The paper will thus first address ques-
tions of visual stereo sLr and the geometry
of the radar stereo model. A discussion of
vertical exaggeration in aircraft and satel-
lite radar follows. Then the errors of the
stereo sLr model will be analyzed, both for
coordinates and for measurement of dis-
tances and height differences. This analysis
goes beyond a mere review and presents
some original research.

VisuaL RADAR STEREO

STEREOSCOPY

Binocular vision of a pair of object points,
A and P, leads to a situation that has been
modeled by LaPrade et al. (1975) as illus-
trated by Figure 2. A convergence angle, v,

Fic. 2. Binocular vision and retinal disparity, «
(from LaPrade et al., 1975).

and retinal disparity angle, «, can be defined
which lead to an observation of point A at a
distance different from that of point P.
Experimental work has shown that a human
observer is sensitive to a minimal retinal
disparity angle, @, of about 3°¢ (LaPrade
et al., 1975) to 10°¢ (Nowicki, 1966), and that
an a > 1° may be difficult to view.

Stereoscopic viewing is a simulation of
binocular vision by presenting to the eyes
two overlapping images of an object. Today
we understand stereoscopic viewing of
camera photography largely due to the work
of Aschenbrenner (1952), Fichter (1954),
LaPrade (1972, 1973), LaPrade et al. (1975),
and others.

It is a straightforward extension of camera
stereo models that leads to an analysis of
visual radar stereo. Figure 3 presents the
most commonly discussed str flight con-
figurations for stereo, the so-called same-
side and opposite-side cases, obtained in
two separate flights. They were proposed by
LaPrade (1963). Other sLr stereo configura-
tions are listed in Figure 4. Leberl (1972)
and Graham (1975) proposed cross-wise
flights; similarly, flights at different altitudes
would be possible; and finally one could
think of a range of convergent schemes, of
which some have been discussed by Carlson
(1973), Bair and Carlson (1974, 1975), and
Leberl (1972).

Single flight line stereo cannot be realized
with synthetic aperture radar (sar). One may
be tempted to believe that one can obtain
two stereo looks by once imaging with a
positive Doppler (looking forward or for-
ward squint) and once with a negative
Doppler (looking backwards or backward
squint). But relief displacements would al-
ways be of the same amount and at an angle
of 90° toward the nadir line, irrespective of
the amount of Doppler frequency (or squint)
used. As a result there will be zero parallax
and no valid stereo (Leberl, 1972).

Figure 5 shows a sAR stereo configuration
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Fic. 3. Basic stereo radar configurations.

with forward and backward squint. The geo-
metric locus of a point, P, would in each
radar view be defined as a circle (inter-
section of (a) a sphere with radius equal to
the slant range, i.e., a range sphere, and (b) a
Doppler cone with a vertex angle defined by
the Doppler frequency used). The two cir-
cles of the forward and backward view will
coincide and, therefore, not produce a valid
intersection.

Single flight stereo schemes could be
effectively realized with real aperture radar
by tilting the radar antennas around hori-
zontal and/or vertical axes and using conical
beams. In view of the future significance of

SAME SIDE

sAR in satellites and of the importance of the
basic same-side and opposite-side cases, we
will pursue only these two cases in the re-
mainder of the paper.

FACTORS AFFECTING VISUAL STEREO RADAR

In order to visually perceive a three-
dimensional model of an object, the two
images of a stereo pair must be sufficiently
similar, i.e., image quality, object illumina-
tion, tones, and textures must be comparable
and the retinal disparities caused by stereo
parallaxes (geometric differences) must not
exceed a value of about 1°. In aerial photog-
raphy we find this rarely to present a

CROSS WISE

ONE VERTICAL PLANE (k)

ONE CONE (SQUINT}
-

Fic. 4. Stereo configurations.
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Intersection of two projection lines in single flight “stereo”

configuration with non-zero doppler processing not defined. Inter-
section lines of range sphere and doppler cone coincide.

problem: sun angles do not change drasti-
cally in overlapping photos. On the other
hand, in the active radar system illumina-
tion depends on sensor position. Finally,
parallaxes in aerial photography will be
excessive only in the most extreme cases.

Figures 6 to 9 present examples of radar
stereo pairs to demonstrate some of the
limits to stereo viewing. Figure 6 shows part
of the Estrella mountain in Arizona, imaged
with an opposite-side configuration from an
aircraft at 12 km altitude. It can be observed
that slopes reflecting strongly in one image
are in the radar shadow in the other image.
A stereo impression cannot be achieved in
the mountains but can in the flat areas.
Figure 7 demonstrates with a same-side
stereo pair that viewing does not present any
problems. Koopmans (1973) was able to
show that in some tropical areas of Colombia
this type of same-side radar stereo produced
a more complete drainage analysis than that
from available (poor quality) aerial photog-
raphy. '

However, there also exist limits to suc-
cessful same-side stereo. Figures 8 and 9
present two Apollo 17 lunar satellite stereo
pairs with same-side geometry and stereo
bases, b, of 3 and 13 km, respectively, and
a flying height, H, of 116 km. Look angles
are much steeper than in the previous
examples (6 < 20°; relief displacements
and variations in image appearance are,
thus, large even with a small stereo base.
In the flat parts of Figure 8 stereo percep-
tion is easy. However, in the rugged parts
stereo fusion becomes nearly impossible
due to the differences of image content.

In the rugged area of Figure 9 this is even
more apparent.

In a mere qualitative way one must con-
clude that successful radar stereo viewing
depends on

® The stereo arrangement,

® The look angles off-nadir,

® The stereo intersection angles, and
¢ The ruggedness of the terrain.

In flat or gently rolling areas stereo will
hardly ever present a problem. In rugged
terrain stereo is possible with same-side
geometry and improves with shallower
look-angles, 6. For good visual stereo per-
ception one would prefer small stereo inter-
section angles. This results in image pairs
with little difference in tone and texture,
but also little difference in geometry. For
good topographic expression (vertical exag-
geration) one requires large intersection
angles. We find ourselves in a trade-off be-
tween geometric accuracy and ease of per-
ception without much experimental work
available upon which to base decisions.
LaPrade’s (1975) results apply to stereo
observation of man-made objects and seem
to indicate optimum stereo viewing if look
angles vary between 37° and 67° off-nadir,
with intersection angles of about 12° to 15°,

GEOMETRY OF RADAR STEREO
RIGOROUS STEREQO INTERSECTION

Rigorous radar stereo intersection algo-
rithms were used by Rosenfield (1968),
Gracie et al. (1970), DBA-Systems (1974),
Leberl (1972, 1976), and Dowideit (1976).
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The same algorithm can be used for sonar,
which is an underwater analogy of radar
(Clerici and Konecny, 1978). These formu-
lations are based on a position vector, p,
for object point, P; on sensor position, 8; on
attitude or velocity vector, $; ahd on squint
angle and slant range vector, r, with length,
r, as defined in Figure 10 (vectors are repre-
sented by underlining in Figure 10).

The unknown vector p (with its three com-
ponents p 4, p,, and p 5) must be computed
from the following four equations:

p —s'| =r M
|p - s"| =r" (2)
8 - (p—s8)= sinr|§’| |p —s’| (3)
8" (p —9¢") = sinr|§"| |p - s”| 4)

Equations 1 and 2 present two range
spheres with origin at the two antenna sta-
tions, 8’ and 8", and of radius, r’ and 7,
respectively. Equations 3 and 4 are so called
(Doppler) cones. In the event that the squint
angle, 7, is zero, the cones degenerate to a
plane. Each image defines as the locus of
point, P, an intersection of the range sphere
and the cone or plane. As a result, the locus
is a circle. Stereo intersection consists of
intersecting the two circles produced at
antenna stations, s’ and s”.

PARALLAX EQUATIONS

When discussing parallax radargram-
metry, we must differentiate between two
cases: ground range presentation and slant
range presentation. Figure 11 illustrates for
a vertical object, AB, the difference between
the two types of radar image presentations.
In one case, projection circles are inter-
sected with the datum plane while, in the
other case, they are intersected with a plane
through the antenna longitudinal axis.
Rosenfield (1968) and others have formu-
lated parallax equations for same-side and
opposite-side stereo using ground range pre-
sentations.

An interesting and simplified radar stereo
computation and analysis results if the radar
projection circles are locally replaced by
plane wave fronts as shown in Figures 12a
and 12b. Expressions to convert observed
parallax differences between two points into
height differences were derived by Koop-
mans (1974), Derenyi (1975), and Leberl
(1975), and others. The following equations
summarize the relationships that exist be-
tween parallax and object height differ-
ences, and derive simply from Figure 12:

Ground range presentation:

1087

p' =h cot 6

p" =h cot ¢

Ap =p"Fp' =h(cot8 Fcot’)
h = Ap/(cot 6" * cot ¢')

Slant range presentation:

p' =h cos 6
p” =h cos 6"
Ap =p"xp' =h (cos 8" ¥ cos §')
h =Ap/(cos 8" F cos 6') (7)

where h is object height difference; p’ and
p" are relief displacements, and Ap is the
parallax difference due to height, h. The
minus sign applies to same-side geometry
and plus sign to opposite-side geometry.

In both Equations 6 and 7 we find that
height difference, h, not only depends on
Ap but also on look angles, 6’ and ¢". The
same parallax difference, Ap, produces dif-
ferent h in various sections of the stereo
model (compare LaPrade, 1963).

We are accustomed from photography to
having constant absolute parallax, i.e., no
parallax differences, for points at equal
height. This applies also to ground range
presentation where all points in the datum
plane have the same absolute parallax, a,
ie.,

a= yu _ y/
where y' and y” are ground distances. This
does not apply to slant range images.

Figure 13 is the example of a slant range
radar image of an Atlantic island: it appears
as though the island were rolled onto a
cylinder. This visual impression is caused
by the scale compression that increases
towards the nadir line, as explained in
Figure 14. We now define absolute parallax,
a, as the difference of slant ranges, i.e.,

a=r == (H?+y?)" — (H - (y-B))
®)

where H is the flying height, y is the ground
distance of an object from flight line ('), and
B is the stereo base or distance between the
two flight lines (') and (”). One can easily
verify that Equation 8 defines a curve simi-
lar to a hyperbola, so that the stereo model
of a flat, horizontal surface represents a
super-hyperbolic cylinder (Leberl, 1978).
Equation 7 describes the height, h, of an
object above this cylinder.

VERTICAL EXAGGERATION

A factor of considerable interest to image
interpreters is the vertical exaggeration in
radar stereo models. LaPrade (1970) and
Graham (1976) have found quantitative
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Estrella Mountains, Arizona. (Courtesy of Aero Service, Goodyear).

F16. 7. Aircraft stereo radar, same-side geometry, otherwise the same as Figure 6.
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Fic. 8. Satellite stereo radar, same-side geometry. Apollo 17-Alse-VHF (2 m Wavelength), Appennin
on the Moon (courtesy NASA-JPL). Stereo base ~3 km.

F16. 9. Satellite stereo radar, same-side geometry as in Figure 8, but of the Oriental Region, on
the lunar far side. Stereo base ~13 km.
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measures for this exaggeration by relating
radar stereo parallax to the base-to-height
ratio, B.,/H, of equivalent camera photog-
raphy (compare Figure 12a). Equivalent
photography is defined here in such a way
that it produces the same parallax, Ap, from
the same altitude, H. Clearly, the stereo
base, B,, is smaller than that of the radar.

The vertical exaggeration, g, is the ratio
between the true height-to-base ratio, h/b,
of an object and its virtually perceived stereo
model equivalent, h,/b;. Following LaPrade
(1972), factor q for photography as observed
under a stereoscope usually is

g ~5 - B,/H. )
We now need only to replace B./H by an

SLANT RANGE PRESENTATION

stereo intersection.

equivalent radar expression. Since we know
from photography that

B./H = Aplh
and from ground range radar that

Ap/h = cot ' F cot ¢,

we find
g = 5 (cot & F cot 8") (10)
or, with the notation of Figure 12 a,
q =~ SHB/(y(y—B)). (11)

Equation 11 was derived originally by
Graham (1976).

For airborne radar, with 60 percent over-
lap and stereo intersection angles, A6,

B’ A SHADOW s
Aavoves;
i i
FLIGHT i i
HEIGHT i
B §
’ ;
7/ ; 3
’ 4
Vi ;
o ; :
GROUND RANGE PRESENTATION i als  sHapOw Ss
l~tavoves -
(RELIEF DISPLACEMENT)
Fic. 11. Vertical object, definition of slant range and ground range presentations.
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(b)

Fic. 12. Definition of radar stereo parallax, Ap, and relief displacement, p, for (a) same-side and (b)-
opposite-side stereo. Note the approximation of the spherical wavefront by a straight line. Also, note
the equivalent camera arrangement to obtain the same stereo-parallax. (See also La Prade, 1970).

) between 12° and 15°, one finds g ranging
from 2.3 to 1.8. For a satellite radar such as
the proposed voir (Venus mission), inter-
section angles, Af, are poor, i.e., between
3°.3 and 2°.8, so that g = 0.6. These exag-
geration factors are much smaller than those
of aerial photography (¢ = 3).

ERRORS OF THE RADAR STEREO MODEL

In the following analysis of errors of the
radar sterec model we differentiate between
errors of individual point coordinates (ab-
solute errors) and errors of coordinate dif-
ferences (sometimes called relative errors).

Absolute error analyses have been pub-
lished for airborne radar by Rosenfield

JUEER 1 V6 110 A EMARMIRASE DOMMERAROEN | U0 D 1 10 1 ) R 1
U ] b

(] O T U L ' i

(1968), LaPrade (1970), and Leberl (1972),
and for satellite radar by Leberl (1978). Rela-
tive error studies, although of at least equal
interest to those of absolute errors, have not
come to the attention of the author.

ERRORS OF COORDINATES

Error sources are numerous, but most
important are those caused by erroneous
sensor positions ds’ = (dx’y, dy’y, dz’y) and
ds" = (dx", dy", dz",); by erroneous sensor
attitudes d§' = (dy’y, dy's, dz'y) and d§" =
(dz", dy's, dz"); and by erroneous slant ranges
dr' and dr”.

The detailed derivation of coordinate er-
rors due to each individual error source

SRR IR | )L ) AR MR
Y . Wil ] I

LI | (LI} (Rl [ ]

Fic. 13. Slant range radar image of an Atlantic island (courtesy NASA-JPL). Image taken from 10

km flight altitude.
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F1c. 14. Visual impression obtained from slant range presentation.

would go beyond the scope of this paper.
Instead, the errors of x,y,z coordinates are
derived due to only one error source, i.e.,
sensor position error dy”,. All others are just
listed in one formula, with reference to a de-
tailed derivation in Leberl (1979).

Considering Figure 15, we find that the
presence of an error, dy", shifts the inter-
section of two wavefronts from point (P) to
point P. As a result we have coordinate
errors dy and dz, while dx = 0.

Since
dy =lcos @ =1 - Hir'
and
I = dy’y sin ¢"/sin (6'—6"),
one finds that
dy = H dy"y sin "/(r" sin (6'—¢"))
or, due to
r'/B = sin (90° + 6")/sin (6'—9"),
we get
dy = —dy", - H-tan ¢"/B
=dy", (B—y)/B.
Similarly, we can derive coordinate changes
due to other changes of imaging parameters.

One then gets the following long expres-
sions:

dx = (da's + dx)/2 + dy'y - y/2 + dy"(y—B)2
+ (dzy+dz%) - H/2 (13)

dy =dy'y-y/B + dy'y(B—y)B—-(dz',—dz",)H/B
+ dr'r'/B—dr"-r"/B (14)

dz = (dy',—dy'y)y -(y—B)/(H -B)—dz'(y—B)/B
+ dz"yy/B+dr'r'-(y—B)/(BH)
—dr"-r"-y/(BH)

(12)

(15)

An evaluation of these equations confirms
the findings of Rosenfield (1968) and others.
Figure 16 illustrates two typical configura-
tions, one for aircraft and the other for a
proposed voir-satellite. We find in the near
range area of the aircraft stereo model that
error coefficients are all about 1, with dz
being smaller than dy. In the far range area,
the error coefficients grow to about 2 to 5,
but now with dy smaller than dz.

In a satellite radar for voIr the error co-
efficients are about 10 times larger than
those for aircraft. Again, at the near range
edge of the stereo model dy is greater than
dz, and the reverse applies at far ranges.

ERRORS OF COORDINATE DIFFERENCES

Radar stereo can essentially be a means of
interpolating coordinates in between known
points. Therefore, it is the error of coordi-
nate differences that counts in the evalua-
tion of radar mission alternatives. In this
context it is legitimate to study errors due to
only three error sources, i.e., those due to
an error, dB, in the stereo base, B; an
erroneous height difference, dH, between
corresponding antenna positions; and errors
dr' and dr" in slant range. The along-track
model coordinate, x, is not affected by these
errors; therefore, we need only consider
model coordinates y and z.

Error of the Stereo Base: dB. We intro-
duce the notation dB = dy’y—dy’, and find
from the first two terms of Equations 14 and
15 that

dy = — %dB + const (16)

dz = {(B—y)y/(BH)} dB (17)
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Fic. 15. Errors due to the y't—component of sensor position.

The errors of coordinate differences are
found by partial differentiation of these
equations with respect to y and z. This is
done in order to get the changes, d Ay and
d Az, of coordinate errors, dy and dz, as a
function of the coordinate changes, Ay and
Az, i.e.,

dAy = (—Ay/B) - dB (18)
dAz = {Ay-(B-2y)/(BH
— Az(y-(B-y)/(BH?} dB
(19)

Equations 18 and 19 are valid for small co-
ordinate differences, Ay and Az, in model
space. Several conclusions can be drawn:

® cross track distances, Ay, have errors
directly proportional to base errors, dB;

e height differences, Az, have errors, d Az,
that are more complex, i.e., for vertical
structures (Ay = 0) errors increase as a
274 order function of y; and

e height differences, Az, measured between
two points at distance, Ay, have an error
that changes linearly with y.

Error of Flight Height: dH. We introduce
the notation dH = dz’y — dz’y and find from
Equations 14 and 15 that

o B=8 KM

AIRCRAFT

10 KM RADAR

H
— 2
dy B dH (20)

dz = %dH + const (21)
By partial differentiation with respect toy

and z, we obtain the simple proportionality

day = Y 4, (22)
B
dAz = ‘%H Ay (23)

Errors of Slant Ranges: dr’ and dr". Exrors
in the slant range may be systematic, for
example due to scaling errors, and random,
due to limited range resolution. Systematic
errors lead to a model bow, and random
errors to a limited height definition. Similar-
ly, the y-coordinate is subject to a limited
definition.

The systematic model warp due to errors,
dr’ and dr", follows the equations

dAy =A Ay + F Az (24)
dAz =C Ay + D Az
where
B =40 KM
VENUS ORBITAL
IMAGING RADAR
375 KM

OVERLAP

——
OVERLAP

Fic. 16. Stereo configurations for numerical analysis.
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A =dr'y/(Br") — dr'"(y—B)/(Br")

F =dr'H/(Br') — dr" H/(Br")

C =dr'(r'/(B-H)+y(y—B)/(BHr"))
—dr"(r"/(BH)+y(y—B)/(B -H -r"))

D =dr'((y—B)/(Br')—(y —B)r'/(BH ?))
— dr"(y/(Br")—yr"/(BH ?))

The limited definitions of y and z due to
random noise in the slant range, o,% are
0,2 and ¢.? i.e.,

o, = o 2r" + r')/B? (25)
0ut = 0y =B)* + ry(BH?)
Discussion. From the expressions derived
here we find that errors in (small) distances
and height differences are different from
errors in coordinates. Table 1 illustrates
some figures for aircraft or voIir radar con-
figurations as in Figure 16.
An example illustrates the errors that can
occur:

ErrordB = 100 m
Center of stereo model,
Az = Ay = 1 km

Aircraft VOIR
dz =261 m dz =935 m
dy =237 m dy =988 m
dAz =-11m dAz =-2.5m

The limited resolution of slant range creates
random errors of model height and cross-
track coordinates. For the voir and a o, =
+100 m, this is o, = o, = =1,9 km.

CONCLUSION

Basic facts regarding stereo side-looking
radar were reviewed and illustrated both for
aircraft and for spacecraft radar configura-
tions. Both visual stereo geometry and
stereo model accuracy were evaluated, and
numerous formulas were reviewed or de-
rived in order to provide a basis for dis-
cussion and quantitative judgment. In this
way the concept of vertical exaggeration
serves to evaluate the quality of radar stereo.
Two examples are presented: optimum air-
craft stereo offers an exaggeration factor, q,
of about 2 and a Venus Orbital Imaging
Radar (voir) with an exaggeration factor of
only 0.6.

In the discussion of stereo model accura-
cies one differentiates between errors of co-
ordinates (absolute accuracy) and of dis-
tances and height differences (relative
errors). These errors have different magni-
tudes. It is also shown that these (relative)
errors of coordinate differences are much
less sensitive to an erroneous stereo base or
flight height than is the case with errors in
the coordinates themselves.
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A number of factors have an effect on the
ability to actually observe a radar stereo
model, e.g., look angles, terrain types, stereo
intersection, and configurations. There exist
some indications that look angles should be
not less than 40° off-nadir, with intersection
angles of about 15°. However, this area
needs further study, mainly of an experi-
mental nature.
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